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Abstract

Recurrence relations for integrals that involve the density of multivariate normal
distributions are developed. These recursions allow fast computation of the moments
of folded and truncated multivariate normal distributions. Besides being numerically
efficient, the proposed recursions also allow us to obtain explicit expressions of low
order moments of folded and truncated multivariate normal distributions.
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1 Introduction

Suppose X = (Xi,...,X,)" follows a multivariate normal distribution with mean p and
positive definite covariance matrix X. We are interested in computing E(| X' --- X%»|) and
E(XF ... XM | a; < X; <b, i=1,...,n) for k; >0,i=1,...,n. The first expression
is the moment of a folded multivariate normal distribution |X| = (|X4|,...,|X,|)". The
second expression is the moment of a truncated multivariate normal distribution, with X;
truncated at the lower limit a; and upper limit b;. In the second expression, some of the a;’s
can be —oo and some of the b;’s can be oo. When all the b;’s are oo, the distribution is called
the lower truncated multivariate normal, and when all the a;’s are —oo, the distribution is
called the upper truncated multivariate normal.

The folded univariate normal distribution was first introduced by Leone et al. (1961),
and Elandt (1961) provides expressions for its moments. Psarakis and Panaretos (2001)
generalize the folded distribution to the bivariate normal case and provide the moment
generating function when g = 0. Recently, Chakraborty and Chatterjee (2013) introduce
the folded multivariate normal distribution. They present the joint density, the moment
generating function, and the mean and covariance matrix of | X|. Unfortunately, as pointed
out by Murthy (2015), the moment generating function as well as the mean and covari-
ance matrix expressions given in Chakraborty and Chatterjee (2013) are incorrect. The
moments of the folded multivariate normal distribution are simply the absolute moments
of the multivariate normal distribution. When g = 0, there is a literature that provides
explicit formulae for these absolute moments. Nabeya (1951) derives an explicit expression
of the absolute moments for the bivariate normal case. Nabeya (1952) presents explicit
expressions of the absolute moments for the trivariate normal case (up to 12th order, see

also related results in Kamat (1953)). For the 4-variate case, Nabeya (1961) provides ex-



plicit expressions of some low order absolute moments. However, the computation of higher
order absolute moments has been a challenge for n > 2 even when u = 0. When p # 0,
we are unaware of any result that enables us to compute arbitrary order absolute moments
of a multivariate normal distribution (except when n = 1).

There is a long and rich literature on truncated normal distributions. For n = 1, Cohen
(1991) provides a comprehensive review of the literature. For the lower truncated univariate
normal, Cohen (1951a) proposes a recursive formula for its moments. In addition, Cohen
(1951b) derives a recursive formula for the moments of the doubly truncated univariate
normal. For n = 2, Rosenbaum (1961) provides the first two moments for the singly
truncated case, and Khatri and Jaiswal (1963) provide a recurrence relation to obtain
all the bivariate moments for the lower truncated case. For the doubly truncated case,
Shah and Parikh (1964) and Dyer (1973) propose recurrence formulae for the bivariate
moments. For the n-dimensional case, Birnbaum and Meyer (1953) derive a recursive
formula for the bivariate moments in the lower truncated case. Gupta and Tracy (1976)
provide a recurrence relation between different product moments of a doubly truncated
multivariate normal. Unfortunately, since their recurrence relation does not express the
product moments in terms of lower order product moments, it has been of little practical
use besides the case of bivariate moments. Lee (1983) also presents a recurrence relation
between product moments of a doubly truncated multivariate normal, but his relation
requires the powers of all but one of the variables to be equal to one. Therefore, his
formula cannot be used when all the variables have powers greater than one. The moment
generating function of the lower truncated multivariate normal distribution is available in
Tallis (1961) and, in principle, it can be used to compute all the product moments for the
lower truncated multivariate normal. Tallis (1961) provides explicit expressions of some low

order moments for the n = 2 and 3 cases. However, differentiating this moment generating



function to obtain higher order moments involves tedious calculations. Recently, Arismendi
(2013) overcomes this difficulty by providing explicit expressions for computing arbitrary
order product moments. However, the required calculations for this approach can be quite
time consuming. For example, when n = 6, computing all the fourth order moments, i.e.,
ki + -+ kg = 4, for the lower truncated multivariate normal distribution requires more
than 5.4 hours on a PC with an Intel i7-4790K.! In contrast, the Matlab program based
on our algorithm computes all the product moments with 0 < k; <4 (i =1,...,6) in less
than 29 seconds.

