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Hansen-Jagannathan Distance: Geometry and Exact Distribution

ABSTRACT

This paper provides an in-depth analysis of the Hansen-Jagannathan (HJ) distance, a measure
that is widely used for the diagnosis of asset pricing models and model selection. We provide a
geometric interpretation of the HJ-distance in the mean and standard deviation space of portfolio
returns. In relation to the traditional regression approach of testing beta asset pricing models, we
show that the sample HJ-distance is a scaled version of Shanken’s (1985) cross-sectional regression
test (CSRT) statistic, with the major difference being the way the zero-beta rate is estimated.
Simulation evidence shows that for a typical length of time series, the asymptotic distribution for
the sample HJ-distance is grossly inappropriate when the number of factors or the number of test
assets is large. We provide an exact distribution of the sample HJ-distance under both the null
and the alternative hypotheses. In addition, we also suggest a simple numerical procedure for

computing its distribution function.



Asset pricing models are at best approximations. Therefore, although it is of interest to test
whether a particular asset pricing model is literally true or not, a more interesting task for empirical
researchers is to find out how wrong a model is and to compare the performance of different asset
pricing models. For the latter task, we need to establish a scalar measure of model misspecification.
While there are many reasonable measures that can be used, the one recently introduced by Hansen
and Jagannathan (1997) has gained tremendous popularity in the empirical asset pricing literature.
Their proposed measure, called the HJ-distance, has been used both as a model diagnostic and as
a tool for model selection by many researchers. Examples include Jagannathan and Wang (1996),
Jagannathan, Kubota, and Takehara (1998), Campbell and Cochrane (2000), Lettau and Ludvigson
(2001), Hodrick and Zhang (2001), Farnsworth, Ferson, Jackson, and Todd (2002), and Dittmar
(2002), among others.

In this paper, we attempt to provide an improved understanding of the HJ-distance by focusing
on the case of linear beta pricing models. In order to gain some intuition on what the HJ-distance
is attempting to measure, we provide a geometric interpretation of the HJ-distance in terms of
the minimum-variance frontiers of the test assets and the factor mimicking positions. We then
provide a comparison of the HJ-distance with the cross-sectional regression test (CSRT) statistic of
Shanken (1985) and the GMM over-identification test statistic of Hansen (1982). This comparison

allows us to better understand how the HJ-distance is different from the traditional test statistics.

While the HJ-distance has emerged as one of the most dominant measures of model misspec-
ification, the understanding of the statistical behavior of the sample HJ-distance appears to be
poor. In most cases, statistical inference on the HJ-distance is based on its asymptotic distribu-
tion. Little is known about the finite sample distribution of the sample HJ-distance. However,
asymptotic distribution can be grossly misleading. For example, using simulation evidence, Ahn
and Gadarowski (2004) find that the asymptotic distribution of the sample HJ-distance rejects the
correct model too often. Therefore, it is important for us to obtain the finite sample distribution

of the HJ-distance.

Under the normality assumption, we present an exact distribution of the sample HJ-distance
under both the null that the model is correctly specified and under the alternatives that the model is
misspecified. Our analysis on the exact distribution not only helps us understand what the param-

eters determining the distribution are, it also provides us a simple numerical method to compute



the distribution in practice. Moreover, this analysis allows us to understand how the asymptotic
distribution of sample HJ-distance differs from the exact distribution and the circumstances that
lead to under-rejection or over-rejection problems for the asymptotic test. As a by-product of this
analysis, we also provide an approximate F-test that has better finite sample properties than the

asymptotic test.

We present simulation evidence to verify our finite sample distribution and to determine the
size problem of the asymptotic test and the approximate F-test. We also perform a simulation
experiment to examine the ability of the sample HJ-distance to tell good models apart from bad
ones. We find that the HJ-distance has a tendency to prefer noisy factors and is not always reliable

in telling good models apart from bad ones in finite samples.

The rest of the paper is organized as follows. The next section discusses the population measure
of the HJ-distance and its justification as a measure of model misspecification as well as contrasts the
HJ-distance with the traditional measure of model misspecification, and illustrates why they could
generate very different rankings of competing models. Section II provides the sample HJ-distance
and its geometric interpretation, together with a comparison with traditional specification test
statistics. Section III provides the finite sample distribution of the sample HJ-distance. Section IV
presents simulation evidence. The final section concludes our findings and the Appendix contains

proofs of all propositions.

I. Population Measures of Model Misspecification

A. HJ-Distance and Traditional Measure of Model Misspecification

When an asset pricing model is misspecified, one is often interested in obtaining a measure of
how wrong the model is. Hansen and Jagannathan (1997) suggest that a natural measure of
misspecification is the minimum distance between the stochastic discount factor of an asset pricing
model and a set of correct stochastic discount factors. Define y as the stochastic discount factor

associated with an asset pricing model, and M as the set of stochastic discount factors that price



all the assets Correclly. The HJ-distance is defined as
i )

where || X| = E[X 2]% is the standard L? norm. The HJ-distance can also be interpreted as a
measure of the maximum pricing error of a portfolio that has a unit second moment. Define £ as

the random payoff of a portfolio. Hansen and Jagannathan (1997) show that

6 = max |w(&) — 7 (¢)], (2)

where 7(§) and 7Y(&) are the prices of € assigned by the true and the proposed asset pricing model,

respectively.

To provide analytical insights in this paper, we focus on the class of linear stochastic discount

factor models. Suppose the stochastic discount factor y is a linear function of K common factors

f, given by
y(A) = Ao+ f'A = a'\, (3)

where x = [1, f/]' and A = [\g, \;]".2 If the stochastic discount factor y(\) prices all the assets,

then the price of a vector of test assets, g, must obey
Elpa')] = q, (4)

where p is the random payoff of the test assets at the end of the period. In particular, if p; is the
gross return on an asset, we have ¢; = 1, and if p; is the payoff of a zero cost portfolio, we have

g; = 0.
For a given value of A, the vector of pricing errors of the test assets is given by
9(\) =q— E[pz'\] = ¢ — DA, (5)

where D = E[pz’] and it is assumed to be of full column rank. It is well known that the squared

HJ-distance has an explicit expression

8 = ming()'Ug() = U1 - U DDV D) DU g ©

'Hansen and Jagannathan (1997) also define another measure of distance by restricting the admissible set of
stochastic discount factors to be nonnegative. In this paper, we limit our attention to the HJ-distance as defined in
(1).

2The linearity assumption here may not be as restrictive as it appears because f can contain power terms of the
same common factor. For example, Bansal and Viswanathan (1993) and Dittmar (2002) write y as a polynomial of
the market return.



where U = E[pp/] is assumed to be nonsingular. Note that while we can define the elements of p
as either gross returns or excess returns, they cannot all be excess returns. Otherwise, ¢ is a zero

vector and ¢ will always be equal to zero.?

In many empirical studies, p is chosen to be the gross return on NN test assets, denoted as Rs.

Let Y = [f’, R}]’ and define its mean and variance as

M1

po= EBlY]= » (7)
M2
Viin. 'V

Vo= Valy]=]| " ” (8)
Vor Voo

Using these notations, we can write U = E[RoR)| = Vag+puouhy and D = E[Rox’]| = [ug, Vo1 +uau].
Since the elements of Ry are gross returns, we have ¢ = 1 and it is easy to show that the A that
minimizes 62 is given by

M = (D'UD) Y (D'U1y), (9)
and hence the squared HJ-distance of (6) with ¢ = 1y is
S =1NU U DDU'D)' DU 1y. (10)

We will focus our analysis on this expression for the rest of the paper because it is the one most
widely used in literature. It may be noted that some researchers, for example, Hodrick and Zhang
(2001), combine gross returns of some assets with excess returns of other assets as the payoffs
vector p, but the results in this paper are equally applicable. The only modification is to replace
the vector 1y in our analysis by the vector ¢, where ¢ is the cost of the N test assets. In fact,
HJ-distance is invariant to repackaging of the test assets, so if we use p* = Ap instead of p as the
payoffs of the test assets where A is a nonsingular square matrix, it can be easily shown that §?
in (6) remains unchanged. Therefore, the results in Hodrick and Zhang (2001) would remain the

same if they were to use gross returns on all of their test assets as the payoffs vector p.

Before discussing the traditional measures of model misspecification, we first present an alterna-
tive expression for the HJ-distance. As it turns out, this alternative expression provides important
insights on the differences between the HJ-distance and the traditional measures of model misspec-

ification, which eventually leads to our geometrical interpretation of the HJ-distance.

3For the case where all the test assets are zero cost portfolios, we need to modify the definition of HJ-distance.
Details of this modification are available upon request.



Lemma 1 Let § = Vgﬂfﬁl be the regression slope coefficient of regressing Rs on a constant term
and f, and X = Vg — V21V1_11V12 be the covariance matriz of the residuals and it is assumed to be

nonsingular. Define the pricing errors as

ens(n) = 1n — pano — Bm = 1y — Hy, (11)
where H = [p2, 3] and n = [no, 0}, we have

6% = n%ineHJ(n)’z—leHJ(n) =1 -2 HH' ST H) L H S . (12)

The lemma suggests that the squared HJ-distance can be expressed as an aggregate measure of the
pricing errors in the generalized least squares (GLS) cross-sectional regression (CSR) of regressing
1n on po and B. While the main purpose of presenting (12) is to facilitate comparison with other
measures of model misspecification, this alternative expression also has practical value. In the
standard way of computing HJ-distance, one needs to take the inverse of U. Some researchers (for
example, Cochrane (1996)) find that taking the inverse of U is numerically unstable because all
the elements of Ry are close to one and the matrix U is close to singular. Our alternative way
of computing HJ-distance will overcome this numerical problem because only ¥ is inverted here,

which is numerically more stable than inverting U.

One of the perceived advantages of HJ-distance over other specification tests is that it uses U~!
as the weighting matrix, which is model independent. Some readers may feel uncomfortable that
we use Y~ ! as the weighting matrix in (12), which is model dependent. From the proof of Lemma 1,
it is clear that when computing 42 in (10), the results are mathematically identical whether we use
U1, Vil, or ¥~ ! as the weighting matrix. We choose to present our results using X! because it
allows for easier comparisons with traditional asset pricing tests that often use X! as the weighting

matrix.

Instead of expressing an asset pricing model in the form of a stochastic discount factor, earlier
asset pricing theories, such as those of Sharpe (1964), Lintner (1965), Black (1972), Merton (1973),
Ross (1976) and Breeden (1979), relate the expected return on a financial asset to its covariances

(or betas) with some systematic risk factors. Under the K-factor beta pricing model, we have

p2 = 1nv0 + B = G, (13)



where G = [1y, (] and v = [y0, 7). In the literature on beta pricing models, 7 is called the

zero-beta rate and - is called the risk premium associated with the K factors.

When a beta pricing model is misspecified, (13) will not hold regardless of what values of v are

chosen. If we define the model errors on expected return as

ecs(y) = p2 — G, (14)

then a classical measure of model misspecification for a beta pricing model is the aggregate expected

return errors

Q¢ = min ecs(7)'S ecs () (15)
Assuming that G is of full column rank, it is easy to show that the « that attains the minimum is
given by

V= (@G TG ), (16)

and we have?

Qo = =t = 27IG(EE7'G) TGS . (17)

Traditional specification tests of beta pricing models often rely on some transformation of the sample
version of Q¢. These include, for example, the CSRT statistic developed by Shanken (1985) and
the likelihood ratio test statistic of Shanken (1986). Comparing §% and Qc¢, we see that 62 is an
aggregate measure of model errors on prices whereas (Q¢ is an aggregate measure of model errors

on expected returns.

