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Abstract

In this paper, we present both integral and infinite series expressions of ub =
E[(«'Ax)?/(2'Bx)? when = ~ N(u,I,), where p, ¢ are nonnegative real
numbers, A is a symmetric matrix, and B is a positive semi-definite matrix.
We also present efficient numerical methods for computing pf under each
approach.
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1. Introduction

Let x = [z1,...,2,]) ~ N(u,I,) be a normal random vector, A be a
symmetric nonzero matrix, and B be a positive semi-definite matrix. For
nonnegative real numbers p and ¢, we are interested in obtaining computa-
tionally efficient expressions of
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When p is not an integer, we assume that A is also a positive semi-definite
matrix in order for (z/Az)? to be well defined.!

Since many statistical estimators can be written as ratios of quadratic forms,
the computation of pf has been of great interest to statisticians and econo-
metricians, especially for p = ¢. Broadly speaking, there are two different
approaches for evaluating yf. The first approach is an integration approach
that starts with Sawa [12], who provides an integral formula that allows us
to compute p when p is an integer. This method is by far the most popular
one in the literature. Magnus [7] provides a nice discussion, in particular the
numerical aspect, of this method, and Meng [9] provides an excellent review
of this literature. When p is not an integer, the integral formula for pf is
also available (see, for example, Mathai and Provost [8] (Section 4.5d) and
Meng [9] (Lemma 2)), but this would typically involve a double integral. In
addition, the integrand is often difficult to evaluate, so this formula has seen
little use in practice.

The second approach is to rely on some infinite series expansion of yf. Smith
[13] is the first one to provide a triple infinite series (or double infinite series
if p is an integer) expansion of ph in terms of top-order invariant polynomials.
Due to the difficulty of computing top-order invariant polynomials and the
complexity of this approach, his formula of pf appears to be only of academic
interest. Recently, Hillier, Kan, and Wang [4] provide an efficient method for
computing top-order invariant polynomials. Nevertheless, they are able to
implement this formula only for integral p and p = 0,,. Note that in deriving
the infinite series expansion of y?, Smith [13] needs to assume that both A
and B are positive definite. Therefore, it appears that his formula is not
applicable for the case when A or B is positive semi-definite.

The objective of this paper is to improve both approaches for evaluating
ph. For the integration approach, we provide an explicit expression of the
integrand when p is not an integer. In addition, we provide a numerically
efficient method for computing the integrand. This improvement is partic-
ularly important in light of the fact that this approach calls for a double
integral. With our numerical method, it becomes practical to use the double

LOur results can be easily adapted to deal with the case when z ~ N(u,X), where
Y is a positive definite matrix. This is because we can write 2/ Az = &/ (X2 AX2)Z and
2'Bx = #(22BY?)i, where # = X2z ~ N(X"2u,1,). In addition, we can also deal
with the case that B is a negative semi-definite matrix if ¢ is an integer.



integral formula for evaluating pf. For the infinite series approach, we show
that Smith’s triple infinite series formula actually holds even when A or B is
positive semi-definite, but a different and more elaborate proof is required.
In view of the numerical difficulty of using Smith’s formula to compute p?,
we provide a different infinite series expansion of pf. This alternative infinite
series expansion of pf has already been introduced by Hillier, Kan, and Wang
5] for the case when p is an integer, but we extend it to allow for non-integral
p. With our new infinite series expansion, we are able to reduce the triple
infinite series expansion of pf to a double infinite series expansion. More
importantly, we introduce a fast recurrence algorithm to compute the coef-
ficients in our double infinite series expansion, which makes our new infinite
series approach very competitive against the integration approach.

The rest of the paper is organized as follows. Section 2 presents the nec-
essary and sufficient conditions for the existence of uf. Section 3 presents
an integral expression of pf and discusses a numerically efficient approach
of evaluating the integrand. Section 4 shows that Smith’s triple infinite se-
ries expression of pf in terms of top-order invariant polynomials continues
to hold even when A or B is positive semi-definite. In Section 5, we develop
a new double infinite series expression of u? and provide a numerically ef-
ficient approach for evaluating the coefficients in the double infinite series.
Section 6 concludes the paper. Proofs of all the propositions are collected in
the Appendix.

2. Necessary and sufficient conditions for the existence of u?

Before we present different expressions of pf, we need to first understand
the conditions for the existence of u?. Suppose the rank of B is m < n. Let
Py Dy, P{ = B, where Dy, = Diag(by,...,b,) with by > -+ > b,, > 0 are
the positive eigenvalues of B, and P; is an n X m matrix of the eigenvectors
associated with the positive eigenvalues of B. Denoting P = [P}, P»], where
P, is an n x (n —m) matrix of the eigenvectors associated with the zero
eigenvalues of B, we can write

(' Ax)P (2/PP'APP'z)? (2'Az)P

(#'Bx)s  (¢'PiDyPlx)? (2 Dypz)?

where /
x| | Pz N /
Z = { 29 :| - { PQ/l' 1 N(P M?In)a
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and - .
~ A A
A_P/AP_|:~11 ~12:|
Agp A
with fll-j = P/AP;. The following proposition presents the necessary and
sufficient conditions for the existence of jif.

Proposition 1. (1) Suppose B is a positive definite matriz. ph exists if and
only if 5+p>q.

(2) Suppose B is a positive semi-definite matriz with rank m < n. We have
three cases to consider. (i) When Ay = Omx (n—m) and Agy = 0(n—m)x (n—m)»
pb exists if and only if % +p > q. (ii)) When Ay # Omx (n—m) and Agy =
Otn—m)x (n—m), Hb exists if cmd only if m;p > q. (iit) When Ayy # 0(n—m)x (n—m)>
ph exists if and only if 5 > q.

Roberts [10] (Sections 3.1 and 7.2.2) has already shown that the conditions
in Proposition 1 are sufficient for the existence of u?. He also shows that
when p is an integer, the conditions in Proposition 1 are both necessary
and sufficient. However, our Proposition 1 provides a stronger result by
showing that the conditions are necessary and sufficient even when p is not
an integer. Note that when p is not an integer, we need to assume A is
positive semi-definite. It can be easily shown that when A is positive semi-
definite, 12122 = O(n—m)x(n—m) implies 12112 = Omx(n_m),2 so we can eliminate
case (ii) from consideration when A is positive semi-definite.