Instead of differentiating the moment generating function, we approach the problem by
directly computing the moments of folded and truncated multivariate normal distributions,
which require evaluating n-dimensional integrals that involve the multivariate normal den-
sity. We develop simple and efficient recurrence formulae for these multivariate integrals.
In the most general case, the recurrence formula involves 3n + 1 terms, but in many cases
the number of terms can be reduced to n 4+ 1. Besides giving us a very efficient approach
for computing the product moments of folded and truncated multivariate normal distribu-
tions, our recurrence formula may also be applicable to other similar problems. The rest
of the paper is organized as follows. Section 2 presents a recurrence formula for an integral
that is essential for the evaluation of moments of folded and truncated multivariate normal
distributions. Section 3 presents the results for the folded multivariate normal distribution.
Section 4 presents the results for the truncated multivariate normal distribution. Besides
providing the numerical algorithm for computing these moments, we also present explicit
expressions for some low order moments of folded and truncated multivariate normal dis-

tributions. Section 5 discusses possible extensions.

'We thank Juan Arismendi for kindly sharing his Matlab programs with us.



2 A Recurrence Relation for a Multivariate Integral

Suppose X = (Xi,...,X,)" ~ N(u,X), where o = (pq,...,1,)" is the mean of X,
3 = (oy;) is the covariance matrix of X, and 0? = 0;; stands for the variance of X;. The

joint density function of X is

Jo L lewTE e

(2m)2 |2z

The cumulative distribution function of X is denoted as

bn(; 1, 5

<I>n(m;u7§3)=/ On(y; p, 3)dy,

where we make use of the short-hand notation

bl n
/f dm—/ fa:l,...,xn)dxn---dasl.

When p = 0, we suppress the argument p and simply write ¢,(x; %) and &, (x;3). In
addition, let

Ln(a,b;p, % /cbnyu,

Based on the inclusion-exclusion principle, this probability can be written as a linear com-

bination of 2" different values of ®,,(+; u, 3), that is,

Li(abipwB) = Y (=)0 (g, 0:) "5 1 E),

where y;, = a; if i; = 0 and y;, = b; if i; = 1.
For the special case of univariate standard normal (i.e., n =1, p =0, 0 = 1), we use
¢(z) and ®(z) to denote its density and cumulative distribution functions, respectively.

In addition, for the standard bivariate normal (i.e., n = 2, u; = po = 0, 01 = 09 = 1),



we let ¢o(z1, x9; p) stand for ¢o(x; ) and Py, x9; p) stand for $y(x; X), where p is the

correlation coefficient between X; and Xs.

kn
n -

For two n-vectors & = (1, ...,2,)" and & = (ky, ..., k,)", let * stand for 2% - ..z
By a(; we denote a vector a with its ith element removed. For a matrix A, we let A; ;)
stand for the ith row of A with its jth element removed. Similarly, A ;) stands for the
matrix A with its ¢th row and jth column removed. Finally, we let e; denote an n-vector
with its ith element equal to one and zero otherwise.