B. Geometrical Interpretation

While the interpretation of the HJ-distance as the maximum pricing error is intuitive, it is somewhat
difficult to visualize. For the case of linear models, we present an alternative interpretation of the
HJ-distance that is easy to visualize. We first define the payoffs of the K factor mimicking positions

as Ry = W Ry, where W is a K x N matrix obtained by projecting f on a constant term and Ry as

[ =wo+WRs+ e, (18)

4Following the proof of Lemma 1, we can replace ¥ in the expression of Q¢ by Vas without affecting the value of
Qc. The equivalence between using ¥ and Va2 in Q¢ was first observed by Shanken (1985).



where Ry and €; are uncorrelated with each other. It is easy to verify that W = V12V251 and we
have R; = V12V2§1R2. Although unnecessary, we assume Wly = V12V2511 ~ # Ox in our analysis
for convenience, i.e., at least one of the mimicking positions is not a zero cost portfolio of the IV
risky assets. This is equivalent to assuming that the global minimum-variance portfolio of the NV

test assets has nonzero systematic risk.’

It is well known that the minimum-variance frontier of the N test assets is given by

as — 2b + copi?
0_2 _ 2 2,“’]) 5 2/’Lp’ (19)
agCoy — b2

where ag = phViy 2, by = 1hVay 1, and ¢y = 1y V' 1y are the usual efficiency set constants.

The following lemma provides the minimum-variance frontier of the K mimicking positions.

Lemma 2 Suppose V12V2511N # 0. For K > 1, the minimum-variance frontier of unit cost
portfolios that are created using the K factor mimicking positions Ry = V12V251R2 s given by

o a1 —2bipy + capin

_ 20
Jp aicy — b% ’ ( )

where
a1 = Ve Vor(ViaVay Var) ™ WVaaVig iz = 15 Vg B(B' Vi 8) ™1 8V iz, (1)
b= 1V Var(VieVop Vo)™ Via Vi Ly = 11 Vip B8V ' 8) ™8V Ly, (22)
e = UV Var(ViaViy 'Var) ViV ' In = 1y Vi ' B(8' Vi ' 8) 71 8V ' 1. (23)

For K =1, the unit cost factor mimicking portfolio has a mean of bi/c1 and a variance of 1/c;.

Our first Proposition expresses the two measures of model misspecification, 62 and Q¢, in terms

of Sharpe ratios of the two frontiers and also provides a characterization of the implied zero-beta

rates chosen by these two measures.5

Proposition 1: Define Aa = as — a1, Ab = by — by, and Ac = co — ¢y, the squared HJ-distance
(62) and the aggregate expected return errors (Qc) can be written as

o _ 8300~ Bn) _ B30E) — 664
p) H\2 ’
o Y0 (o)

(24)

®See Huberman, Kandel, and Stambaugh (1987) for a discussion of this assumption.

6Gibbons, Ross, and Shanken (1989) provide a similar geometrical interpretation for the specification test of the
CAPM but our results differ from theirs in two important ways. First, the frontier here is in terms of gross returns
but not excess returns and the value of the zero-beta rate is not explicitly specified by the model. Second, the factors
here are not necessarily portfolio returns.



Qo = H;ionﬁg(%) — 03 (0) = 03(7§) — B3 (75, (25)

where v = Aa/Ab, A§ = Ab/Ac, and 01(70) and 02(v0) are the Sharpe ratios of the tangency
portfolio of the K mimicking positions and of the N test assets, respectively, when o is the y-

intercept of the tangent line. If Ab > 0, we have v}/ > 'yOCS, and if Ab < 0, we have {17 < 7005.

Note that g is defined as the expected gross return of the zero-beta asset, so when there is limited
liability, 'yg S and ’yéq 7/ are unlikely to be negative. Since Aa and Ac are positive, the more relevant

case is Ab > 0 and we should expect fyé“ > ’ygs > 0.

It is important to note that the HJ-distance does not choose a zero-beta rate to minimize the
difference in the squared Sharpe ratios of the two tangency portfolios; instead, the zero-beta rate is
chosen to minimize the difference in squared Sharpe ratios of the two tangency portfolios divided
by the squared zero-beta rate. One may wonder why §2 and Q¢ pick different zero-beta rates. It
turns out that this difference originates from the difference in the focus between the traditional
beta pricing models and the newer stochastic discount factor models. In the traditional beta pricing
models, our focus is to try to find a zero-beta rate g and risk premium -, to minimize the model
errors of the expected returns on the N test assets, i.e., to minimize an aggregate of the following
expected return errors

ecs = p2 — Invo — B (26)
However, in the stochastic discount factor approach, our focus is to obtain a linear combination of
expected return and the betas of the N test assets to come up with a model price that is closest to
their actual cost of 1y, i.e., to minimize an aggregate of the following pricing errors (see Lemma 1

for this interpretation of the HJ-distance)

eqy = 1y — pano — B, (27)

where pong + Bn1 is the price of the IV assets predicted by the model. Using a reparameterization

of 70 = 1/ny and 1 = —n1 /Ny, we can rewrite the pricing errors as
1
eny = —%(M — 1n70 = Bm)- (28)

Comparing (26) with (28), we can see that the pricing errors differ from the expected return errors
by a scale factor of —1/v. Therefore, the vy that minimizes 62 is in general different from the o

that minimizes Q¢.



When the beta pricing model is correctly specified, the two frontiers touch each other at some
point, and we have a unique 7o such that a(v9) = 61(70).” In this case, we have 4§ = ~{17.
However, when the asset pricing model does not hold, ’yg S and 'yéq J are different. From (28), we
can see that as vy appears in the denominator of ef s, there is a tendency for the HJ-distance to
choose a higher absolute value of zero-beta rate as a large value of vy can deflate the pricing errors.
Clearly, which choice of the zero-beta rate is more appropriate depends on whether the focus is to

minimize errors on expected returns or errors on prices of the test assets.

C. Ranking Models

Although both § and Q¢ can be used to rank asset pricing models, these two measures can often
lead to different rankings of competing models. Under the stochastic discount factor framework
that the HJ-distance uses, one considers an asset pricing model to be a good one if it can explain
the prices of the test assets well. More specifically, if one can find a linear combination of us and 3
that is close to 1y (the actual price of the N assets), then the HJ-distance is small and the model
will be considered a good model. However, it is important to note that an asset pricing model
that explains prices well does not have to be a model that explains expected returns well. As an
extreme case, suppose one finds a factor such that the betas are constant across all the test assets
(i.e., B < 1x). In that case, regardless of the values of the expected returns ps, 3 alone will fully
explain 1y and we will have zero pricing errors and zero HJ-distance.® However, the betas of such

a factor are totally incapable of explaining expected returns uo and as a result Q¢ will be nonzero.

Conversely, a beta pricing model that explains expected returns perfectly may still produce
pricing errors. Consider the case where the zero-beta rate is zero and we have a set of factors such

that
p2 = B1. (29)
This model explains expected returns perfectly. However, there is not a linear combination of

e and B such that it is equal to 1y and we will still have nonzero pricing errors and nonzero

"Here and in our following analysis, we assume that the two frontiers are not identical to each other when the
asset pricing model is correctly specified. If this is not the case, we have 61 (r) = 62(r) for all  and o is not uniquely
defined. See Cheung, Kwan, and Mountain (2000) for a further discussion of this point and its impact on statistical
tests of asset pricing models.

8For the general K factor cases, if there exists a K-vector ¢ such that 8¢ = 1y, then we will have zero HJ-distance
for the model regardless of pz. Geometrically, this corresponds to the case that the two minimum-variance frontiers
touch each other at the global minimum-variance portfolio.



HJ-distance for this model.

These two examples illustrate that when 9 = 0 or ~g = 400, the equivalence of a beta pricing
model and a linear stochastic discount factor model breaks down. While these two examples are
extreme cases, our point is that when one is concerned with minimizing HJ-distance across models
with different factors, one can end up locating a factor such that the betas with respect to this
factor are roughly constant across assets, without knowing that the betas of such a factor may do
a very poor job in explaining expected returns. On the other hand, when one is concerned with
minimizing Q¢ across models, one may still end up with a model that produces relatively large
pricing errors. Therefore, ranking models using § and ()¢ can yield very different conclusions. To
make our point more concrete, we present a simple numerical example. Suppose we have four test

assets with their returns driven by the following process

Ry = po + B1f1+ Bafa +e, (30)

where f; ~ N(0,0.01), fo ~ N(0,0.01), e ~ N (04, X), independent of each other and the parameters

are given by

1.04 1.03 1.05 1 08 08 0.8
1.08 1.08 1 08 1 08 0.8

me=1 g | = g9 |0 B2= g5 |0 E=00L) oo g 1 os |0 BY
1.16 1.2 1 0.8 0.8 08 1

In Figure 1, we plot the minimum-variance frontier of the four test assets as well as the mimicking
portfolios for each of the two factors. When one calculates §2, one will find that the model with
just the first factor has 62 = 0.798, but a competing model with just the second factor has a smaller
82 = 0.500. Therefore, using the HJ-distance, one considers the model with the second factor to
be a superior model in explaining prices, despite the fact that its mimicking portfolio is further
away from the minimum-variance frontier than the one for the first factor. However, if one chooses
to rank the two models using ¢, then one will find that the model with the first factor has a
Qc = 0.090 and is far superior to the model with the second factor, which has a Q¢ of 3.033. This
example goes to show that ranking models by Q¢ and 62 can give conflicting conclusions. When
that happens, researchers have to be careful in selecting which criterion to rely on. The bottom
line is if one is interested in explaining prices, one should use HJ-distance to rank models, but if

one is interested in explaining expected returns, then one is better off using Q¢ for model selection.

10



Figure 1 about here

The main reason why Q¢ and 6% do not provide the same ranking on models is because the
choice of zero-beta rate depends on the criterion that we use in selecting models, and it is also
model dependent. If one can ex ante fix the zero-beta rate to be the same across models, then we
would not have this problem. Some recent empirical studies attempt to address this problem by
including a short-term T-bill as a test asset (e.g., Hodrick and Zhang (2001) and Dittmar (2002)).
However, in these empirical studies, the T-bill is treated just like any other risky asset and its
returns have nonzero variance as well as nonzero covariances with other risky assets. Therefore,
the zero-beta rate is still not constant across different models, and the divergence between Q)¢ and

52 can still exist in these studies.

II. Sample Measures of Model Misspecification

A. Sample HJ-Distance and CSRT Statistic

The discussion on model misspecification so far has been conducted using population expectations.
In practice, we typically assume that the data is jointly stationary and ergodic; therefore, these
expectations can be approximated using sample averages. Suppose we have T observations of
Y; = [f{, RY], where f; and Ry are the realizations of K common factors and gross returns on N

risky assets at time t. Define the sample mean and variance of Y; as

T ~
. 1 1

L= = }/t = ~ ) (32)

“ 1 ‘711 ‘712
V= ) i-pYi-p'=| . 7|, (33)

T tz:; Vo1 Vag

where V is assumed to be nonsingular. The squared sample HJ-distance is given by

62 = 1[0 = U ' D(D'U D)\ D'U 1y, (34)

where D = £ 3 Rayu[1, f{] = [fi2, Va1 + figft] and U = % 3°,_y RoyRh; = Voo + fiaflh.