3. Integral expression of p?

When p is an integer, the most popular method for numerical evaluation
of b is to use the results of Sawa [12] and Cressie, Davis, Folks, and Policello
3] to write

1

o0 ap
P=—— [ 7 ot t dt, 1
Hq F(Q)/o ot (t1,12) ot (1)

2Since A is positive semi-definite, A is also positive semi-definite. For a positive semi-
definite matrix A = (@i5), we have @;;a;; > a i for j # 4. Therefore, G;; = 0 implies @;; =0
for j # 4. This suggests that if a diagonal element of a positive semi-definite matrix is
zero, then the entire row and column to which it belongs must also be zero.



where

2 2

(I, — 2t1 A — 2t,B) ™1 !
¢(t1,t2) = |In—2t1A—2th|_% exp <Iu< ! 2 ) a MM)
is the joint moment generating function of 2’ Ax and 2’ Bx. Meng [9] provides
an excellent review of this literature.

When p is not an integer, Mathai and Provost [8] (Eq.4.5d.8) show that an
integration formula is also available for p? (see also Lemma 2 of Meng [9]),
and it is given by the following double integral expression:

olrl
= T e

where [p] is the smallest integer that is greater than or equal to p, and
(p) = [p] -

In order for us to use (1) or (2) to evaluate u?, we need an explicit expression
for the partial derivatives of ¢(t1,t5). Magnus [7] presents a simple expression
of this for the case when p is an integer. In the following proposition, we
present a slightly different expression of his result as well as a corresponding
expression for the case when p is not an integer.

dsdt, (2)

t1=—s,to=—1

Proposition 2. Suppose b exists. When p is an integer, we have

P_L > q-1 _ w Rw)P
=g | 00Dl Ry Q

where R = L'AL, w ~ N(fi, I,,) with i = L'y, and L is an n X n matriz such
that LL' = (I, + 2tB)~'. When p is not an integer, we have

W = / / 1491 4(—s —#)B[(w/Rw) P |dsdt,  (4)
but L is now defined as an n X n matriz such that LL' = (I,,+2sA+2tB)™!

There are two computational issues for us to tackle when using (4) to compute
pb. The first issue is the computation of E[(w'Rw)*]. When k is small, a
simple explicit formula of E[(w’Rw)¥] is available. For example, when k = 1,
we have Flw' Rw] = tr(R)+ ' Rfi. However, when k is large, it is very tedious
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and computationally expensive to use the explicit formula (see Magnus [7]
for an explicit formula of E[(w’'Rw)*]). In the following, we provide a fast
recurrence algorithm for computing E[(w’ Rw)*].

Let

. N O 2 ) I e U AR

D(t) = |I, — tR|77 exp ( , = dit*.
It can be readily shown that dj, = E[(w'Rw)¥]/(2"k!) and we have the follow-
ing recurrence relation (see, for example, Ruben [11] and Mathai and Provost
8] (Eq.3.2b.8))

k
- 1 -
dy, = % jzlpjdk—j7 (5>

where ‘ .

pj = tr(R) + jji' R fu.
Let QAQ" = R, where A = Diag(\q,...,\,) is a diagonal matrix of the
eigenvalues of R, and @ = [q1, . .., ¢, is a matrix of the corresponding eigen-
vectors. We can then write

n

p= SN 4 joN), (6)

=1

where 0; = (¢jj1)®. Using the initial condition dy = 1, we can use (5) succes-
sively to obtain dj,. While (5) is far more efficient than the explicit formula for
computing dy, it has a shortcoming in that the length of recursion increases
with k, so it can be inefficient when £ is large.

Using a method suggested by Brown [1], it is possible to update d, from dj,_,
without the need of using all the a?l for 0 <3 < k—1. In order to obtain this
short recurrence relation, we substitute (6) into (5) and exchange the order
of summation to obtain the following expression

dk_QkZZ /\]dkj—i-jé)\dk] 2k2U2k+U1k (7>

=1 j=1



where?

k k
ui,k = Z )\gdk,j, 'Ui,k = (51 Z])\idk,J (8)
j=1 j=1
It can be easily verified that u, ; and v; can be updated using the following
recurrence relation:

Ui = Ni(Ui g1 + di1), Uik = 03U + NiUi —1, 9)

with the initial conditions u;o = 0 and v; o = 0. This method is extremely
efficient because we update u; ; and v;j, using just w; y—1, v; x—1 and jk,l. As
a result, the memory requirement for this recurrence relation is only 2n + 1
elements (n elements for w;y, n elements for v;; and one element for Jk)
regardless of k, and the computation time for updating d;. does not increase

with k.

The second issue is the computational efficiency of the integrand. In general,
R depends on both s and ¢, and since we need to obtain the eigenvalues
and eigenvectors of R in order to compute the moments of w’Rw, this can
be extremely time consuming. In order to speed up the computation of the
integrand, we propose a method that frees us from performing eigenvalue
decomposition of R. Under this method, eigenvalue decomposition is only
performed at the outer integral, and there is no need to perform eigenvalue
decomposition of R as we change the value of s in the inner integral.

Our method hinges on choosing an appropriate L such that R = L’AL is a
diagonal matrix. Let PD,P’' = B, where D, = Diag(by, ..., b,) is a diagonal
matrix of the eigenvalues of B (some of the b;’s can be zero), and P is an
n X n matrix of the corresponding eigenvectors. Denoting A = P'AP, we
can then write

I, + 2sA+ 2tB = P(I, + 2sA + 2tD,)P' = PA™Y(I,, + 2sA)A™' P/,

where A = (I, + 2tD;)"2 and A = AAA. Let HD,H' = A, where D, =
Diag(as,. .., a,) is a diagonal matrix of the eigenvalues of A, and H is an
n X n matrix of the corresponding eigenvectors. With these transformations,
we can write

(I, +2sA+2tB)™" = PAH(I, +2sD;) "H'AP',

3When p = 0,,, we can drop the v; j, terms because they are equal to zero.
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and choose L = PAH(I,, + 2sD;)~2. Under this choice of L, we have

R = L'AL
= (I, +2sDy) 2 H'AP'APAH(I, + 2sD;) 2
1

— (I, +2sD;) 2 H'AH(I,, + 2sD;)"*
— ([n—|—2SD&)_5D&(In+23D&)_§7

which is a diagonal matrix with diagonal elements \; = a;/(1 + 2sa;). In
addition, we have §; = ji?, where

i =L'p= (I, +2sDy) 2H'AP'p.