The integral that we are interested in evaluating is

b
Flabin =)= [ oo 2)de
The boundary condition is obviously F§(a,b;u,¥) = L,(a,b;u,3). When n = 1, it
is straightforward to use integration by parts to show that (with the arguments of F}

suppressed)
Fy = 0(B) - ®(a),
Fipy = pFy + ka®Fi_y + o{d®o(a) = *(B)}  (k>1),

where a = (a— ) /o and = (b—pu)/o. When n > 1, we need a similar recurrence relation
in order to compute Fy(a,b;p,¥). The following theorem presents the required result.
Lee (1983) also presents a similar recursive relation but his result can only be applied when

K is in the form of (1,...,1)" + k;e;, whereas our result allows for an arbitrary x > 0.
Theorem 1 Forn > 1,

FTL

Kt+e;

(a,bjp,X) = pily(a,bjp,X) + e3¢, (i=1,...,n), (1)
where ¢, s an n-vector with jth element
= k; F: e; (a’ b M, E) +a ]¢1<aj7 s ])F:( )l(a’(j)ab(j);ﬂ';‘l’ij)
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k; n— NP
—b; o1(bj; 1y, UJZ')F 1(a’(j)7 bj); ”’?7 %),

and
a aj — K
A = po) +B6
J
bj — p
1] = B + B
j
X = X)) ~ 320 Zi0)
J
When k; = 0, the first term in (2) vanishes. When a; = —oo, the second term vanishes,
and when b; = oo, the third term vanishes.

Proof: Taking the derivative of the multivariate normal density, we have

On(x; p, X -
SOEIE) 5t ) ).

Multiplying each element on both sides by " and integrating @ from a to b, we have (after
suppressing the arguments of F)

Fg+e1 - MlFf?

c. — 21 F:Jrez - /’LQFIQ

n n
Fn-i—en - NJ”FR

where the jth element of the left hand side is

b . »
e
a J

bj

b) .
B -

(€]

b
dm(j)—i-/ kjx"=% ¢, (x; p, X)da (4)

rj=a;
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by using integration by parts. Using the fact that

¢n(m H, 2)|x-—a (;51((1],,[1], )qbn—l(m(j);ﬂ’?vij)?

On(@; 11, 2)|, . = 01055 115,07 Pnr (®(5); B2, 35),

we obtain

n k; n ~a ¥
=k; Fk.: ej (a’ b H, E) + a‘]¢1<aj;uj70?)Fn( N (a’(J) b(])’“’] ) E])
. n . ~b +
- bjj(bl(bjﬁﬂjv )Fn( )l(a(j)vb(j)’l'l'wzj)'
When k; = 0, the last integral in (4) is equal to zero, and the first term of ¢, ; drops out.
When a; — —oo, afjgbl(aj;uj,a?) — 0, so the second term of ¢, ; drops out. Similarly,

when b; — oo, the third term of ¢, ; drops out. Finally, multiplying both sides of (3) by
3., we obtain (1). This concludes the proof of Theorem 1.

It should be emphasized that Gupta and Tracy (1976) present a similar recurrence
relation for the moments of a doubly truncated multivariate normal distribution. Besides
the fact that they are dealing with the special case of @ = 0, the main difference is that

their recurrence relation is essentially stated as

F::L+e1 HlFI:,L
Fr F

Crj = 6;2—1 ktes — M2l (] _ 17 ‘ ,TL)
F/Z—l—e /’LTLFIZ

In this form, one cannot compute F,' by using only lower order terms, and it is difficult

to use this recursion in practice.? Due to this unfortunate situation, no attempts have

2For example, Manjunath and Wilhelm (2012) comment that “But since except for the mean there are
fewer equations than parameters, these recurrent conditions do not uniquely identify moments of order >

2 and are therefore not sufficient for the computation of the variance and other higher order moments.”
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been made to use this recurrence relation to compute higher order moments of a truncated
multivariate normal for n > 3. We overcome this problem in Theorem 1 by multiplying
both sides of (3) by X. This delivers a simple way to compute F7(a, b; u, ) based on at
most 3n + 1 lower order terms, with n + 1 of them being n-dimensional integrals and the
rest being (n — 1)-dimensional integrals.