In computing the sample HJ-distance (34), the standard practice is to estimate the linear

coefficients of the stochastic discount factor, A, to minimize the sample HJ-distance. The resulting

11



estimate of A is given by
A s A o o
N = o | = argminy (DX — 15)U Y (DX = 1y) = (D'U'D)" Y (D'U1y),  (35)

1
where 5\6{ 7 is a scalar and 5\{1 7 is a K-vector. However, to facilitate our later comparison with
traditional specification tests of beta pricing models, we introduce the estimated zero-beta rate and

risk premium implied by MY ag

e
. (36)

~HJ
’AYHJ Y0 _ 1
1 | TN A | v

Since there is a one-to-one correspondence between A7 and 47, we can interpret %q 7 and ﬁle J

as the estimated zero-beta rate and risk premium that minimize the sample HJ-distance.”

In the actual calculation of the sample HJ-distance, it is probably better to use the following

expression instead of (34)

2 =1y - ST HEST H) T H'S 1y, (38)

where H = [fi2, B], 3= ‘722—172117111‘712, and B = Vglffﬁl. From Lemma 1, we know (34) and (38)
are mathematically equivalent, but inverting Y in (38) is numerically more stable than inverting U

in (34).

For the beta pricing models, Shanken (1985) suggests a GLS cross-sectional regression test
(CSRT) which is a sample counterpart of the aggregate pricing errors Q¢ discussed in the previous
section. The CSRT statistic of Shanken (1985) is obtained from running a GLS CSR of fi2 on
G= [1n, ﬁ] The estimated zero-beta rate 7§ and risk premium 7{* in this GLS CSR are given
by

A, A

= (G'S71G) UGS ). (39)

v ~CS

~CS
cs Y0
M

With this estimate of 7, the average return errors from this GLS CSR are given by

écs = fia — InASS — BAE5. (40)

9For a given value of 477 it is easy to show that

cms 1 [ LHmviya
A= g N1 AHJ (37)
7o Vi

12



Shanken (1985) defines the CSRT statistic as an aggregate of these errors on average returns'’

Qc = éngX e, (41)

Shanken (1985) shows that under the null hypothesis that the model is correctly specified, we have

TQC A 9
- =~ 1. ~XN-K-1- (42)
L4759V 147

In addition, he also suggests the following approximate finite sample distribution under the null

hypothesis A
Qc N-K-1
FN-k-17-N41- 43
1+705’V105 T—N+1) N-EK-LT-N+1 (43)
The term 45’ an @S is called the errors-in-variables adjustment by Shanken (1985), which reflects

the fact that estimated betas instead of true betas are used in the CSR.

B. The Geometry of Sample HJ-Distance and CSRT Statistic

While it is important to have finite sample distributions of the sample HJ-distance, it is equally
important to develop a measure that allows one to examine the economic significance of depar-
tures from the true model. Fortunately, we can provide an appealing geometric interpretation of
both the sample HJ-distance and the CSRT statistic. To prepare for our presentation of the
geometry, we introduce three sample efficiency set constants as = IELIQV251[LQ, by = ﬂ’QV2§11 N,
Gy = 1’]\,172511 ~. Similarly, we define Ry; = VlgVleRgt as the payoffs on K mimicking positions and
the corresponding three sample efficiency set constants as a1 = /1’2‘7251‘721(me/ﬁlvm)*lfﬁgv&l 2,
by = (i Vg Va1 (ViaViy Va1 ) " ViV iy, and & = 1 Vyy 'Var (ViaVig Va1 ) ™ WiaVig ' 1. Let Ad =
as — aq, Ab = 52 — (;1, and A¢ = ¢ — ¢1. The following Proposition is the sample counterpart of
Proposition 1. It expresses the two test statistics in terms of sample Sharpe ratios of the two ex
post frontiers and also provides a characterization of the estimated zero-beta rates of the two test

statistics.

Proposition 2: The sample HJ-distance (52) and the CSRT statistic (QC) of a K-factor beta

pricing model can be written as

52 _ 03(y0) = B3(v)  03(3EY) — 03(58Y)
)2

= min =
Yo 2
70 (%'
19Ghanken’s version of Q¢ actually multiplies the aggregate average return errors by 7T and uses the unbiased
estimate of ¥. We modify his definition here to allow for easier comparison with the sample HJ-distance.

: (44)
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Qc = miny,03(70) — 67 (v0) = 03(45°) — 67 (56), (45)
where 417 = Aa/Ab, 35S = AbJA¢, and 0:(v0) and fa(0) are the sample Sharpe ratios of the ex
post tangency portfolio of the K mimicking positions and of the N test assets, respectively, when
Yo s treated as the y-intercept of the tangent line. If Ab > 0, we have %{J > ’yocs, and if Ab < 0,
we have 47 < 459,

In Figure 2, we plot the ex post minimum-variance frontier of the K mimicking positions and
the minimum-variance frontier of the N test assets in the (&, i) space. The two lines HA and HB
are tangent to the ex post minimum-variance frontiers of the K mimicking positions and N test
assets, respectively. The z-intercepts of these two tangent lines are points A and B, respectively.
Let ¢ be the angle ZHAO, then we have tan(¢) = \ég(&g”)\ and it is easy to see that the length
of OA is 447 /|62(54"7)|. Similarly, the length of OB is 487 /|01 (387)|. Therefore, we can write

- 1 1
o 1 1
= 0OA? OB?* (46)

There is yet another geometric interpretation of 2. For each of the two tangent lines, we find a
point on it that is closest to the origin. For the tangent line H A, the point is C and for the tangent
line H B, the point is D. Since OC'is perpendicular to H A, the angle ZHOC is also the same as the
angle ZH AO, which is ¢. Therefore, the length of OC is equal to 44 cos(v)) = 487 /1 /1 + é%(’yg”).
Similarly, the length of OD is 417 /4/1 + 0? (4417). With these results, we can also write

o 11
~oc? oDY

(47)

Heuristically, if we treat ,%q 7/ as the risk-free rate, we can think of C' as the ex post minimum second
moment portfolio (with unit cost) of the N assets plus the risk-free asset, and this portfolio has
a second moment of OC?. If we scale this portfolio so that its second moment is equal to one,
then its cost is 1/OC and we can interpret 1/OC as the maximum price one is willing to pay for
a unit second moment portfolio of the IV test assets and the risk-free asset. Similarly, D can be
interpreted as the ex post minimum second moment portfolio (with unit cost) of the K mimicking
positions plus the risk-free asset, and it has a second moment of OD?. If we scale portfolio D so
that it has unit second moment, then its cost is 1/OD. Therefore, 62 can be thought of as the
estimated squared price difference of the two portfolios C' and D, when both are scaled to have unit

second moment. This is exactly what HJ-distance is trying to measure — the maximum pricing
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error of a model. From both of these geometrical interpretations of 52, we can see that HJ-distance
is a measure of how close the two tangency portfolios are when the y-intercept of the tangent lines

is chosen to be 44!7.

It is well known that the beta asset pricing model holds if and only if the two frontiers touch
each other, i.e., there exists a 7 such that we have 02(vy) = 61(10) for the two ez ante minimum-
variance frontiers.!’ Therefore, if the beta asset pricing model is correctly specified, we should
expect the two ez post frontiers to be very close to each other at some point and hence the length
of OA should not be significantly different from the length of OB. If instead we observe a large
value of 5, then it is an indication that the two ex ante frontiers do not touch each other and we

reject the model as a result.

Figure 2 about here‘

In Figure 2, we also plot two tangent lines emanating from point G (which is the point (0, %C )
to the two ex post frontiers. The slope of the line GE is equal to 92(&005 ) and since point E has
a standard deviation of one, the length of GE is given by /1 + HA%(%} ). Similarly, the length of
GF is given by 1/1 + 9?(%0 ). Therefore, we can write the CSRT statistic as

Qc = (GE)> - (GF). (48)

From this geometric interpretation of QC, we can see that the CSRT statistic is also a measure of
how close the two tangency portfolios are except that the y-intercept of the tangent lines is chosen

to be ,3/6,‘5.12

Under the null hypothesis that the asset pricing model is correctly specified, the two approaches
are asymptotically equivalent because both ’Aygs and ’yg){ 7 converge to the same limit as T — oo.
However, when the asset pricing model does not hold, %JS and ,%q 7 converge to different limits.
As discussed earlier, the sample HJ-distance tends to choose a higher absolute value of zero-beta
rate than the CSRT statistic because a large value of vy can deflate the pricing errors. The effect
of choosing a higher absolute value of 7y by the sample HJ-distance is that one often finds that the

HJ-distance focuses on the difference of the two frontiers at the inefficient side.

'1Gee, for example, Grinblatt and Titman (1987) and Huberman and Kandel (1987).
12For the special case of a one-factor model and the factor is the return on a portfolio, Roll (1985) provides a
geometric interpretation of the CSRT statistic, except that his is given in the (62, i) space, not in the (&, fi) space.
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C. A Comparison with GMM Over-identification Tests

Another popular specification test of linear stochastic discount factor models is the GMM over-

identification test of Hansen (1982). Denote ¢;(\) = RyziA — 1y and
L I
9 =7 ;gtu) = DA - 1y. (49)

Suppose S is a consistent estimator of S, where S is the asymptotic variance of g(A). The optimal

GMM estimator of A is given by
Aevm = (D'STID)"H(D'S 1), (50)
and the popular GMM over-identification test of the asset pricing model is given by
J=T1N[S™ = S1D(D'S™ID)1D'S Y1y, (51)
When the model is correctly specified, we have J 4 X?vf K1

The expression of S depends on the distribution of Y; = [f{, Rb,]’. Assuming the returns on

the N test assets follow a K-factor model
Rot = o+ Bfi + ¢, (52)

where Ele;] = Oy and Ele| f:] = On, the following lemma gives the expression of S for two important

cases.

Lemma 3 Suppose Y; is a stationary ergodic sequence and g¢(\) is a martingale difference se-
quence. If Varle|f;] = X, where X is a positive definite matriz independent of f; (i.e., conditional

homoskedasticity), we have
S = E[(zj)\)?]X + BCPB, (53)

where B = |, (] and C is a (K 4+ 1) x (K + 1) matriz. If Y; is i.i.d. and follows a multivariate

13

elliptical distribution with o kurtosis parameter k,”> we have

S = (E[(z})\)? + kA Vi1A1) S + BCB'. (55)

13The multivariate kurtosis parameter is defined as

_EB[((Ye =)'V (Y — )]
FE T NTR)NtE+2) & (54)

For elliptical distribution, this is the same as the univariate kurtosis parameter u4/(36*) — 1 for any of its marginal
distribution.
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Note that under both assumptions, S takes the form of aX + BCB’ for some positive scalar a and
a matrix C. It turns out that if we choose S also to be of this form, the optimal GMM estimate of
A is numerically identical to the HJ-distance estimate of A, and the GMM over-identification test

statistic is closely related to the squared sample HJ-distance.

Proposition 3: Suppose S = aX+ BCB’, where a is a positive scalar and C' is a (K +1) x (K +1)
matriz. Define B = (&, B] as the usual OLS estimator of B and a is a consistent estimator of a.
If we use St as the optimal GMM weighting matriz where S =a¥+ BCB and C is an arbitrary

matriz, the GMM estimate of A is numerically identical to the HJ-distance estimate of A,
AGMM — (D'S7ID)"H(D'S "y) = (D'U'D) (DU '1y) = A, (56)

and the GMM over-identification test statistic under this choice of weighting matriz is equal to

_T$?

A Y

J = TgA\GMMY S=1g(\GMMy — 71/ (S — S~ D(D'S~'D) ' D'S~ iy (57)

which implies 752 2 ax?vafl when the model is correctly specified.