The important point to note here is that we can obtain \; and d; by using
H and Dy, both of which depend on ¢ but not on s, so we no longer need to
perform eigenvalue decomposition of R in the inner integral. In addition, we
have

n n

1
H (14 2th;) %H

- (14 2s0;)7

I, + 2sA + 2tB|"% = |A||L,

With all these expressions, we can rewrite (4) as

= | g
1 I'(q) H“1+2tba HZ1

and this is our preferred integral expression for evaluating u} when p is not
an integer.*

L
2

I _ds| dt,
2si1;)?

4. Infinite series expression of [T in terms of top-order invariant
polynomials

Besides the integral expression of pZ, there is an infinite series expression
of pub given by Smith [13]. Before we present his expression, we first introduce
the normalized top-order invariant polynomials. For the rest of the paper,

1A set of Matlab programs for computing ph  using  this integration
method and other methods discussed later in the paper 1is available at
http://www.rotman.utoronto.ca/~kan/research.htm.
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we shall adopt the following notation: t = (¢1,...,t.), kK = (k1,..., k), the
k; being nonnegative integers, || will denote the sum of the parts of k, i.e.,
K| = > i1 ki, and t* = szltfi'

Throughout the paper, we use the notation in Wilf [14] for coefficients in a
generating function: the expression [¢*]D(t) denotes the coefficient of t* in
the power series expansion of the function

S
k=0 |k|=k
Using Wilf’s notation, we can write d, as
d.. = [t"]D(t).

For n x n symmetric matrices A; to A,, we define the following generating
function

D(t) = |I, — t1 A — - — t,A,| 2 = Z Z (A, A,
k=0 |k|=k
where d,; (A1, ..., A,) is the normalized top-order invariant polynomial (see

Chikuse [2] and Hillier, Kan, and Wang [4]). Assuming both A and B are
positive definite and % + p > ¢, Smith [13] provides a triple infinite series
expansion of b in terms of the top-order invariant polynomials. In terms of
our notation, his expression is

QPqu‘*o"OO“ ) —l—p—q—f—k) -
¢ = di'A7B7 ,7
(10)

where A = I, —aA, B=1,— 3B with 0 < a < 2/amax, 0 < B < 2/bmax,
Gmax and by, are the maximum eigenvalues of A and B, respectively, and
(a)r =ala+1)---(a+ k—1) is the usual Pochhammer symbol.

When p is an integer, (10) can be simplified to a double infinite series:

+p q+k A
ph = 207139~ QP'ZZ Qk 24p+j +)k)dp7j7k(A’B7W,>' .
7=0 k=0

In addition, (11) also holds when A is a general symmetric matrix.

9



Since top-order invariant polynomials are in general difficult to evaluate,
these infinite series expressions of u? are rarely used by researchers in prac-
tice. Recently, Hillier, Kan, and Wang [4] have made some progress in the
numerical computation of top-order invariant polynomials. For the special
case when p is an integer and p = 0,,, (11) simplifies to a single infinite series,
and Hillier, Kan, and Wang [4] provide an algorithm for numerical evaluation
of ub. However, for the more general case, these infinite series expressions
remain only of academic interest.

When proving (10), Smith relies on the assumption that both A and B are
positive definite matrices and his proof does not go through when A or B is
positive semi-definite. He attempts to deal with some special cases when B
is positive semi-definite, but leaves the general case as an open question. To
the best of our knowledge, general infinite series expression of pf is currently
unavailable when A or B is positive semi-definite. Surprisingly, our next
proposition shows that as long as p} exists, Smith’s formula continues to
hold even when A or B is positive semi-definite. Therefore, with the moment
existence conditions in Proposition 1 satisfied, we can safely use (10) and (11).

Proposition 3. Suppose p? exists. p? is given by (10) when p is not an
integer, and by (11) when p is an integer.

Our proof of Proposition 3 relies on the integral formula of u? given
in Section 3 because that formula works also for the case when A or B is
positive semi-definite. In addition, our proof provides a unified framework
that allows us to reconcile the two different approaches (integral vs. infinite
series) of evaluating pf.

5. New infinite series expression of ph

While we establish in the last section that Smith’s expression of il holds
even when A or B is positive semi-definite, his expression is not computation-
ally friendly because it involves a triple infinite series. In order to overcome
this problem, we present in this section a new infinite series expansion of pf
in terms of a double infinite series. For the special case when p is an integer,
ph reduces to a single infinite series. It should be noted that for the case that
p is an integer, this new infinite series expansion has already been proposed
by Hillier, Kan, and Wang [5]. However, their proof assumes B is positive
definite, which somewhat restricts the generality of their result.

10



In order to present our results, we first define two generating functions

-t —1 ,In_tA—tA_l
H(ti,t2) = |In—t1A1_t2A2|—éexp(( 1 — ta)p/( . 1AL — t2Ag)
= > hij(An At
=0 7=0
1 : 1— )/ (I, — t1 Ay — 1y Ap) )
H(ty,ta) = |In—t1A1—t2A2\_2€Xp(( 2)H'( 21 1 — 12 As) K R
= DD higlAn At
=0 j=0

where A; and A, are two symmetric matrices. With h; ; and ﬁ” defined, the
following proposition presents our new infinite series expression of pf.