Although Theorem 1 is stated as a recurrence relation, it is better to avoid using a
recursive function to compute F(a, b; u, 3). For speed gains, it is much more efficient to
first compute all the necessary (n — 1)-dimensional integrals (F}~"(a;), b(;), &7, %) and
F]}_l(a(j),b(j),;l?, f]j) for 0 < v < K, j =1,...,n) and then build up the entire table
of F*(a,b;u,X) for 0 <v < k.2

When all the a;’s are —oo or all the b;’s are oo, the length of the recurrence relation is

reduced to 2n + 1. When all the a;’s are —oo and all the b;’s are oo, we have
F (=00, 00; p, X) = E(X"),
which is the product moments of X . In this case, the recurrence relation is
E(X"te) = 1, BE(X*) + z": ok, E(X""%) (1=1,...,n),
j=1
and it is of length n + 1. This recurrence relation was obtained by Takemura and Takeuchi
(1988) and Willink (2005).

Another case of special interest occurs when a; = 0 and b; = 0o, i = 1,...,n. For this

scenario, let

I (. %) = F(0,00; 1, ).

3A set of Matlab programs to evaluate F*(a, b; u, ) and other expressions in the paper is available at

http://www-2.rotman.utoronto.ca/~kan/research.htm.



The recurrence relation for I} can be written as

IZ—&—ei(pﬁ E) :MZIZ(#H E) +Zo-ijdli7j (l = 17an)a (5>
j=1
where
kiliy e, (1. X) (k; >0),
dij =

d1(pg o) iy, B5) (k= 0),
with fr; = pgy — E(j),j,uj/aj?. The length of this recursion is only n + 1. For n = 1, our
I} (11, 0?) function is closely related to the Iy function of Fisher (1931), which is defined as

1 © 2k @re?
Ii(§) = 1/ e de.
0 .

It can be readily seen that I;,(§) = I}(—¢,1)/k!, and it satisfies the recurrence relation

(4 D) (€) = —E0(&) + Tea () (k= 1).

3 Folded Multivariate Normal

The folded multivariate normal distribution is simply the distribution of | X|, where X ~
N(w,X). In this section, we present the correct expression of the moment generating
function of | X | as well as our approach for computing arbitrary order moments of | X|. In
addition, we present some explicit expressions of some low order moments of | X|, including
the mean and covariance matrix of | X|.

Following Chakraborty and Chatterjee (2013), let

Sn)={s:s=(s1,...,8,), withs; =+1, i=1,...,n}
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be a set of different combinations of n positive and negative signs. By defining A; =
Diag(si, ..., sn), Chakraborty and Chatterjee (2013) show that the joint density of Y =
| X | is

= Y bulyips.Ts) (y>0),

seS(n)

where ps = A, s = AgX A, and the cumulative distribution function of Y is simply

Fy(y) =P~y < X <yl = L.(~y,y;1,%) (y=>0).

Using the same derivations as in Tallis (1961), it is easy to show that
> T > 1 T 1 Tyl
/ ¢ ycbn(y;us,Es)dy:/ e 1 YTl B (el gy
0 o (27m)2[%,]2

tT Est > 1 D PPN SEFAY S S kY PR 3
— et Bat — e W st)" Bs (y=ps—2st) 4y
o (27m)7[%s]2

T
— ottt );Stq)n(us + Xt 3).

It follows that the moment generating function of Y is
my (t) = Z e S W UPREE SRR
seS(n
While it is possible to differentiate my (t) to obtain the product moments of Y, it is much
easier to compute the product moments of Y using our [}}(p, ) function. Specifically, we

have

Z / Yy ¢” l'l'37 dy— Z In ll'sa

seS(n seS(n)

All we need is to evaluate 2" dlfferent I (s, Xs) to obtain E(Y*). Using our recurrence
relation in (5), these calculations are very fast even for moderately large n. For example,
when running our Matlab program on a PC with an Intel i7-4790K CPU, it takes 3.7
seconds to compute E(Y") for 0 < v < (5,5,5,5)" when n = 4, and 45.2 seconds to
compute F(Y") for 0 <wv < (5,5,5,5,5)" when n = 5.