Proposition 3 suggests that under some popular assumptions on the distribution of Y;, the sample
squared HJ-distance is a rescaled version of the GMM over-identification test statistic. In addition,
the p-values that we obtain for both tests are identical. In practice, one often does not impose
these restrictions in computing S for GMM estimation and testing. In that case, even though S
is actually of the form aX + BCB’, A\c™M and J will only be asymptotically equivalent, but not

numerically identical, to A7 and 152 /a, respectively.

How is the GMM over-identification test statistic related to the CSRT statistic? Under the

conditional homoskedasticity assumption, we have

1 / V—l
a = E[(z))\)?] = NE[z @A = X [ ! e } A= M (58)
pr Vin + papy Yo
where the last equality follows from the reparameterization
Y0 1 1
= e . 59
! [ M ] Ao+ piAL | =Vigh (59)

The GMM over-identification test compares T52/& with x%_x_1. The test of Hy : § = 0 compares T4 with
ax%_x_1. Therefore, the p-values for both tests are P[x%_r_1 > TSQ/&}.
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When S = a¥ + BC’B’, we have \GMM — ;\HJ, S0 a consistent estimator of a is

R T

a= " , (60)
(5§"7)2
and an asymptotically equivalent version of the optimal GMM over-identification test is
T82  TIO2(AHTY — 92(3HT

R A
Comparing with (42), one can think of the CSRT statistic as a GMM over-identification test

statistic, with the conditional homoskedasticity assumption imposed and with the use of a different

estimate of ~.

When the conditional homoskedasticity assumption is inappropriate, the CSRT statistic is no
longer equivalent to the GMM over-identification test. However, under the multivariate elliptical

distribution assumption on Y;, we can make a simple modification to restore the equivalence. Since

1 i _ 1+ (4 R)Vi'm

= NE[zz)\ + kN Vi A = X
a [z A + kA Vi AL pi T+ 8)Vin + paph %

(62)

under the multivariate elliptical distribution assumption, a modified version of the CSRT statistic

is given by

Q¢ _ TI03(5°%) — 0RA65)] A o

L+ (L RAfVA0% T T (L mafoii s~ T o

In addition, an asymptotic equivalent version of the GMM over-identification test can also be
obtained by replacing 49 with 47/, Comparing (63) with (42), we note that the only difference
here is that the errors-in-variables adjustment in the denominator of the CSRT statistic needs
to be modified to reflect the fact that there are more estimation errors in B when the elliptical
distribution has fat-tails (x > 0). This also suggests that the power of the sample HJ-distance,
the CSRT, and the GMM J-test to detect model misspecification is a decreasing function of the

kurtosis parameter k.

III. Finite Sample Distribution of Sample HJ-Distance

A. Simplification of the Problem

After obtaining an understanding of the similarities and differences between the sample HJ-distance

and other specification tests, we now turn our attention to the exact distribution of the sample
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HJ-distance. Obtaining the exact distribution of the sample HJ-distance is a formidable task even
under the normality assumption. In our approach to this problem, we take three different steps to

simplify it.

For notational brevity, we use the matrix form of model (52) in what follows. Suppose we have

T observations of f; and Ro:, we write
Ry=XB' +E, (64)

where Ry is a T' x N matrix with its typical row equal to Rb,, X is a T' x (K + 1) matrix with its
typical row as [1, f{], B =[«, (] is the matrix of regression coefficients, and F is a T' x N matrix
with €} as its typical row. As usual, we assume that 7> N + K + 1, X'X is nonsingular, and 3 is
of full column rank. For the purpose of obtaining an exact distribution of the sample HJ-distance,
we assume that, conditional on f;, the disturbances ¢; are independent and identically distributed

as multivariate normal with mean zero and variance X.1°

The maximum likelihood estimators of B and X are the usual ones:

B

~

[a, 5] = (RyX)(X'X)™, (65)
1 N .
T(Rg — XB"Y(Ry — XB'). (66)
Under the normality assumption, we have Band ¥ independent of each other and their distributions

are given by
vec(B) ~ N(vece(B),(X'X) 'o¥n), (67)
TS ~ Wy(T—K-1,%), (68)
where Wy (T — K —1,Y) is the N-dimensional central Wishart distribution with 7'— K — 1 degrees

of freedom and covariance matrix 2.

One of the problems with obtaining the exact distribution of the sample HJ-distance is that
6% is usually written as a function of D and U , whose distributions are rather difficult to obtain.
Our first simplification is to write 42 as a function of B and 3, so we can use the well established
distribution results (67) and (68) above. Using Lemma 1 and noting that

ﬁ:m%mzwm[?OKr (69)
i Ik

5Note that we do not require Ry to be multivariate normally distributed; the distribution of f; can be time-varying
and arbitrary. We only need to assume that conditional on f:, Ro; is normally distributed.
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we can write

=12 =TI BBETIB) T B S 1. (70)
Still, it is a daunting task to get an exact distribution of (70). Our second simplification of the

problem relies on the following lemma which helps us to get rid of the influence of .

Lemma 4 Defining
82 — 13\7[2—1 _ E—lB(B/E—lé)—lélz—l]lN’ (71)

we have

V =T0%/6" ~ X7_n1 (72)
and it is independent of 52,
Note that 42 is similar to 2 except that 62 has the true ¥ instead of the estimated Y in its

expression. Lemma 4 is extremely useful because it allows us to focus our efforts on obtaining just

the distribution of 42. Once this is obtained, we can get the distribution of 52 using the fact that

o T2
0r=—, 73
- (73)
where 62 and V ~ X2T_ ~N+1 are independent of each other.
Our third simplification is to normalize B using a transformation
B, =Y 2B(X'X)z, (74)

so vec(By) ~ N(vec(By), Ix+1 @ Iy), where B, = ZféB(X’X)% is the normalized version of B,
and all the elements of B,, are independent normal random variables with unit variance. With this

normalization and defining v = N3l N, We can write
6* = V[In — Bn(B,B,) 'Bllv, (75)
6> = V[Iy - B.(B.B,)"'B.v. (76)
B. Exact Distribution

With all these simplifications, we are now ready to present the distribution of 62 Let QAQ’ be the

eigenvalue decomposition of B! [Iy — v(v'v)~'V'|B,, where A is a diagonal matrix with its diagonal
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elements A\ > .-+ > Ag41 > 0 equal to the eigenvalues, and @ is an orthonormal matrix of the
corresponding eigenvectors. The following proposition expresses the HJ-distance in terms of these

quantities.

Proposition 4: Defining & = Q’Bgy/(u’u)%, we have

9 V'
F = e (77)
/
S 78
1+ UJW10; (78)

where Uy ~ N (&, Ix+1) is normal, W ~ Wi 1(N — 1,Ix41,A) is a K + 1 dimensional noncentral
Wishart with N — 1 degrees of freedom, covariance matriz Ixy1, and noncentrality parameter A,

with Uy and W independent of each other.

Although (78) does not admit an explicit expression of the cumulative density function, it allows
us to use a Monte Carlo integration approach to obtain the distribution of 52, which can be easily

performed as follows:

1. Simulate Uy ~ N(§, Ig+1), W ~ Wk11(N — 1, Ix+1,7), independent of each other.

A Y P

$2
2. Compute 5 = m

3. Since 62 = T42 /V where V ~ X%’_ ~N41 18 independent of 62, the cumulative distribution

function for 62 can be approximated by

n

. = 1 -
P[6%* > ¢] = E[P[V < T5?/c|6%]] =~ - > Fe . (T8 /), (79)
i=1
where FX%—N+1(:E) = P[x3_ny1 <l 6?2 is the value of 42 in the ith simulation, and n is the

total number of simulations.

All that is required in this Monte Carlo integration approach is to simulate a (K + 1)-dimensional
normal and a (K + 1)-dimensional noncentral Wishart random variables. In general, the number of
factors (K) is a small number, so this procedure is very efficient. Note that the exact distribution
of 62 depends on 2K + 3 nuisance parameters: A, &, and /v = 1yX~!1y. Since the Monte Carlo
integration approach depends on only a few nuisance parameters of the model, the effect of varying

these nuisance parameters can be easily studied given the efficiency of this procedure.
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When the asset pricing model is correctly specified, 1 is in the span of the column space of
B, or v is in the span of the column space of B, and the matrix B/,[Ix — v(v'v) "] B, is only of
rank K, so the last diagonal element of A is zero, i.e., Ax1+1 = 0. Therefore, the distribution of 52
under the null depends on only 2K + 2 parameters. Since the only parameter that distinguishes the
exact distribution of 42 under the null and under the alternative is the smallest eigenvalue Ak 1,
the power of the test of Hy : § = 0 is crucially determined by Agy1. If Ag41 is close to zero, then
the distribution of 62 cannot be easily distinguished from that under the null hypothesis. If Ag 1
is very different from zero, then we will be able to detect the departure from the rank restriction

with higher probability.

One may wonder why it is A1 but not 6 that determines the power of the test. The reason
is under the alternative hypothesis that § # 0, some sampling fluctuations in 62 are still perfectly
consistent with the null hypothesis of Hy : 6 = 0. This is so because when the model is correctly
specified, we still have 62 +£ 0 due to sampling fluctuations in B. As the risk premium of a K-factor
asset pricing model is unspecified, the test will attempt to find the best K linear combinations of
B such that they can provide the maximum explanatory power of the sampling fluctuations of 52
under the null hypothesis. It is only the unexplained portion of the sampling fluctuations of 52
that will allow us to determine whether § is zero or not. However, the reliability of this inference
crucially depends on the the volatility of the remaining (K +1)-th linear combination of B (i.e., the
pricing errors). If Axy1 is small, it implies either that the aggregate pricing errors are very small,
or that they are very volatile. As a result, a misspecified model with small Ag 1 is very difficult

to detect.

When §2 # 0, we have A1 = O,(T) and the null hypothesis of Hy : § = 0 will be rejected
with probability of one when T' — oco. As a result, all wrong models will eventually be detected
if we have a long enough time series of data. However, in a finite sample, it is not true that a
worse model (in the sense that it has a higher 62) will be rejected with a higher probability. As an
illustration, we return to our earlier example in (30). As we showed earlier, the model with just the
first factor has 62 = 0.798 and the model with just the second factor has 62 = 0.500. If we assume
in the sample, we have i1 = u; = 0 and VH = V11 = 0.01, then we can verify that Ay = 0.00177T
for the first model and Ao = 0.01007" for the second model. Note that although the first model

has a greater HJ-distance than the second model, the second model is rejected more often because
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its smallest eigenvalue is 5.8 times larger than that of the first model. In Figure 3, we plot the
probabilities of rejection of the null hypothesis Hp : § = 0 as a function of T" for these two different
models. The size of the test is 5% and the distribution of 62 under the null and the alternatives
are computed using the exact distribution, assuming fi; = u; = 0 and VH = V11 = 0.01. As we can
see in Figure 3, when T is small, both models cannot be easily rejected. As T increases, the model
with just the first factor still cannot be easily rejected. Even with T' = 1000, we get a probability
of rejection of only 27.3% for this model. However, the model with just the second factor, despite
having a smaller §% than the first model, can be rejected with very high probability when T is
large. When T = 1000, we can reject Hy : 6 = 0 for the second model with probability 87.9%.
This example serves to illustrate that one should be extremely cautious in using the p-value of the
sample HJ-distance to rank models. Models with higher §? are not necessarily rejected with higher

probability than models with lower 62.