Proposition 4. Suppose i exists. When p is not an integer, we have

9p— qﬁqr( +p—q o A oA
p =
Ha ZZF +z+])h’(AB>

=0 7=0

B 9op— qﬁqp( +p— q 0
= po Zr Ry (12)

where wy, = Zfzo(—p)i(q)k_ihivk_i(/l,E), A=1,—aA, B=1,— 3B with
0 < a < 2/amax, 0 < B < 2/bmax, and Gmax and byay are the mazimum
eigenvalues of A and B, respectively. When p is an integer, we have

20134l (5 +p — q) i (9);

I (% —|—p) pare (g +p)jhp»j<A7 B) (13)

Ly =

Note that when w = On, h@j(A, B) = d@j(A, B) and iL@j(A,B) = dl’](A,B)
In order to use (12) and (13), we need to have an algorithm to compute
hi; and h, ;. The following proposition shows that both h; ; and h, ; can be
obtained recursively, with the initial conditions ho = 1 and 5070 =1.

Proposition 5. Defining 7;; = [tit]tr((t Ay +t2A2)™) and n, ; = [tit)] ! (0 Ay +

11



toAo) ™, we have

1 J
hi,j = mz Z pul,ughz‘—ul,j—uw

v1=0 1v2=0
v1+1v2>0

1 i J ) ~
hi,j = mz Z pV1,V2hi—V1,j—V2

v1=0 wv2=0

v1+1v2>0
where
Poiws = Towe T (Vl + V2)(77V1,V2 M-l — nV17V2—1)’
ﬁVl,VQ = Tuvu, + (Vl + VQ)(UVMQ - 77111,1/2—1)7

with the convention that n; ; = 0 when @ or j is negative.

There are two major problems with using the recursions in Proposition 5.
First, it is computationally expensive. For instance, h;; is expressed as a
linear combination of all the h,, ,,’s with 14 <7 and 1, < j, so this requires a
lot of storage space, and is computationally expensive when ¢ and j are large.
Second, 7; ; and 7); ; are not easy to compute because a binomial expansion
on (t;A; + toA3)™ can lead to many terms when i + j is large.

In order to overcome these two problems, we present an efficient algorithm
for computing h; ; and FLZ-J, which can be regarded as a multivariate general-
ization of Brown’s [1] algorithm, and is introduced in Hillier, Kan, and Wang
[5]. To present this algorithm, we let A(t) = t;A; + t2As and define matrix
G r—i and vector g; ;—; as follows:

i ki

Ginmi = D Y [HtA®)" 2 hiy, bioan,

141 =0 1%} =0
v1+v2>0

7 k—i
Gik—i = Z Z (1/1 + I/2) ([t’fltZQ]Au;)eruz o [tllﬂtgz—l}A(t)erwfl

v1=0 w2=0
v1+1v2>0

— Ifl_ltZQ]A(t)Vﬁyrl) T ra
With G ,—; and g, ,—; available, we can then obtain h; ;_; using

% k—i

1 tr(Gig—i) + 1 Gip—i
hz‘,k—i = % Z Z pm,l/ghi—lq,k—i—w = 2%k :

v1=0 12=0
v1+12>0
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As it turns out, both G;;_; and g;_; can be obtained by short recursions,
which are given by

Gir—i = At(hicip—iln + Gicyg—i) + As(hig—1—iln + Gig—1-i),
Gik—i = (Gi,k—i - Gi,k—l—i - Gi—l,k—i),u - (hi,k—l—i + hz‘—1,k—7;),u
+ A1Gim1j—i + A2Gif—1--

Here, we adopt the convention that G;; = Opxn, ¢ij = Opn, hi; = 0 when
either ¢ or j is negative.

Together with the initial conditions hoo = 1, go,0 = 0y, and Go o = Oy, xy, the
above two recursions allow us to efficiently compute h;;_; for « = 0,...,k
llSiIlg OIlly hi,k—l—i, Gi,k—l—i and 9ik—1—i for 1 = O, ceey k — 1. This stands
in contrast to the long recursion in Proposition 5. More importantly, the
updating time of h;;_; is the same regardless of k, and this is particularly
desirable for the computation of pf that may require summing up h; j—; for
very large values of k.

With our new infinite series representation of yf) and the corresponding fast
updating algorithm for h; j_;, the infinite series approach becomes very com-
petitive against the integration approach for numerical evaluation of uf. For
example, with n = 120, we find that numerical calculation of u} based on
the new infinite series representation with the fast algorithm is on average
ten times faster than using the integration formula in Section 3.

An important advantage of (12) over the integration approach is that h; ;(A, B)
in (12) does not depend on p and q. Therefore, if one needs to compute a
table of pf for different values of p and ¢, then one only needs to compute
h;;’s once and they can be used to update the series approximation of b for
all values of p and ¢. In contrast, the integration approach needs to perform
a separate integration for each single p and ¢, and it can be much more time
consuming.

For the sake of completeness, we also present the fast updating algorithm for
i k—i. Defining matrix G, ;_; and vector g; ;—,; as follows:

i ki
Gigi = Z Z [t 2] A) 2 Ry ki

v1=0 12=0
v1+1v2>0

i ki
Gik—i = Z Z (1 + vo) ([E752)A(E) 72 — [ 52 A2 phizuy i,

v1=0 1v2=0
v1+1v2>0

13



then we have

tr(Gig—s) + 1 Gi ki
2k ’

It can be easily verified that @i,k,i and g, ,—; have the following recurrence
relations:

hij—i =

Gik—i = Al(ili—l,k—ijn + éi—l,k—i) + A2(ﬁi,k—1—iln + éi,k—l—i),
Gik—i = (Gig—i— Gig—1-i)pp — hig—1—ipt + A1Gic1 k—i + A2Gik—1-i

with the initial conditions hoo = 1, Go0 = On, and Goo = Opxn.

6. Conclusion

In this paper, we present new results related to the mixed moments of
ratios of quadratic forms in normal random variables. We first provide the
necessary and sufficient conditions for the existence of mixed moments. We
then present the integration and infinite series approaches for evaluating the
mixed moments. In addition, we introduce a new and more efficient infinite
series expansion of the mixed moments. For both the integration and infinite
series approaches, we develop efficient numerical algorithms that are vastly
superior than the existing ones in the literature.