11



3.1 Explicit Expressions for Low Order Moments

The recurrence relation for I]'(u,X) can be used to obtain explicit expressions for the
product moments of Y. In the following, we provide explicit expressions for E(Y ") up to
the fourth order, i.e., > i k; < 4. In our expressions, we assume oy = --- = 0, = 1. This
implies that 3 = R, where R = (p;;) is the correlation matrix of X, with p;; = 0;;/(0,0;).
For the general ¥ case, we just need to replace y; in our expressions with p;/o;, and then
multiply the result by ot - .. gk,

For univariate moments, Winkelbauer (2012) shows that

k
2

22T (HHL k1 u?
Bty = 2500 (AL
NZS 2°2° 2
where 1F(a;b; z) is the confluent hypergeometric function. It follows that the first four

moments of Y; are

E(Y;) = py erf (%) +20(p:),

E(Y?) =1+ u7,

BOP) = (3 + perf (i) (44 2000,
NG

E(Y") =346 + pj,

where erf(u;/v/2) = ®(p;) — ®(—p;) is the error function. Using the recurrence relation of

confluent hypergeometric functions, higher order moments of Y; can be obtained using*

E(Y]) = (4 +2k = 3)E(Y ™) — (k= 2)(k = 3)E(Y;™) (k= 4).

4Elandt (1961) expresses the higher order moments of Y; in terms of Fisher’s I;, functions, and her

expression (Eq. 8) is less efficient than ours.
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For bivariate moments, we define z;.; = (1; — pijpi;) /(1 — p3;)'/* and use (5) repeatedly

to obtain

I (s 1) pig) = (gt + pig) ®aptis 155 pig) + (1) (2i.5)
+ 1150 (1)@ (25) + (1 — p2;)ba(ptas 155 i),

I 0y (i 13) "5 pig) = {1+ w4 204500 § o, 1155 i) + (st + 2065) (1) (2.4
+ (L4 1 + ) o) @ (2icg) + piL = pi)dapis s pi)

160y (s 1) i) = Lty (3 + p1) =+ 3pig (1 + pi3) } Pa gt 1155 i)
{24 )y + 3pis b ¢(a) @ (25.4)
{5+ 3L+ piy) — iy } (1) ®(2i5)
+ (24 + 0 (1 = piy) b2 pis 11 i)

for i # j. Summing up these terms for the four quadrants, i.e., with (u;, i, pi;) in the

above expressions replaced by (ui, —ftj, —pij), (=i, thg, —pij), and (—pi, —p;, pij) in the

other three quadrants, we obtain for i # j

E(Y:Y;) = (e + pij)pa(pias g pig) + 20a(p5) exf <\/%)

+ 2415 (p;) exf <i\/§) +4(1 — pF) b2, 155 pig)

E(Y?Y;) = {(1+ 1 )pj + 2pijpi } exf (%) + 201+ 1 + pi;) (1)

E(Y?Y;) = {paps (3 + 13) + 3pi; (1 + 117) } p2(ptas 5 pij)

+ 2 {2+ pd)py + 3pijpi } o) ert (%)

+ 2 {p + 31+ piy) — pip; } o) et <¢%)

+4(2+ u? + p?j)(l - P?j)%(ﬂi, 1453 Pig)s

13



E(YPY?) = E(X7X?) = (L+ 1) (1 + 113) + g pij + 235,
where
P2 iy g5 pij) = 4Po(pis, 155 pig) — 2@ (i) — 2@ (1) + 1.

With the univariate and bivariate moments of Y available, the expected value and covari-

ance matrix of Y for the general ¥ case are

g -
EY; = ierf — —|—20’l i)
V) =p ( ﬁ) (i)
var(Y;) = pi + o7 — BE(Y;)?,
cov(Y;, Y;) = (papsy + i) {42 (s, f1j; pig) — 2@(fu;) — 2®(j1;) + 1}

~ i — Pijf ~ fj — pijfli
+ 20,0 Hert | —————— | + 2u0:0(p;) ert | —————
H J¢<Ny) (ﬂ(l—P%j)2> Ly Qb(ﬂ) <\/§(1_P?j)2>