Intuitively, the reason why we can reject the model with the second factor with relative ease is be-
cause the expected return of the mimicking portfolio of the second factor is close to that of the global
minimum-variance portfolio of the test assets. As the variance of the global minimum-variance port-
folio depends on only the variance-covariance matrix of the returns on the test assets, its location
can be estimated rather accurately from the data. Therefore, we can reject the null hypothesis even
when the mimicking portfolio has only a small departure from the global minimum-variance port-
folio. On the contrary, for a frontier portfolio that is far away from the global minimum-variance
portfolio, its variance depends on both the mean and the variance-covariance matrix of the returns
on the test assets. As estimation of expected return is relatively noisy, the location of such a frontier
portfolio is harder to determine. Therefore, when a mimicking portfolio has an expected return
that is very different from that of the global minimum-variance portfolio, it is difficult to reject the

null unless the mimicking portfolio is very far away from the frontier.

Figure 3 about here

C. Approximate Distribution

In using the finite sample distribution for specification test, one encounters a practical problem.

It is that the finite sample distribution depends on some nuisance parameters (A, £ and v'v) even

23



under the null hypothesis.'® Therefore, one needs to estimate A, ¢ and /v in order to compute
the finite sample distribution. For wide applications, we suggest the following procedure to easily

compute an approximate exact distribution which is accurate for most practical purposes.

Let v = f]_%lN, B, = XAI_%B(X’X)% be the sample estimates of v and B,. Let QAQ’ be the
eigenvalue decomposition of B, [Iy — (')~ 10| By, and € = Q/B;lﬁ/(ﬁ’ﬁ)% be the sample estimates
of £&. Under the null hypothesis, we have Ax+1 = 0 and in addition, as shown in the Appendix, we

must have
Vv

2
— , 80
S V' B, (B! B,)"2Bv (80)

Therefore, for the purpose of testing Hp : 6 = 0, we set the last diagonal element of A to zero and

the last element of f to!
1
(' V)2

e o (81)
(&' Bn(B;,By) By p)2

ki1 =

Using these sample estimates A, é , and /D to replace the true ones in (78), we can obtain a finite
sample distribution of 52. Since the sample estimates of the nuisance parameters are used here,
the finite sample distribution is only approximate but not exact. However, our simulation evidence
shows that this procedure is quite effective in approximating the true finite sample distribution

when 7' is reasonably large.

If one is concerned with the effect of using estimated instead of true nuisance parameters, one
can perturb the estimated parameters (say increasing them or decreasing them by 20%) to find
out if the computed p-value is robust to the choice of nuisance parameters. Another way is to use
a first order approximation of the finite sample distribution. The following Proposition uses the
same argument as in Shanken (1985) and provides an approximate finite sample distribution for

the sample HJ-distance.

Proposition 5: Conditional on f;, the squared sample HJ-distance has the following approzimate

finite sample distribution

R 14 AHIy—15HT N-K-1
52 ~ ( 7EAHJ% = (T —N+1 > Fn_g-17-~N+1(d), (82)
Y0

161t is common that the finite sample distributions of test statistics of asset pricing models depend on some nuisance
parameters. See, for example, Zhou (1995) and Velu and Zhou (1999).

"While the unconstrained f K+1 1s still a consistent estimate of £x 1, we find that the constrained version of é K41
is much less volatile than the unconstrained one.
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where FN—K—l,T—N+1(d) s a noncentral F-distribution with N — K —1 and T — N + 1 degrees of

freedom and noncentrality parameter

g T4 _ T[63(%") — 63 (")) (83)
(1 + 3V AR (82 1+ 47V R

and ¥ = A7+ [y — py is the ex post risk premium of the K factors.

Under the null hypothesis, we have d = 0 and the noncentral F-distribution becomes a central
F-distribution, so an approximate [-test of Hy: 6 = 0 is to compare

T—-N-+1 52
S 5 ) J— - o
N-K-1) 14+4#7v7'487) /(572

with a central F-distribution with N — K —1 and T — N + 1 degrees of freedom.!®

Under this approximate F-test, the power of the sample HJ-distance in rejecting the null hy-
pothesis is positively related to the magnitude of the noncentrality parameter d. From (83), we
can see that this noncentrality parameter depends on not just 62 or how far apart the two frontiers
are, but also on the term {17/ Vﬁl'_y{{ 7. This term is similar to the errors-in-variables adjustment
in Shanken (1985), which is due to the fact that we need to use the estimated betas instead of the
true betas in the calculation of the sample HJ-distance. If the estimated betas are noisy, we cannot
reliably reject the null hypothesis even though the true ¢ is nonzero. This observation suggests that
besides preferring factors that generate high 'yéq /. sample HJ-distance also heavily favors models
with noisy factors. This is so because if we add pure measurement errors to a factor, it will not

change the true §, but the term f’yfl J! 171_11'71]{ 7 will most likely go up to reduce the power of the test.

To further illustrate this point, we return to our earlier example in Figure 3 where we found
that the model with just the second factor was rejected with fairly high probability. Our question
here is that whether we can add a noise to the factor and make the model acceptable. Suppose we

construct a noisy version of the second factor

i = for + 1y, (85)

2

=, and it is independent of the factors and the

where n; is a noise with mean zero and variance o

returns. What would happen to the power of the test if we use f; instead of fo; in the model?

18Unlike 62, the exact distribution of F} only depends on ¢ and A but not v’v. Details on the exact distribution of
F1 are available upon request.
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One of the perceived advantages of the HJ-distance is that it does not favor noisy factors because
the population HJ-distance stays the same whether we use fo; or f;.' However, it turns out that
if one uses the sample HJ-distance to test the null hypothesis Hy : 6 = 0, the noisy factors will
still be favored. This is because with a noisy factor, there are more estimation errors in D. As a
result, even though the population HJ-distance stays the same with the noisy factor, one can be
less sure about whether an observed large sample HJ-distance is due to genuine nonzero population
HJ-distance or to sampling errors. In Figure 4, we plot the power function for five different models
using f;, differing in terms of their noise to signal ratio 0, /0, where o is the standard deviation
of the second factor. Similar to Figure 3, the size of the test is 5% and the distribution of 62 under
the null and the alternative are computed using the exact distribution, assuming the sample mean
and the variance of the factor are equal to their population counterparts. The case of 0, /o = 0 is
the same as the model with just the second factor in Figure 3, and we can see that it is rejected with
very high probability. As o, increases, the probability of rejection goes down. When o, /0 = 5,
we see that the model with this very noisy factor is hardly rejected, with a probability of rejection
of only 8.38% even for T' = 1000. From an economics point of view, there is no reason to believe
the model with this very noisy factor is any better than the model with the original factor, but yet

statistically the sample HJ-distance suggests otherwise.

Figure 4 about here

D. Understanding the Biases in Asymptotic Distribution

Our small sample results are not only useful in providing insights on what determine the power of
the test of Hy : § = 0, but also illuminating for understanding the biases of the asymptotic test
that is often used in the literature for testing the null hypothesis. Jagannathan and Wang (1996)
show that under the null hypothesis, we have

N N—-K-1
T* A~ Y axd, (86)
=1

9For example, some model diagnostic tools like the HJ-bound suggested by Hansen and Jagannathan (1991) can
favor noisy factors. This is because for any arbitrary factor model, it is always possible to satisfy the HJ-bound by
adding irrelevant variance to the stochastic discount factor.
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which is a linear combination of N — K — 1 independent x? random variables, with the weights a;

equal to the nonzero eigenvalues of
11 _1 Pl 1 L1 ol
S2U2[Iyn—-U"2D(D'U"D)""D'U 2]U 252, (87)

or equivalently the eigenvalues of

PU2SU P, (88)

where P is an N x (N —K —1) orthonormal matrix with its columns orthogonal to U ~2D. Under the
conditional homoskedasticity assumption, we can use Lemma 3 to verify that a; = (14~} Vﬁlvl) /8
fori=1,...,N — K — 1, and the asymptotic distribution can be simplified to

752 A (W) i, (89)

0

which is consistent with the results in Proposition 3. Similar to the exact finite sample distribution,
the asymptotic tests also involve nuisance parameters, so we need to obtain estimates of these
parameters in order to carry out the asymptotic tests. In practice, researchers replace D, U, and S
in (87) with their sample estimates to obtain the estimated eigenvalues @;. Similarly, we can replace
0, 71 and Vi1 in (89) with their sample estimates %LU, A7 and Vii. We refer to asymptotic tests

that are based on estimated parameters as the approximate asymptotic tests.

Recall from (73) and Proposition 4, the exact distribution of 762 is given by

A T TvV'v
72 - (=) (—227
= (¢) (o) o0)

where Uy ~ N(§, Ixy1), W ~ Wg i1 (N — 1, Igi1,A), V ~ X%—N+17 and they are independent of
each other. The first term 7'/V is due to the estimation error from using 33, which the asymptotic
test ignores. The expectation of T'/V is given by

T T
b M “ToN-10 b (01)

so the effect of ignoring this first term is that the finite sample distribution of T62 is larger than
the finite sample distribution of the second term, which is T462. As a result, ignoring the estimation
error of 3 can lead to over-rejection problem for the asymptotic test and this problem is particularly
severe when N is large relative to T. When N is small relative to T, the first term is negligible and

the finite sample distribution of 762 is almost identical to the finite sample distribution of 7482, By
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comparing the finite sample distribution of T62 with the asymptotic distribution, we can obtain an
understanding of why the asymptotic test can also under-reject the null hypothesis. To facilitate

this comparison, we present the following lemma.

Lemma 5 Let Uy k41 be the last element of Uy and WHEALE+L pe the last diagonal element of

WL, Under the null hypothesis, we have 1/WHEFLE+L 2 and
1
1+ UW Uy = U o (WHILEH 1 0)(T2), (92)

with the expected value of the Op(T%) term positive. In addition, we have

T’yg (V'v)

—_—, (93)
L+ %Vt

E[U12,K+1] =1+ 5%(+1 > f%(ﬂ =
where 41 = y1 + i1 — 1.

With this lemma, we can think of the asymptotic distribution of T2 is obtained by using the

following approximation

6% = Wl g2 R+LE+1
L+ UW-t, e WRL

/ / —rir—1=
s te (1 s ryiygvn 71) XN—K-1- (94)
Such an approximation involves dropping all but one of the (K +1)2+1 terms in 1+ U] W ~1Uj, and
replacing U127 K41 by 5%( +1- The terms that we drop in this approximation have positive expected
value, so ignoring them in the denominator of T2 leads to an under-rejection problem for the
asymptotic test. The greater the number of factors (K) is, the more terms are dropped in this
approximation and the more severe the under-rejection problem. This analysis suggests that, given
the number of test assets and length of time series, the asymptotic test tends to favor models with

a large number of factors.

IV. Simulation Evidence

A. Design of Experiment

We perform simulation experiments in this section to assess the performance of the asymptotic
test, the F-test, and the approximate finite sample test of sample HJ-distance. We study various

combinations of number of factors (K), number of test assets (N) and number of time series
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observations (7T"). For the number of factors, we consider three cases: K = 1, 3, and 5. For the
number of test assets, we also consider three cases: N = 10, 25, and 100. For the length of time
series observations, we consider five cases: T' = 120, 240, 360, 480, and 600. Altogether, there are

45 different combinations of K, N, and T in our simulation experiment.

For K =1, the factor that we consider is the excess return of the value-weighted market index
from the Center for Research in Security Prices (CRSP). For K = 3, the factors are the three factors
of Jagannathan and Wang (1996): return on the value-weighted market, growth of per capita labor
income, and default premium which is the difference between the yields of Baa and Aaa corporate
bonds. For K = 5, the factors are the five factors of Fama and French (1993). They include excess
return on the value-weighted market index, return difference between portfolios of small and large
stocks, return difference between portfolios of high and low book-to-market ratio stocks, a term
structure factor which is measured by the difference of the yields of long-term Treasury bond and
short-term Treasury bill, and a default premium which is measured as the difference between the
yields of Baa and Aaa corporate bonds. Monthly data of these factors are kindly provided to us
by Hodrick and Zhang, and the data are the same as the ones that are used in Hodrick and Zhang
(2001). As the finite sample distribution that we derive is conditional on the realizations of the

factors, we consider the case where the matrix (X'X)/T is set to

XX
= =

1 4 (95)
1 Vo4 iy |’

where i1 is the sample mean of the factors and Vi is the sample variance of the factors, estimated
from the monthly data over the sample period of January 1951 to December 1997. Under this

setting, we retain the same matrix (X'X)/T for different values of T.