Our results can be extended to deal with other problems. For example, it is
rather straightforward to extend our results when the numerator is defined
as (’Ax + V'x + ¢)P. For future research, it is of interest to generalize the
integration and infinite series approaches to deal with ratios of quadratic
forms in non-normal random variables.
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Appendix

Proof of Proposition 1: Since the proposition is known to be true for
integer p, we only need to prove it for the case when p is not an integer, and
we assume A is positive semi-definite in our proof. In addition, we only need
to prove the necessary conditions for the existence of uf since the sufficient
conditions in Proposition 1 have already been established by Roberts [10].
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When B is positive definite, we let A\; > 0 be the largest eigenvalue of
B 2AB~2 and we have

' Ax 2’ Bx 1
x'Bx — o Ax T N

Let [p] be the smallest integer that is larger than p. Since

(2’ Az)?  (2'Bx [pl-p (2 Ax)P] S 1 (2 Ax)P]
(z'Bz)s  \ 2'Ax (2’ Bx)atlel-p = )\gﬂ—p (z'Bx)atIpl-p’

we have

1
P [p]
fq = )\gpkp“qﬂm—p'

As [p] is an integer, pﬁ(p]fp exists if and only § + [p] > ¢+ [p] — p, or

equivalently 2 +p > g. Therefore, when § + p < ¢, b does not exist.
We now consider the case when B is positive semi-definite. For case (i) with
A12 = Omx(n—m) and A22 = O(n—m)x(n—m)a we have

(' Ax)P (z’flz)p B (211211121)”

(#'Bx)s  (2\D1p21)4  (2/Dypz1)?

Since Dy is a positive definite matrix, we can use the result from the positive
definite B case to show that 3 + p > ¢ is both necessary and sufficient for
ph to exist.

For case (iii) with Ags Z# On—m)x(n—m), We let QD,Q" = A, where D, =
Diag(ay,...,a,) with a; > ag > --- > a, > 0 being the r < n nonzero

eigenvalues of A, and @) is an n X r matrix of the corresponding eigenvectors.
Let Z = )'z; then we have

.,
A ~ ~ ~
YAz =7D,z = g a;zl.

=1

Note that Z; = qjz = gi1'21 + i2'22, where ¢; = [¢},, q;,]' is the i-th column
of (). Since Ay, is a nonzero matrix, at least one of the ¢;2’s is not a zero
vector. Suppose ¢j2 is not a zero vector. Conditional on 21, Z7 ~ o?x}(\),
where \ = (q}’lzl 4 qj,2,ﬂ2)2/02 and ¢? = q;gqj,z.
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For a noncentral chi-squared random variable with v degrees of freedom and
a noncentrality parameter of A, its p-th moment exists if and only if p > —1//2
and it is given by (see, for example, Krishnan [6]),

by = 2 QF(S )1F1 <2p2ﬂ;%;%>,

where 1 Fi(+;+;+) is the confluent hypergeometric function. Using this result
and the fact that 2'D,Z > a;Z7, we have

' D, 3)P 72p
E[(,/z—z)] > a?E +
(1 D1p21)9 (21 D1pz1)4
(2a;0%)°T (3 + p) [ e 2p+1 1 A
= 1 E ; 1F1 151
INEY | (21D1p21)1 2 272
2a;0°)T (L+p) [ e 3 A
(20507 1(2 p) . o 1F1<_’_’_)
I (3) | (z1D1p21)1
_ (2a;0%)PT (%+p)E i 1 }
r (%) _(z{lezl)‘I .

As by (2121) < 21Dz < bi(2121) and 2721 ~ X2 (' PLP{p), the expectation
on the right hand side exists if and only if m/2 > ¢. It follows that ph does
not exist when m/2 < q. O

Proof of Proposition 2: Note that

otF

Making a transformation of w = L™z, where L is an n X n matrix such that
(I, — 2t;A — 2t,B)™' = LL', we have 2’ Ax = w'(LI’AL)w = w'Rw. Then

16



denoting i = L', we obtain

k ~~ /
0%¢(t1,t2) |L|6Xp<uu_uu>

otk 2 2
1 I\ (w— ) (w— p)
X e (w' Rw)" exp ( 5 > (dw)
= O(t1,t2) B[(w'Rw)"], (14)

where we make use of the identities 2’y = w'ji and |L| = |I, —2t, A—2t,B| "2,
and w ~ N(fi, I,) in the second equality. Setting ¢; = 0 and ¢, = —t in (14)
yields (3) and setting ¢t; = —s and ¢y = —t yields (4). O

Proof of Proposition 3: We provide only the derivation of (10) here (the
derivation of (11) is similar). When p? exists, we use (2) to obtain

by _ B {(x’(aA)az)p]

Yo = " [(@(5B)a)
Dﬂ qo—
_ ﬁ ¢ / / )1 1 \I +2s0A + 2t3B|
&PF
X exp (“ (I" - 230“?“ 28B)” > dsdt,

where the extra (—1)/! term is introduced because we write the integrand
as derivatives of ¢(—s, —t). Using the fact

25 . 2t A
I, +2saA+2t6B=(1+2s+2t) (I, — A-— B
nt2saA+ 268 = (1425 + )<” T+r2st2t" 1+2s+2 )

where A = I,, — aA and B = I, — 8B, we can write

p o mﬁqe_i 101 O 0 ot
Ha = arT'((p))T'(q) OslPl

. R I, —t,A—t,B)7!
x |I, —tlA—tzBr%exp (“( ! 2B) “) dsdt, (15)

2(1+ 25 + 21)

where t; = 2s/(1 4 2s + 2t) and ty = 2¢/(1 + 2s + 2t).
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Let ¢ = 2(1 + 2s + 2t) and note that

f: di,j,k(Aa B? H:u/)

k=0 ck (%)k
e o By
- Z ck (l) [titété”[n —t1A —t,B — t3MM’| 3
k=0 2k
N o -
e (3) (5517, — 1A — t2B]72[1 = tap (I — 1A — £,B)7p1) 2
k=0 2/ k
3 ! v -5 (l) [MI([n - tlA - tzé)_lu]k
- Z ok (l) [tita]| 1 — tA— th] 2 x
k=0 2/k |
4 A » ! ]n - t 121 — t B -1
- [tzlt%”]n —tHA— t2.B|_% exp <’u( 1 2 ) ,lL) 7 (16>
&

so we can now write (15) as

(=1)lP1 gae—"2" °°/°° 1,91 0 n
P P)=14a 14+2542t)"3
RO gt (1 2 21)
X i dsdt
;;;2’“(1+28+%)’“(5)k
(—1)71 B2 S S dy (A, B, ) / 1
- ’ 19-1(24)
T ((p))I'(q ;;; 2 (%), 0

In order to prove (10), we need the following lemma.