+ 40305 (1 = p};) a2, ij; pij) — E(Y;) E(Y;),
where [i; = p;/0;.
For trivariate moments, we define 2z, = (2ix — pijzjk)/(1 — pfj,k)l/Q, where p;jp =

(pij — pipir)/{(1 — pi)(1 — p?k)}l/Q. Let fr = (1, iy, )™ and R be a 3 by 3 submatrix
of R that consists of the (i, 7, k)th rows and columns of R. Applying (5) repeatedly, we

obtain

{3y (e, R) = (it + papin + fipin + pepis) 23 (f; R)
+ (it + pijpie + Pik) O(1a) Pa(2).4, Zreis Piei)
+ (pitte + pijpik + pir) P(145) Po(2ig, 2153 Pik-j)
+ (pitt; + piepie + pij)O(1e) Po(Zik, 25k Pijk)
+ (1 = p3) P2 (s s pji) @ (i)
+ 115 (1 = P2 ) Do (i s k) @ (25.ik)

14



Iy 1y (B, R) = {1+ 1) (i + pire) + 20 (o + 20p055) + 204500} @3 (f1; R)

+ (1 = i) da iy 1153 pig )@ (2015) + | RIs(f3; R),

+ {Mz‘(Mij + ij) + 2pipin + 2Mk,0ij}¢(ui)@2(2j-i, Rk pjk-i)

+{20i(pin + pigpse) + 1 (L + 13 + p3) = 105 058) Y1) P2 (235 255 Pite5)
+ {201 (pis + pirpir) + 15 (L4 1 + i) — 1pepin) YO () Po(Ziks 2ok i)
+ (pattn + 2pi + pizpjn) (1 — p2;) 02 (i, 1153 pig) P (2145)

+ (ppty + 2pi5 + pixpj) (1 — pie) b2 (i, g pire) (25.01.)

+ (L4 + P?j + pi) (1 — p?k)¢2<ﬂj7 e Pik) P (2k.i5)

+ | Rls(fi; R),

where ¢, j, k are distinct positive integers. Summing up these terms over 8 different values

of (us, Xs) and after simplification, we obtain for distinct positive integers i, j, k,

E(Y;Y;Yy) =

E(Y2Y;Y) =

(bt + pipj + p5pir + Hapig)D3(Kis 1y s Pigs Pites Pie)
+ 210k + pijpir + pik) P(i)p2(25.05 Zhis Pikei)
+ 2(pipr + pigpix + pir) P(15)P2(Zigy 2k-5; Pik-)

(

+ 2(pitty + pikpje + pij)O(w)D2(Ziks Zjks Pij)

+4/”L’(1 p]k)qb?(/vbjuukapjk erf( ljk)

;)

) S| Rlsiis R).

wl\D

N

+4/I’]< pzk)¢2(”zauk7plk erf (

+ 4#’]6( ng)¢2(,uz> s p7,] erf

Sz

{14 13) (s + pjin)

+ 201 (i pire + prpij) + 2pi5 ik Y02 (1 1k Pik)

15



+ 2{205(pir. + pijpjr) + (1 + [+ P?]) M]P”P;k}¢<uj) erf (

Sl
N—

+ 2020 (pij + papir) + 1 (L + 15 + pie) — pwpipin () ext <

Sl
N—

+ 41+ g1 + pi 4 05 (L — p5) D2 (15, 115 Pje)

where

p3(Mi7 My k5 Pigy Pik, ij)

2% L pij pix
= 803 wi |5l e 1 pin — APy (11, 155 i) — Ao (pti, fir; pir)
i pik Pik 1

— 4Py (15, pur; pjr) + 29 (i) + 2@(p15) + 2P () — 1.