The test assets that we consider for N = 10 are the ten size-ranked portfolios of common stocks
in the New York Stock Exchange (NYSE). For N = 25, the test assets are 25 size and book-to-
market ranked portfolios of Fama and French (1993). For N = 100, the test assets are 100 size and
beta ranked portfolios of common stocks in the NYSE. Data for the 25 size and book-to-market
ranked portfolios are provided to us by Hodrick and Zhang, whereas the data for other test assets
are constructed from the CRSP monthly files. To obtain the nuisance parameters for our simulation,

we need B = [, ] and X. Both § and ¥ are set equal to their sample estimates obtained from
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the regressions using monthly data from January 1951 to December 1997. As for «, we set

a=1yv0+ B(n — ), (96)

where g and 7; are obtained using a GLS CSR of fio on 1x and B Under this choice of «, the
parameters are set such that the null hypothesis is true (i.e., § = 0). Finally, we derive the nuisance
parameters I'NZ*11 N, A and ¢ for each case based on our chosen values of (X'X)/T, B and %, and
the exact distribution of 42 can then be computed. The exact distribution of 62 is evaluated using
the Monte Carlo integration approach based on 100,000 simulations. For most practical purposes,

the errors due to simulations are negligible.

B. Actual Sizes of Various Tests

In Table I, we present the actual probabilities of rejection using the asymptotic test in (89) for three
different levels of significance, under the assumption that the null hypothesis of Hy : § = 0 is true.
Table I shows that when K =1 and N = 10, the probabilities of rejection of the asymptotic test
are very close to the size of the test. However, when N increases, we find that there is a significant
over-rejection problem from using the asymptotic test. For example, for the case of K = 1 and
N = 100, we find that even for T as large as 600, the asymptotic test rejects the null hypothesis
38.6% of the time, when the asymptotic size of the test is supposed to be 5%.

For a fixed N, we find that the rejection rate of the asymptotic test goes down as we increase
K. For the case of N = 10, we find that the asymptotic test significantly under-rejects the null
hypothesis when K is large. For example, when K = 5 and N = 10, the asymptotic test rejects the
null hypothesis only 1.6% of the time, when the asymptotic size of the test is supposed to be 5%.
The fact that the probability of rejection of the asymptotic test is a decreasing function of K has
two implications. One implication is that even though additional factor does not help explaining
expected returns, they will be favored by the asymptotic test. Another implication is that even
though a model with a large number of factors is wrong, the asymptotic test can have low power

to detect it.

Overall, there are two countering effects. When N is relatively large to 7', the asymptotic test
tends to over-reject. When K is relatively large to N, the asymptotic test tends to under-reject.

Which of the two effects dominates depends on the values of K, N, T and the nuisance parameters.
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Table I about here

With an understanding of the performance of the asymptotic test, we now turn our attention
to the approximate F-test. In Table II, we present the actual probabilities of rejection using the
approximate F-test in (84) for three different levels of significance, under the assumption that the
null hypothesis of Hp : § = 0 is true. Overall, the approximate F-test is much better behaved than
the asymptotic test. When K = 1, the actual probability of rejection is almost identical to the
size of the test. In addition, the over-rejection problem associated with large number of test assets
for the asymptotic test is basically gone. This is expected because the over-rejection problem in
the asymptotic test is due to the estimation error in 3, which the approximate F-test fully takes
into account in its denominator using the X%_ ~N41 random variable. When K is large relative to
N, there is still some under-rejection problem with the approximate F-test, especially when T is

small.

’Table II about here

As the exact distribution of 62 involves some unknown nuisance parameters, practical use of it
requires the estimation of these nuisance parameters. In Section III.C, we describe a procedure for
estimating these nuisance parameters. It is of interest to investigate to what extent that the use
of estimated nuisance parameters distorts the size of the test. In Table III, we present the actual
probabilities of rejection using this approximate finite sample test based on the estimated nuisance
parameters for three different levels of significance, under the assumption that the null hypothesis
of Hy : 0 = 0 is true. When K = 1, the actual probability of rejection is almost identical to the
size of the test, indicating that the effect of using the estimated nuisance parameters is negligible.
When K = 3 or 5, we find that the approximate finite sample test has some under-rejection and
over-rejection problems, especially when N is large. Comparing the approximate finite sample test
with the approximate F-test, it is not clear which test is better behaved. However, when T is small,
the approximate finite sample test appears to have an advantage because it results in less of an
under-rejection problem than the approximate F-test. Nevertheless, both of them are decisively

better than the asymptotic test.

Table IIT about here
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C. Nonnormal Reisduals

While the small sample distribution of 42 assumes that the residuals are multivariate normally
distributed, we have good reasons to believe that it works fairly well even though the residuals
are not normally distributed. For tests of mean-variance efficiency of a given portfolio, the work
of MacKinlay (1985) and Zhou (1993) shows that although the F-test of Gibbons, Ross, and
Shanken (1989) relies on multivariate normality assumption of the residuals, it is rather robust to
departure from normality of the residuals. To examine if this is still the case for the finite sample
distribution of 32, we repeat the same simulation experiment as before except that the residuals
are now generated using a multivariate t-distribution with five degrees of freedom and with the
same variance-covariance matrix as in the normal case. Under this multivariate ¢-distribution
assumption, the residuals and hence the returns have fat tails, which is what we often find in the
data. In each simulation, we generate data under the null hypothesis and test Hy : § = 0 based
on the exact distribution under the normality assumption. In Table IV, we present the rejection
rates for various combinations of K, N and T. As we can see from Table IV, we find that the
rejection rates based on our exact distribution are extremely close to the size of the test, despite
the residuals are very different from normal. This robustness result is not surprising because while
B is not exactly normal and S is not exactly Wishart when the residuals are not multivariate
normally distributed, such approximations are in fact quite good even for moderate size of T'. As
a result, we can still reasonably apply our small sample test even for cases that the residuals are

not multivariate normally distributed.?°

Table IV about here

V. Conclusion

In this paper, we have conducted a comprehensive analysis of the HJ-distance for the case of linear
asset pricing models. We have also provided a geometric interpretation of the HJ-distance and
showed that it is a measure of how close the minimum-variance frontier of the test assets is to the

minimum-variance frontier of the factor mimicking positions, but the distance is normalized by the

20 Although not reported, we have repeated our simulation experiment for a few other nonnormal distributions of
residuals, and the results are largely the same.
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zero-beta rate. A comparison of the sample HJ-distance with Shanken’s CSRT statistic revealed
that the fundamental difference between the regression approach and the stochastic discount factor
approach to tests of asset pricing models is in the choice of the estimated zero-beta rate. Un-
der normality assumption, we have provided an analysis of the exact distribution of the sample
HJ-distance. In addition, a simple and efficient numerical method to obtain the finite sample dis-
tribution of the sample HJ-distance was presented. Simulation evidence has shown that asymptotic
distribution for sample HJ-distance is grossly inappropriate when the number of test assets or the
number of factors is large. For finite sample inference, one is better off using the exact distribution

presented in this paper.

Despite the theoretical appeal of the population HJ-distance, researchers should be cautious
in using the sample HJ-distance for model evaluation and selection. We have shown that models
with small HJ-distance are good in explaining prices of the test assets but not necessary good in
explaining their expected returns. In addition, we have found that the sample HJ-distance is not
much different from many traditional specification tests. As a result, the sample HJ-distance shares
the same problems that plagued those specification tests. Specifically, our analysis and simulation
have shown that the sample HJ-distance tends to favor asset pricing models that have noisy factors

and is not very reliable in telling apart good models from bad models.
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Appendix

We first present two matrix identities that will be used repeatedly in the Appendix.?!

Claim: Suppose Q = P + BCB’, where P and @ are m x m symmetric positive definite matrices,

B is an m X p matrix with full column rank, and C' is a p X p symmetric matrix. Then we have

(B/Qle)le/Qfl — (Blple)—lBlpfl,
Q—l _ Q—IB(B/Q—IB)—IB/Q—I — P—l —P_lB(B/P_lB)_lB,P_l.
Proof: Since
Qt=pP'-P'BC(,+BP'BO)'BP,

we have

BQ'=(I,+BP'BO)'BP!
p

and

(B'Q™'B)™' = (B'P™'B)"'(I, + B P 'BO).
Multiplying (A4) with (A5), we have the first identity
(B/Qle)le/Qfl — (Blple)lelpfl.
For the second identity, we have
Q—l _ Q—IB(B/Q—IB)—IB/Q—I

= Q- BBQB)BQY

= [P'-P'BC(I,+BP'BC)'B'P Y, - B(BP'B)'BP

= P '-pPBBP'B'BP,
with the second last equality following from (A3) and (A6). This completes the proof.

Proof of Lemma 1: Observe that we can write

LVl —phVirt |
U=X+D et " D
11 H1 11

21 A single-factor version of these two identities were presented in Shanken (1982).
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and D = [ug, Vo1 + popy] = HA, where A is a nonsingular matrix given by

A= [ Lo (A9)
Ok Vi1
Letting P =%, Q = U, and B = D, we can invoke (A2) and have
vl-uT'puT'p)ytpuTt = ' -x7ip(p'sTip)Tip’sT!
= Yl ST HAWHYS T HA) T AH'S !
= 2l -slpEs ) tE'Y (A10)

Putting this expression in (10), we obtain (12). This completes the proof.

Proof of Lemma 2: Suppose p, and V,, are the mean and variance of Rj, and ¢, is a vector of
the cost of these K factor mimicking positions. When K > 1, a minimum-variance portfolio (with

unit cost) of the K factor mimicking positions is obtained by solving the following problem:

mui)n 0'5 = W'V,w
st Wm = pp, (A11)
wom = 1. (A12)

Except using ¢, instead of 1g, it is the same as the standard portfolio optimization problem.
Standard derivation then gives (20) with a1 = ),V ptm, b1 = 1,V tgm and ¢ = ¢, Vi tgm.
Using ftm = V12V251u2, Vi = Var[R;] = V12V251V21 and ¢,, = ‘/12‘/2511]\7, we obtain the expressions
for a1, by and ¢;. When K = 1, we must have w = 1/g,, and hence pp = fimm/qm = b1/c1 and

02 = Vin/q3, = 1/c1. This completes the proof.