Lemma 1. Suppose 5+p > q and i, j, k are nonnegative integers. We have

[p] 00 . oo [p]
RonE T [ e (L 2 2 s

2279(—p)i(q);L (3 +p—q+Fk)
D(2+i+j+k) '

18



Proof: Using the Leibniz rule, we have

a’—m 7 -2 —i—j—k

min[i,[p]] |'p-| ‘
- Y (Mevenze
=0
x (—1)f1- (g it k)[ 1 2171 425 4 20) BRI
o

2l (—1)¥] min(i,[p]] ((p—|> n
= E —iy (= +i+j+k+ —1
T(3+i+j+k) < )i <2 g 7] )

X (28)71(1 + 25 + 2t) "2 IRl

When i + (p) > [ (which is satisfied here because [ < min[i, [p]]), we have

/ sPI7H(25) (1 4 25 + 2t) "2 IR IPIH g
0

27 (142t) 2 PIHT (24 p+j+ k)T — L+ (p))
D(2+i+j+k+[p]—1) '

It follows that

os [p]

_ ()P —p) (A +2) 2T (S 4+ p+j + k) mi%ﬂ (D’ )(_i)l(i — D) fp) i
T (24i+j+k) l o

00 olrl , 0o
/ 51 (25)'(1 4 2s + 2t) "2 ks
0

_ 2EDITG - 420 F I (5 p 4 k) N (TN
N F(%+i+j+k‘) Z( I >(_Z>l(2_p>hﬂl
(=)@ — p)(=p)u L (5 +p+J + k)

= 1+2t) 2Pk
D(2+i+j+k) ( )

=0

where the last equality follows from the Chu-Vandermonde identity. When

5 +p > q, we have

270 (2+p—q+k) (g + )
D'(24+p+j+k) '

/ 971 (2t)7 (1 4 2t) "2 PRt =
0
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Using this result, we obtain

- -t Oos<p>*1ﬁ s s —i—j—k s
T(<p>)F(Q)/ ey /0 e (28)' (L+2s+2t)7% dsdt
(1)

((p)

DI 21— p)(=P)isl oo, <ﬁ
2

+p—q+k‘) I'(qg+j)

’1

P(a) T (5+i+i+k)
21(—pli(q);l' (5 +p— g +k)
D(24i+j+k) '

This completes the proof of Lemma 1. O

Note that since yf exists, the condition 2 + p > g must be satisfied, and we
can apply Lemma 1 in (16) to obtain (10). However, in the above derivation,
we perform integration term by term, so we need to justify this operation
by showing that when p? exists, the infinite series is uniformly absolute
convergent under the assumptions of 0 < a < 2/ayax and 0 < 5 < 2/byax.

We first show that when B is positive definite, then the triple infinite series
in (10) is uniformly absolute convergent when 7 +p > ¢ (i.e., u? exists) even
under the weaker assumption that A is positive semi-definite. Let a be the
smallest absolute eigenvalue of A and b be the largest absolute eigenvalue
of B. Under the assumption 0 < o < 2/apax, all the eigenvalues of A have
absolute values less than or equal to one. Since A is not a zero matrix, we
must have 0 < @ < 1. In addition, under the assumption 0 < 5 < 2/byax
and the fact that B is positive definite, we have 0 < b < 1.

Let u = [uy, uh)" ~ N(0,,I,), where u; is the first element of u; then it is
easy to show that

W/ Au| < aq) + g,
|u'Bu| < b(¢1 + ¢2),
W' ppul < (') (u'u) = 6(qr + o),

where q; = vju; ~ X%, @2 = ubuy ~ x2_,, independent of each other, and § =
(/. With these inequalities, we derive an upper bound on |d,, ; (A, B, )]
for this case. Using the relation between top-order invariant polynomials and
product moments of ratios of quadratic forms (see, for example, Eq.(48) of

20



Hillier, Kan, and Wang [4]), we have

\d; jo(A, B, )|

E[(w/ Au)' (o Bu)! (u/ ppi'u)]
20tk j1k!

575’“E[(&Q1 + ¢2)'(q1 + q2)7 ]
22’+j+kz‘|jlkl

AL J+k
s % k—
a 21+]+m|]lk| ZZ( )( ) H Bl e
_l’_
t

=0 1=0
Ny . n— 1>
i!j”f! Z ( ) = ( )s+t ( 2 ) itirkhst

(
-5 ()0),(5) 2 ), (5 ),

2

IN

Jj+k

where the third equality is obtained by making use of the fact that E[Q"] =
27(v/2), for Q ~ x2, and the last equality follows from the Chu-Vandermonde
identity. Let

o 0 T(Z4+p—q+k -
9i :Z|ZZ Qk( )J 2 b R 4 R ))di,j,k(Aanu//)a (17>

then we can write (10) as

[p]— 1

5 oo 5
2P—139e~2 Z (—p); 2P—139e~2 Z

oP ! oP !
=0 =0 i=[p]

(18)
With the bound on |d; , k( B, jip')| and under the assumption that §+p > ¢,
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we can obtain a bound on |g;| as follows:

—q+k) oy & G), ()
: S ' ( > : S . 1—S8
|9i ;kz; 2k +@_|_j_|_k;) e g+ JIkD £ sl(i — s)!
_alr (% +p—q) n 10 *\—q ~ (3), ("F) @
R ) 1 (2+p ©a 2) (1-9) Z; sl(i — s)!
7 n—1 ~S

e (), ("5), @
a F(g—i—i); sl(i —s)! 7

where c=T (2 +p—q)1F (3 +p—¢ 3 5) (1—b)"7 is finite because b < 1.
Note that the first sum in (18) is finite because it has only finite number of
terms, and each term is uniformly absolute convergent. For the second sum
n (18), we know (—p);’s have the same sign when ¢ > [p], so we have

= |(=p) . . I
> X S e 2

and it suffices to show that the first infinite sum on the right hand side is
uniformly absolute convergent. Letting r = ¢ — s and exchanging the order
of summation, we obtain

X (-p) o (3), (), @
= CZF(;:—Z')Z s1(i — s)!