For the fourth order product moment, we define 2. = (211 — pijri )/ (1 — p?j,kl)

where pijau = (pija — pirapie) /{1 — p2) (L= p3 ) Y2 Let fo = (pa, g, pox, )™ and R be
a 4 by 4 submatrix of R that consists of the (i, j, k,[)th rows and columns of R. Applying

(5) repeatedly to obtain [ (41’171’1)(/1, R) and then summing up the expression for 16 different

values of (us, Xs), we obtain for distinct positive integers i, j, k, [,

E(YiY;Y,Y1) = (paphpiepis + paftgprt + faftepjt + itk + fifepir + ftipi + it pig
+ pijprl + pikpji + pipik)Pa(fL, R)

+ 2{piprpn + pi(pirpis + prr) + tr(pigpa + pjt) + pijpie + pjr)
- Nipijpikpil}¢(ﬂi>p3(Zj-i7 Rheiy 2liy Pik-is Pjl-is Pkm)

+ 2{ i + pi(pjepii + prr) + pk(pizpi + pi) + pijpie + pir)
— W5Pij PPt} D) D3 (Zigs 2k 2145 Pikejs Pi-gs Phig)

+ 2{pipsjpu + pi(pjrepr + pjt) + 1 (Pirpr + pi) + (pirpjk + pij)

16



- Mkpikpjkﬂkl}¢(Mk)p3(2i-k, Zjky Rl-ks Pijks Pil-ks le-k)
+ 2{ e + pi(pjipr + i) + 1 (papr + pie) + pr(papjt + pij)

- Nlpilpjlpkl}¢(ﬂl)p3(Zz‘-h 251y Zkly Pig-ly Pik-l ij)

+ 41 — p3) (s + pirpi + Piwpit + Pr)D2(this 135 Pi D2 (Zkeijs i3 Prieiy)
+4(1 - P o) (s 4 pijpa + pikpr + pin) P2 (s ks Pir)P2(Zjuik s Ziikes Pitike)
(1 Zl)(#j,uk: + PijPik + Pj1Pr pjk)%(,ui, s pil)p2(zj-ila Zk-ils lem‘z)
+4(1 = ph) (it + pigo + pirpre + pa) D2, 113 Pk )D2(Zicgies 20k3 Pit i)
+4(1 - 3 Vit + pijpik + puprr + pir) P2 (1, 11 Pj1)P2(Zicjt, Zheji Pikejit)
+ 41— ) (it + parpsx + papji + pig)d2(kks s pra)P2(Zickts 2.kt i)

+ 8| Ry )| (frny; Rry. o)) exf (z\/fgl)

+ 8115 Ry 2)| 03 (fr2); Reo) o) exf (Zj'ikl)

V2
+ 8Mk|R(3),(3) |93 (£3); R(3),(3)) erf (Zf/%l>
+ 8111 Ryay )| D3 (faa); Ry (a)) exf (zi/%k) + 16| R|pa(f; R),

where

pa(f, R) = 1604 (fs; R) — 8®3(fa(1); Ry 1)) — 80s3(fe): Rz (o)
- 8<I>3(/l(3); R(3),(3)) - 8<I>3(;l(4); R(4),(4)) + 4(1)2(/%‘7 Hys pij) + 4‘132(/% ks pik)
+ Ao (i, pu; pir) + APa (g, pir; pin) + 4o (1, s pii) + 4Pa (g, s prr)
—20(ps) — 29 (p5) — 2@ (pr) — 2 () + 1.
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4 Truncated Multivariate Normal

The doubly truncated multivariate normal distribution is obtained by conditioning on a <
X < b, where X ~ N(u,X). Let Z be the resulting truncated normal random vector

with density function

On(2i 1, %) a<z<b).

fz(z):m (a <

The cumulative distribution function of Z is
1 Z L,(a,z;p,X)
F = - n(x; p, X)de = ——== <z<b).
23 = et ) / Onle e B e = 7 ) (@=F=b)
Generalizing the results in Tallis (1961), it is easy to show that the moment generating

function of Z is

1
= E th = Y ——_
mz(t) = B Lo(a, b, D)

tTu+tTEt

> Ly(a,b;p+ 3t 3).