Proof of Proposition 1: One way to prove (24) is to express D and U in terms of p and V. For
brevity, we present a more intuitive proof here. Writing A = [Ag, A}]’, where )¢ is a scalar and A\

is a K-vector, the squared HJ-distance is given by

6 = min(DA — 1In)'U YD - 1y). (A13)

Since D = E[Rex'] = [u2, Va1 + pap] and

1 /
U = E[RQRIQ] = Voo + MQMIQ =Voo + D OK D’, (A14)
Ok Ogxk
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we can invoke (Al) and (A2) and write
&% = min(DA — 1n) V' (DX — 1)
= m}%n(,ug)\o + Var Ay + piopii M — 1n) Vi (2 ho + Var M+ papii A — 1y). (A15)

Using a reparameterization of A to v where

Yo 1 1
= - , A16
! [ M ] Ao+ A | =Vith (A16)
we can then write
52 — min (n2 — Inv0 — Bn) V222 (12 — 1IN0 571)' (A17)
70,71 )

Conditional on a given choice of 7p, one only needs to choose y; to minimize the numerator. It is
easy to show that

M= (Ve B) " 8'Vig ' (12 — 1n70)- (A18)
With this choice of v;, we can minimize the objective function with respect to 7 alone and have

(12 = In70)'[Vas' = Voo B8 Vs B) 'V (2 — In0) _ . 03(%0) — 63(%0)

6% = min 5 5 . (A19)
Yo Y0 Yo Yo
Using
0%(70) — 9%(70) =a—2byy + C'yg — (a1 — 2b1y0 + ng) = Aa — 2Abyy + Acvg, (A20)
we have )
62 — 0?2 1 1
M = Aa <> — 2Ab () + Ac, (A21)
Y0 Y0 Y0

which is a quadratic function in 1/79. The minimum is obtained at 7’/ = Aa/Ab and hence
8% = (03(74") — 03 (74")) /(')
As for Q¢, we have conditional on a given value of 7, the expected return errors are ecs(v1) =

(2 —v0ln) — By. It is easy to see that

min ecs(m)Teos(n) = (u2 — Invy) [E =71 B(FE8) 1S (p2 — Ivyo). (A22)
Since ¥ = Vg — BV11/4/, invoking the identity (A2), we have
(n2 — 1x30) [ =S8 8) 71 8'S 7 (n2 — 1n70)
= (12— 1n70) [Vay' = Vi ' B(B'Vay' 8) 7' Vi 1(112 — 1ny0)
= 05(0) — 67 (0)

= Aa—2Aby + Acyd. (A23)
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The o that minimizes this expression is 7§® = Ab/Ac, and hence Q¢ is given by 03(7§°)—62(1§%).

Finally, since Aa — 2Abyy + Acyg > 0 for any -, the determinant of the quadratic equation must

be nonpositive and we have (Ab)? < AaAc. Since Aa > 0 and Ac > 0, we have Aa/Ab > Ab/Ac
if Ab> 0, and Aa/Ab < Ab/Ac if Ab < 0. This completes the proof.

Proof of Proposition 2: The proof of Proposition 2 is identical to the proof of Proposition 1. All
we need is to replace all the population moments in the proof of Proposition 1 with their sample

counterparts.
Proof of Lemma 3: When ¢;()\) is a martingale difference sequence, we have
S = Var[Rozj\ — 1n] = Var[Ryxj\] = Var[(Bz; + ¢;)x;\] = Var[e;xi\| + BVar|xzi\|B'. (A24)
Under the conditional homoskedasticity assumption, we have
Var[e;z)\] = E[Var[e;z) M 2] + Var[EleziM|z]] = E[(2M\)?2] + Onxn = E[(zjN)?]2 (A25)

and hence
S = E[(x}\)?]Y + BVar[zzj\| B’ (A26)
When Y; follows a multivariate elliptical distribution, we have the following results from the Propo-

sition 2 of Kan and Zhou (2002)

/
Var[z; @ €] = E[r7) ® e6;] = B[z @ ¥ + 0 Ok ® X. (A27)
OK HVH

Using this result, we can write S as

S = Var|[(N ® In)(zt ® &)] + BVar[zx) A\ B’

/
= Noly) (E[:Et:ng] X+ [ 0 Ok ] ® E) (A ® In) + BVar[z;xi\| B
OK HVH
= (E[(ziA\)?] + kA Vi1 A1) £ + BVar[zzj\| B (A28)

This completes the proof.

Proof of Proposition 3: From the proof of Lemma 1, it is easy to see that

M — (D'STID)"YD'S ), (A29)

~

02 = IW[E Tt -STDD'ETID) DS 1. (A30)
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Let P = a3, Q = S. Note that we have B = DA, where

e WPy R |
A= | PR T (A31)
—V11 M1 Vii
so we can write Q = P + DACA'D’ and invoke (A1) to obtain

~ ~

AGMM — (D'(a3)71D)"H(D'(a2) M) = (D'STID) L (D' y) = MY, (A32)

Similarly, we can invoke (A2) to obtain

J = Tiy[aL)™! — (a2) DD/ (aL)~'D)~1D'(a%) iy
TUG[E"! =S DD/~ D)1 D's~ 11 742
_ T4l ( ’ ) v _ — (A33)
a a
This completes the proof.
Proof of Lemma 4: Consider the following matrix
A=y, BX'X)2)S 1y, B(X'X)2]. (A34)
Using Theorem 3.2.11 of Muirhead (1982), we have conditional on B,
ATV~ Wi o(T = N +1,A7Y1), (A35)
where
A=y, B(X'X)2)S 1y, B(X'X)2). (A36)

Now, using Corollary 3.2.6 of Muirhead (1982) and noting that the (1,1) element of A~! is 1/42

whereas the (1,1) element of A1 is 1/62, conditional on B, we have

1 1
and therefore
T2
52 ~ X%—N—i—l' (A38)

Finally, since this conditional distribution does not depend on B, this is also the unconditional
distribution and in addition the ratio is also independent of 62 (which is a function of B). This

completes the proof.

38



Proof of Proposition 4: Define P = [Py, P;] as an N X N orthonormal matrix with its first column

equal to
v

()

Since the columns of P, form an orthonormal basis for the space orthogonal to Pp, this implies

P =

(A39)

PPy =1y — 1/(1/1/)_11/ (A40)
and
Q'B.,P,PyB,Q = Q'B,[Ix — v(V'v)"V]B,Q = QQAQ'Q = A. (A41)
Let U = [Uy, Us] = [Q'BL, Py, Q' B!, P, we have vec(U) ~ N(vec(Q'B.P), Iy ®Ix1). Specifically,
we have E[U;] = Q’B,’ll//(z/z/)% =&, E[Us] = Q' B, P>, with Uy and U, independent of each other.
Using these transformations and writing W = UsUj ~ W1 (N — 1, Ig 41, A), we have
0> = V[Iy - B,QQB.PP'B,Q)"'Q'B v
= V[l - P{B,QUU) Q' B! P]

= V[l - U U] + W)~ oy (A42)
Using the identity
W_1U1U/W_1
nuj+w)yt=wt- _———1___ A43
we have
- UW=tUy)? v'v
C=vv1-UuwlU Uy = . Ad4
vy T T, | T 1 opwe i, (Add)
Performing the same exercise on 62, we have
6 = V[Iy - B,Q(Q'B,PP'B,Q)"'Q'B,v
= V'v[1 - P|B,Q(Q'B,P,P,B,Q + Q' B/, P,P,B,Q)"'Q' B/ P,]
= V[l €€+ )T
Vv
S Ad
1+ A€ (A45)

This completes the proof.

Proof of (80): Under the null hypothesis, 15 is in the span of the columns of B, so v is in the span
of the columns of B,,. Writing v = B,h, where h is a (K + 1)-vector, we have h = (B}, B,,) ' B,v.
As

Bl [Ix — v(V'v)"W|B,h = B, B,h — B.,B,h(h B,,B,h)"'W B, B,h = Oy, (A46)
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so h is proportional to qx 11, which is the eigenvector associated with the zero eigenvalue of BJ, [Iy —

v(v'v)"1W'|B,, and we have qx 11 = ih/(h’h)%. Therefore,

2 1R N\2 / /
2 (q/K-i-lB;zV) (W' Bv) v'v Vv
= = == . A4
Sk V' (Wh)(W'v) ~ h'h ~ VB,(B!,Bn)2Bv (A47)

This completes the proof.

Proof of Proposition 5: From (73) and the definition of noncentral F-distribution, it suffices to
show that T2 is approximately distributed as

1_|_,AYHJ/‘A/—1,AYHJ
< . g]]ﬁé L X?V—K—l(d)' <A48)

(5

Since D = B(X'X)/T, we can write
Iy = DAFY 4 ey = B(X'X)2h + e/ (A49)
by defining h = (X'X)2 A7 /T Tt follows that
1 S o L _1 _1 ~ ~ _1
v=S"2B(X'X)2h+ S 2ey; = Bph+ X Zeny = Byh+ (By — Bp)h+ S 2eyy.  (A50)

Since the first term is a linear combination of B, it will vanish when it is multiplied by In —

B, (B!,B,)"'B!,. Therefore, we can write
62> =V[Iy — Bu(B. B,) 'Bllv = Y'[Ixy — B.(B,B,) ' BY, (A51)

where

Y = (By— Bu)h + S teyy ~ N (2—%eHJ, (h’h)IN) . (A52)

Note that Iy — B, (B! B,) !B, is idempotent with rank N — K — 1. If we ignore the fact that ¥’
and B,, are correlated (which is a good approximation when K is small relative to N),?? then we
have

T82 ~ T(h'h)v2 M A
~ ( )XN—K—I hlh ° ( 53)

Using the reparameterization of

)\HJ 1

= Ab4
A7 (Ab4)

L+ Vi 'af ]

S HJ
-Viim

22 Alternatively, we can follow the same argument as in Shanken (1985) by replacing B, in the idempotent matrix
by Bn.
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we can simplify T'(h'h) to

!/

T
[N i AT
PV i1 Vii+ N

_ L+t (A55)
(")

where 71H T =7 4 fiy — py is the ex post risk premium. Replacing ’yéq 7 and Hf/ by their consistent
estimates and using the fact that 62 = ey JE*Ie HJ, we obtain the approximate F-distribution. This

completes the proof.

Proof of Lemma 5: Partition W into four blocks

A b
v e

~ WK+1(N - 17[K+17A)7 (A56)

where A is the upper K x K submatrix of W. Under the null hypothesis, we have A1 = 0. Using
Lemma 2.1 in Gleser (1976), we can show that A ~ Wi (N—1, Ik, A1), where Ay = Diag(Aq, ..., A\k),
c—bAb~ X?V_K_l, 2= A"3b~ N(0g, Ix), and they are independent of each other. Using the

partitioned matrix inverse formula, the last diagonal element of W™ is given by

1

WK+1,K+1 — (C o b/Aflb)fl ~ (A57)

—_
XN-K-1

As X'X = O,(T), we have B,, = Op(T%) and this implies \; = Op(T) for ¢ = 1,..., K and
&= Op(T%). It follows that A = O,(T') and A"z = Op(Tfé). Since the upper K x K submatrix
of W—1is

A7l AW EALEIY AL = Ao ([ + 2WETLEHL A5 (A58)

its elements are O,(T~1). Similarly, the first K elements of the last column of W~ is
AW EALEHL g KHLEHL Op(T’%). (A59)
As ¢ = Op(T%), we have U = Op(T%) and

1+ UW Uy = U g WEFLES L 0 (T2), (A60)
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Note that the O, (T %) term in the above expression is

K K K
1+ ZZWUUHUU —|-2U17K+1ZWZ"K+1UM, (A61)
i=1 j=1 i=1

where W4 is the (,7) element of W1 and Uy; is the ith element of U;. The second term in this
expression is a quadratic form, so it is positive. For the last term, the first K elements of the
last column of W~! is given by A=3WEHLE+L Ag E[z] = Ok and it is independent of Uy, A,
and WHEHLEFL the last term has zero expected value. Therefore, the Op(T%) term has a positive

expected value.