0 : i=0

Mg

A




where the third equality follows from the Gauss hypergeometric theorem,

which states that . @) e )
a)i(b);  T(e)l'(c—a—10b
; (c)ii!  T'(c—a)l(c—Db)

when ¢ > a4+ b. Therefore, we establish the uniform absolute convergence of
(10) when B is positive definite.

We now turn our attention to the cases that B is positive semi-definite.
Suppose the rank of B is 0 < m < n. Without loss of generality (see
the proof of Proposition 1), we assume B = Diag(by,...,bn,0_,,), where
by > by > --->b,, > 0. There are two cases to consider. The first case is
A2y # O(n—m)x(n—m)- For this case, we show that when 3 > ¢ (i.e., u? exists),
(10) is uniformly absolute convergent.

Let @ be the largest absolute eigenvalue of A and b = max”, |1 — b;]. Under
the assumptions 0 < @ < 2/apax and 0 < 8 < 2/byax, we have 0 < a < 1
and 0 < b < 1. Defining u = [u}, u)]' ~ N(0,,I,,), where uy is the first m
elements of u, we have ¢ = uju; ~ x2,, ¢ = uhus ~ x>_,,, and they are
independent of each other. It is easy to show that

WAU‘ < a(u'v) < ¢ + o,
lu'Bul < bg + go,
' pp'ul < 0(q1+ q2).

With these inequalities, we can derive an upper bound of |diﬁj7k(/1, B, )|
as follows:

SFE(qr + q2) (b + @) (qn + q2)"]
QIR 1E]

2z+g+k5k itk j (z + k) ( ) b Bl Bl
= _— q2
171k
ilylk! —

’di,]}k (Aa B> NM/

IN

(5 + i .02)..

el |
z.k — sl(y —
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It follows that an upper bound for |g;| in (17) is

= v (5o (§eo-ags) i L Z (%);S_imsz A

= T(5+p—a)iF <g+p—qé;g)§§r(;?tls) (%)Sgﬁm)rbs

- e (G S e L =a

- el (Fromes) S iq3§b5%>ssligg%i?>l;(<%§: §
(

where the second last equality is obtained by using the Gauss hypergeomet-
ric theorem when 3 > ¢. Since the confluent hypergeometric function
converges uniformly for all values of its arguments, g; is uniformly absolute
convergent when m/2 > q.

As before, it suffices to prove that the second sum in (18) is uniformly abso-
lute convergent. The second sum is finite because it can be written as

— (=0)i (=Pl
ZT - ZF([p1+j+1

i=[p] j=0

)
P (),
L(fpl +1) < Z ([p] +1);

(—
(
(=P fzﬂ
I([pl+1) p
(=p)w)

pL([p])’

where the third equality follows from the Gauss hypergeometric theorem.
Therefore, the second infinite sum is uniformly absolute convergent when
m/2 > q.
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The last case that we need to consider is Ay = Opx(n—m) and Agyp =
O(n—m)x(n—m)- For this case, we need to prove the following identity. Sup-
pose A12 = Omx(n_m), AQQ = O(n_m)x(n_m), Blg = Omx(n_m), and ng =
O(n—m)x(n—m)- Let 01 = pyp1 and oy = phpug, where i is the first m elements
of p and py is the last n — m elements of . We have

(=p)i(@),L (5 +p—gq+k)
5. L(+i+j+k)
(

59 oo o0 o©
P —)il@); ' (F+p—q+t I
_ £ZZZ< p)i(a);T (5 +p—q )di,jk(An,Bu,MlMﬁ)‘

di (A, B, ')

Since Bj; is positive definite, once we prove this identity, we can then apply
the earlier result for positive definite B to show that the infinite series is
uniformly absolute convergent when % +p > q.

We need two identities in our proof. The first identity is given in the following
lemma.

Lemma 2. Suppose d > a+ b+ c. We have

o (@)i(0)(€)i; _(dI(d-a—b—c)
(d)iyyily! T(d—a—b)(d—c) (19)

i=0 j=0

Proof: Letting k =i + j, we have

oo aibjci+j OO ) k i
ZZ % - Z (c(l)ik:' Z (z) (@)i(b)k—i

where the second equality follows from the Chu-Vandermonde identity, and
the last equality follows from the Gauss hypergeometric theorem when d >
a + b+ c. This completes the proof of Lemma 2. 0

The second identity relates d; ;x(A, B, ') to dijx(Avy, Biy, papt) and it is
given in the following lemma.

25



Lemma 3. SUpp056 A12 = Omx(nfm); A22 = O(nfm)x(nfm); By = Omx(nfm)7
and Bay = 0n—m)x(n—m)- We have

J k

S dy s A11>BM,M1M1)

dijk(A, B, p ZZZ (i —r)(j —s)(k—1)
=0 s=0 =0

(), (n=m
x 22k +k—t . (20)
L 2 4 .
1—r+j—s8

(i)t

Proof: In order to prove this identity, we first note that when A, =

Omx(n m) AQZ = O(n m)x(n—m); By = Omx(nfm)a and Boy = O(nfm)x(nfm)a
we have

A

A All O (n—m)

Bll Omx(n—m) ]

O(n—m) Xm y f—

O(n—m) Xm Iy m

where A;; = I,, — aAy; and By = I, — 8By;. Let u = [}, ub) ~ N0y, I,),
where u; is the first m elements of u. We have gu = ubuy ~ x2_,, and it is
independent of u;. Applying binomial expansions to (u’ flu)’ = (u'lflnul +
) (w/Bu)) = (uBuyn + @), (o) = (i -+ plus)?, amd moting that
BEl(u} Ayyuy)" (6, Byyuy ) (w) 1)) = 0 when ¢t is odd, we have

E[(w' Au)' (v Bu) (/ ppi'u)"]

hu
Yy ()(7) (3 ) Bttt vyt B (1™ a2

r=0 s=0 t=0

Using the fact that (2k)! = 2%k! (3),, we can write

) -Omis

For the second expectation, we note that

/ 2 1 _
X = /(MQ# Beta n—m
(popa2) (uyus) 272

is independent of gy = ubus and its (k — ¢)-th moment is given by
1
§)k

E[X*" = =
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It follows that

E[q; r+j— S(Héu2)2k72t] _ (MIQIUZ)kftE[q;'fr+jfs+k7th7t]
) (B

. 5k—t2i—r+j—s+k—t n—m
- 2 2 n
i—r+j—s+k—t 2 k—t

— 6§—t2z’—r+j—s+k‘—t (1) ( —t) )
2 k—t i=r+j—s

With these results and the fact that

di,j,k(A7B;M/~5/> _ E[<UIAU) ( /Bu) (u 225 u) ]7

| o=

2iti+kgl j1k!
A B[(u} Ayyu) (W, Bryuy)* (W g wy)Y)
dr st (A11, B, papy) = : 27“i5+t7"!$!t! : : )
we can easily prove (20). This completes the proof of Lemma 3. ([l

With these two identities, we now prove our main result. Substituting (20)
into (10), we obtain

b, 2Bl I e (i)l (B +p—q+ k)
He = __757__§: (D), T (2+i+j+k)
i=0 j=0 k=0 2 J

! i dr,s,t<A Bllnu’llul) <2) 5k t(” m+k_t)1 r+j—v
225 (G — s)!(k —t)! (3), '

Lettingu = i—7r, v = j—s, w = k—t and exchanging the order of summation,
we obtain

oo 0o o0

9P—4 34
py = B et ZZ drst(An,Bn;Mllh)
r=0 s=0 t=0 t
X}: L(5+ —q+t+uz§i§i p+r (q+s) ("3* +w),,,
—~ w'F (B+r+s+t+w) =< +r+s+t+w)u+vu!v!

oo o0 o0

= 2 qﬁqe_a ZZZ 2t rst(Alella,ullul)

rOsOtO
Xii +p—q+t+wﬂWg+r+s+t+wﬂ%%+p—q+0
w!T ( +r+s+t+w)I%g+p—q+t+wﬂ%%+r+s+0

w=0
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o0 o0 [e.e] o0 52)10

2?4593 —p)(@)sT (2 +p—q+1) L
= —ZOZO - 2t % +r+s+t) dr,s,t<AllaBlla,ul,U1 Z 121},

w=0

2pqq_7oooooo rs +_+t A >
_ 5 e 2 ZZZ D) p—4q )dr737t(1411,3117/i1//1)7

2t (3), ( +7°—|—s+t)

where the second equality is obtained by using (19). O

Proof of Proposition 4: We can provide a direct proof of (12), but we
choose to present a transformation to obtain (12) from (10). By doing so, we
no longer need to prove the uniform absolute convergence for (12) because
this new infinite series expansion is just a rearrangement of Smith’s infinite
series expansion, and its convergence was established in Proposition 3.

We first build a connection between h; (A, B) and d; ; (A, B, uy'). Writing
H(tl, tg) as

H(t,t5) = e_u;*u|ln —t A — tzél_% 7;00:0 %(MI(% — 4 Ay — tAs) )"
= 6’“;*“% —t A - t2B|7% i i <_;27iitlll|;|t2)l (' (I, — tA— tzé)flﬂ)mﬂa
m=0 1=0
we have
hij = [E5)H (b, to)
— Y %
m=0
x [tt)] 3 (—1)l(2tl;'+ ) Lo — 1A — t,B|72 (' (I, — 1 A — 1, B) " )™+
o - ’LL+’U
= e Z 2mml uX; UZ_: 2u+vulvl

< [t “tf "L - tlA — B2 (1 (I, — 1 A = t,B) )

u+v

o (m+u+v)! Lo
= 2 Z Z 2m+u+vm|u|v| (l) di—u,j—v,m—f—u—f—y(A, B, j2y% )7
m=0 u=0 v=0 2/ m+4u+v
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where the third equality is obtained by writing [ = u+wv, and the last equality
follows from (16). Using this expression of h; ;, we can obtain (12) from (10)
as follows

i 2 NS <—p>i<q>r( tp-atk),

¢ = T di j (A, B,
I»L/H (o) ) F( —'—p_q) . . I
dij (A, B, ')

_ qﬁqe Pivu(@)j+T (2 +p—0q)
ROPRRRL

RU(=1)"""(=p + 1)ulqg + J)v P A
X (k= u— o)lul! dij (A, B, )

_ TGy Wf:i
+T+s

r=0 s= 0
) (m + u+ v) -
s A, B,
PP (34p— ) & (—p»(q)s

- w2 ﬁh“‘ B,

r=0 s=0

where the second last equality follows by setting r = i +u, s = j + v,
m = k —u — v, and the first equality is obtained by using Lemma 2 with
a=-p+ti,b=q+j,c=—kandd=75 +i+7,

zk:k - p+z (@ +5)o(=K)uro _ ii(—pw)u(qﬂ)v(—k}m
S (BEitg),,,u! i (5it),,,ul!
_ G+r—a),
(5+i+7),

U

Proof of Proposition 5: We only prove the recurrence relation for h; ;
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because the proof of the recurrence relation for ﬁ” is almost identical. Let

Oln H(ty,ty) Oln H(ty,ty)
oty LT

= tr(A@) (L, — A@)™) + (1 —t; — to) i/ (I, — A(t))
— (I — A<t>>—1u

Ztr )+ (1 —t; —to) Z (t)k,u—Zu’A(t)ku

P(ty,t) = 2t

k=0
= S tr(A@R)F) + Z B A — (t +t2) Y (k+ Vs
k=1 k=1 k=0

then it is easy to see that
= [tit3)P(tr,t2) = Ty + (i + ) (005 — M1 — Tijr)-

Since

OH (tq,t OH (t1,t
P(tlth)H(tlatZ) =2 |:t1 ( L 2) —+ ( 1y 2>:| ’

ot 2 Oty

we can compare the coefficients of ti#J on both sides to obtain the recurrence

relation:
i J
E : E , pV17V2hi—V1,j—V2 - 2(1 +j)hi,j
v1=0 1v2=0
v1+1v2>0
O
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