Finally, U127 Kyl ™ X%(ﬁ( +1)’ so its expectation is 1 + 5% +1- Under the null hypothesis, we have
from the proof of (80) that &, = (v/v)/(h'h), where h = (B, B,)~*(Bjv). Then, using a similar
proof of Proposition 5, we obtain T'(h'h) = (1 4+ 7, V;1'51)/~73. This completes the proof.
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Figure 1

Rankings of Two Models Using HJ-Distance and Aggregate Expected Return Errors
The figure plots the two factor mimicking portfolios as well as the minimum-variance frontier
hyperbola of four test assets. The mimicking portfolio of the first factor produces small errors in
expected returns but large pricing errors for the four test assets. The mimicking portfolio of the

second factor produces large errors in expected returns but small pricing errors for the four test
assets.

46



>

~ HJ]
Y0

sample minimum-variance frontier of K mimicking positions

sample minimum-variance frontier of N test assets

R Vi
A§ G

\
Q>

Figure 2

The Geometry of Hansen-Jagannathan Distance and CSRT Statistic

The figure plots the er post minimum-variance frontier hyperbola of K mimicking positions and
that of N test assets on the (&, /1) space. 44/ is the estimated zero-beta rate that minimizes the
sample HJ-distance. The straight line H A is the tangent line to the frontier of the N test assets
and its slope is equal to HAQ(%{ J ). Point C' is the point on the tangent line HA that is closest to
the origin. The straight line H B is the tangent line to the frontier of the K mimicking positions
and its slope is equal to 0, (%{ J ). Point D is the point on the tangent line H B that is closest to
the origin. The squared sample Hansen-Jagannathan distance is given by 1/(0A)% — 1/(OB)? or
1/(0C)% — 1/(OD)?%. A§® is the estimated zero-beta rate from a generalized least squares cross-
sectional regression of fis on 1y and B The straight line GE is the tangent line to the frontier

of the N test assets and its slope is equal to 62(55). The length of GE is /1 + é%(’ygs). The
straight line GF' is the tangent line to the frontier of the K mimicking positions and its slope is

equal to 0;(355). The length of GF is /1 + 62(3§5). The CSRT statistic is equal to GE? — GF?2.

47



0.9

0.8

o o o o ©
w E al (2} ~
1 1 1 1 1

Probability of Rejection

o
N
1

0.1

O T T T T T T T T T 1
0 100 200 300 400 500 600 700 800 900 1000

T

Figure 3

Power Function of Sample HJ-Distance for Two Models

The figure plots the probabilities of rejecting the null hypothesis Hy : 6 = 0 as a function of the
length of time series observations (7') for two different models. The returns of four test assets are
generated using a two factor model. The first model contains only the first factor and it has a
82 = 0.798. The second model contains only the second factor and it has a 62 = 0.500. The size of
the test is 5% and the distributions of the sample HJ-distance under the null and the alternatives
are computed using the exact distribution, assuming the sample mean and the sample variance of
the factors are equal to their population counterparts.
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Figure 4

Power Function of Sample HJ-Distance for Models with Noisy Factor

The figure plots the probabilities of rejecting the null hypothesis Hy : 6 = 0 as a function of the
length of time series observations (7') for five different models. The returns of four test assets are
generated using a two factor model. A noisy version of the second factor is used in each one of the
five tested models, which is generated as f; = far + n¢, where n; is a measurement error with mean
zero and independent of the returns and the factors. All five models have the same §% = 0.500 but
they differ in terms of their noise to signal ratio o, /oy, where 0,,/0 is the ratio of the standard
deviation of the noise to the standard deviation of the second factor. The size of the test is 5%
and the distributions of the sample HJ-distance under the null and the alternatives are computed
using the exact distribution, assuming the sample mean and the sample variance of the factors are
equal to their population counterparts.
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Table I
Sizes of Asymptotic Test of HJ-Distance Under Normality

The table presents the actual probabilities of rejection for the asymptotic x?-test of Hy : § = 0 with
different levels of significance under the null hypothesis, assuming the residuals are generated from a
multivariate normal distribution. The rejection decision is based on an asymptotic x2-test of the sample
HJ-distance assuming conditional homoskedasticity. Results for different values of the number of factors
(K), test assets (IV), and time series observations (') are based on 100,000 simulations.

N =10 N =25 N =100
Level of Significance Level of Significance Level of Significance
K T 10% 5% 1% 10% 5% 1% 10% 5% 1%

1 120 0.117 0.063 0.016 0.343 0.242 0.108 1.000 1.000 1.000
240 0.103 0.053 0.011 0.201 0.122 0.038 0.971 0.950 0.880
360 0.101 0.051 0.011 0.163 0.094 0.026 0.803 0.715 0.518
480 0.100 0.051 0.011 0.144 0.080 0.021 0.634 0.516 0.302
600 0.099 0.050 0.010 0.137 0.075 0.018 0.510 0.386 0.192

3 120 0.040 0.017 0.002 0.300 0.205 0.085 1.000 1.000 1.000
240 0.040 0.017 0.002 0.176 0.104 0.031 0.950 0.918 0.821
360 0.045 0.019 0.003 0.142 0.078 0.020 0.738 0.637 0.428
480 0.049 0.020 0.003 0.130 0.071 0.017 0.555 0.434 0.233
600 0.054 0.024 0.003 0.123 0.065 0.015 0.439 0.321 0.146

5 120 0.023 0.008 0.001 0.230 0.148 0.054 1.000 1.000 1.000
240 0.025 0.009 0.001 0.128 0.071 0.018 0.933 0.893 0.778
360 0.029 0.011 0.001 0.105 0.054 0.012 0.690 0.582 0.372
480 0.036 0.014 0.001 0.095 0.048 0.010 0.504 0.384 0.194
600 0.041 0.016 0.002 0.090 0.045 0.009 0.394 0.279 0.120

20



Table II
Sizes of Approximate F-test of HJ-Distance Under Normality
The table presents the actual probabilities of rejection for the approximate F-test of Hyg : § = 0 with
different levels of significance under the null hypothesis, assuming the residuals are generated from
a multivariate normal distribution. The rejection decision is based on an approximate F-test of the
sample HJ-distance. Results for different values of the number of factors (K), test assets (N), and time
series observations (") are based on 100,000 simulations.

N =10 N =25 N =100

Level of Significance Level of Significance Level of Significance

K T 10% 5% 1% 10% 5% 1% 10% 5% 1%

1 120 0.093 0.047 0.010 0.094 0.046 0.009 0.092 0.045 0.009
240 0.101 0.052 0.011 0.097 0.049 0.010 0.098 0.048 0.010
360 0.104 0.053 0.012 0.098 0.049 0.010 0.098 0.049 0.010
480 0.104 0.054 0.012 0.099 0.049 0.010 0.100 0.050 0.011
600 0.105 0.053 0.012 0.100 0.050 0.010 0.100 0.050 0.010

3 120 0.052 0.024 0.004 0.062 0.028 0.005 0.058 0.025 0.004
240 0.071 0.034 0.007 0.072 0.034 0.006 0.099 0.050 0.010
360 0.084 0.043 0.009 0.077 0.037 0.007 0.108 0.055 0.012
480 0.094 0.050 0.011 0.081 0.039 0.007 0.111 0.058 0.013
600 0.101 0.054 0.013 0.122 0.063 0.014 0.113 0.059 0.013

o 120 0.034 0.015 0.002 0.056 0.026 0.004 0.045 0.020 0.003
240 0.052 0.024 0.005 0.067 0.032 0.006 0.097 0.048 0.009
360 0.069 0.034 0.007 0.076 0.037 0.007 0.110 0.056 0.012
480 0.084 0.043 0.010 0.081 0.039 0.008 0.117 0.061 0.013
600 0.096 0.051 0.012 0.085 0.042 0.008 0.120 0.062 0.014
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Table 111
Sizes of Approximate Finite Sample Test of HJ-Distance Under Normality

The table presents the actual probabilities of rejection for the approximate finite sample test of Hy : § =
0 with different levels of significance under the null hypothesis, assuming the residuals are generated
from a multivariate normal distribution. The rejection decision is based on an approximate finite
sample test of the sample HJ-distance using estimated nuisance parameters. Results for different values
of the number of factors (K), test assets (), and time series observations (T') are based on 100,000
simulations.

N =10 N =25 N =100
Level of Significance Level of Significance Level of Significance
K T 10% 5% 1% 10% 5% 1% 10% 5% 1%

1 120 0.117 0.060 0.012 0.097 0.048 0.009 0.093 0.047 0.009
240 0.113 0.058 0.011 0.099 0.050 0.010 0.098 0.049 0.010
360 0.110 0.056 0.010 0.099 0.049 0.010 0.100 0.050 0.010
480 0.108 0.054 0.010 0.099 0.050 0.010 0.100 0.051 0.010
600 0.105 0.054 0.010 0.100 0.050 0.010 0.099 0.050 0.010

3 120 0.097 0.043 0.006 0.141 0.072 0.014 0.079 0.037 0.007
240 0.116 0.055 0.009 0.135 0.070 0.014 0.149 0.078 0.017
360 0.124 0.059 0.010 0.122 0.062 0.012 0.147 0.077 0.017
480 0.129 0.063 0.011 0.112 0.057 0.011 0.142 0.074 0.017
600 0.131 0.064 0.011 0.106 0.053 0.010 0.138 0.074 0.015

5 120 0.063 0.025 0.002 0.141 0.073 0.014 0.070 0.032 0.005
240 0.084 0.036 0.004 0.149 0.078 0.017 0.164 0.088 0.020
360 0.100 0.044 0.006 0.146 0.076 0.017 0.165 0.091 0.021
480 0.109 0.050 0.007 0.141 0.074 0.015 0.164 0.089 0.021
600 0.116 0.054 0.007 0.138 0.072 0.015 0.159 0.087 0.020
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Table IV
Sizes of Finite Sample Test of HJ-Distance Under Nonnormality of Residuals

The table presents the actual probabilities of rejection for the finite sample test of Hy : § = 0 with
different levels of significance under the null hypothesis, assuming the residuals are generated from a
multivariate Student-t¢ distribution with five degrees of freedom. The rejection decision is based on the
simulated exact distribution of the sample HJ-distance under the normality assumption. Results for
different values of the number of factors (K), test assets (IV), and time series observations (T') are based
on 100,000 simulations.

N =10 N =25 N =100
Level of Significance Level of Significance Level of Significance
K T 10% 5% 1% 10% 5% 1% 10% 5% 1%

1 120 0.097 0.046 0.009 0.092 0.043 0.007 0.095 0.046 0.009
240 0.097 0.048 0.009 0.094 0.045 0.008 0.089 0.041 0.007
360 0.099 0.049 0.010 0.096 0.046 0.009 0.090 0.042 0.007
480 0.098 0.050 0.009 0.095 0.046 0.009 0.090 0.042 0.008
600 0.100 0.049 0.010 0.096 0.047 0.009 0.090 0.043 0.008

3 120 0.099 0.049 0.010 0.094 0.044 0.008 0.099 0.048 0.009
240 0.099 0.049 0.009 0.095 0.046 0.008 0.096 0.046 0.008
360 0.101 0.051 0.010 0.097 0.047 0.009 0.095 0.046 0.008
480 0.100 0.050 0.010 0.097 0.048 0.009 0.095 0.046 0.008
600 0.100 0.049 0.010 0.097 0.048 0.009 0.094 0.045 0.008

5 120 0.100 0.049 0.009 0.096 0.046 0.008 0.100 0.049 0.010
240 0.099 0.050 0.010 0.095 0.046 0.008 0.098 0.047 0.009
360 0.101  0.050 0.009 0.096 0.047 0.009 0.099 0.046 0.009
480 0.100 0.050 0.010 0.099 0.048 0.009 0.096 0.047 0.009
600 0.100 0.050 0.010 0.098 0.048 0.009 0.097 0.047 0.009
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