In principle, one could differentiate this moment generating function to obtain E(Z") =
E(X"® | a < X < b), but for higher order moments, these calculations are extremely
tedious, and the resulting expressions are not computationally efficient. Instead, we express
E(Z") in terms of our F}(a,b; u,3) in Section 2 as

1

_ Fl(a,b;u,X)
L.(a,b;u,X) a

E(Z*) = .
(Z7) L,(a,b;p,X)

b
/ z“¢n(z;;1,, E)dz

Using our recurrence relation in Theorem 1, the computation of E(Z*) is very fast even
for moderately large n. For example, when running our Matlab program on a PC with an
Intel i7-4790K CPU, it takes 0.97 second to compute E(Z") for 0 < v < (5,5,5,5)" when
n =4, and 10.1 seconds to compute F(Z") for 0 < v < (5,5,5,5,5)" when n = 5.

Our algorithm allows for the possibility that a; = —oo, b; = 0o, or both a; = —oo and

b; = 00, i.e., no truncation on X;. When all the a;’s are —co (b;’s are o), we have the upper
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(lower) truncated multivariate normal distributions. For these special cases, we can express
E(Z*) in terms of the I}(p, ) function, which can be computed with a shorter recursion.
We first provide an illustration of this method for the lower truncated multivariate normal

distribution. In this scenario, we can write E(Z"*) as

1 oo
B(Z%) = Kb (2, B)d

1

:m/o (y +a)"on(y; u —a,X)dy

1
- P, (p —a;X) Z

0<v<k

(5)a a3 )

where v = (vy,...,v,)" and

() -1

This alternative expression shows that by using a binomial expansion, we can write E(Z*)
as a linear combination of [[;_, (k; + 1) different I}}(p — @, X). In computing I} (p —a, ),
all the I(p—a, X) with 0 < v < k have already been computed. Therefore, no additional
work is required besides summing up these terms.

Similarly, for the upper truncated case, we can write

1

K n
B(ZF)= ————= V()2 (b -, B,

4.1 Explicit Expressions for Low Order Moments

Using our recurrence relation for F(a, b; p, X)), we present some low order product mo-
ments for the lower truncated multivariate normal. For the upper truncated multivariate

normal,
E(Z") = (—1) ==k B(=Z)%) = (1) == B E(-X) | =X > —b).
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Since —X ~ N(—pu, X), we just need to replace g with —p and @ with —b in the expression
for the product moment of a lower truncated multivariate normal, and then multiply the
result by (—1)2i=1% to obtain the product moment of an upper truncated multivariate
normal.® In our derivations, we assume o, = --- = g, = 1, i.e., ¥ = R. The result for the
general X case can be obtained by replacing a; with a;/o;, u; with p;/o;, and multiplying
the result by o} - - - gFn.

Let n = (n1,...,m,)" = p —a. When n = 1, Cohen (1951a) expresses E(Z*) using
Fisher’s [j, functions, which is essentially equivalent to (6) for the case of n = 1. However,
we can also use the recursion for F{(a, oo; i1, 1) to obtain the more efficient recursion

aFo(n)
®(n)

with the boundary condition £(Z°) = 1. Using this recurrence relation, we obtain the first

E(ZFY) = uB(Z") + kE(ZM) + (k> 1),

three moments of Z as

B(Z)=n+ gl
B(Z%) =1+ 1 + %’
B(Z%) = 3+ b 4+ YT g(?; +2)¢(n)

When n = 2, we use (5) and (6) to obtain E(Z{* Z5?) for 1 < ky + ky < 3. Specifically,
we have
O(m) P(w21) + p12¢(12) P (w1 2)
Do (11, 1m2; p12)

(11 + a1)o(n) P (wa.y)
Do (11,123 p12)

Y

E(Zy) = m +

B(Z7) =1+ pi +

5Although analytically attainable, we do not report the results for the doubly truncated multivariate

normal distribution because the expressions of the product moments can be very lengthy.
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n pr2f (201 — prana) (1) P(wio) + (1 = pTo) P2 (1, m2; p12) }
(I)2(Th, 7125 012) ’
(2 + pr2ar)p(m) P(w2.1) + (p1 + pr2az)g(ne) P(wi.2)

Do (11, 125 p12)

E(Z1Z5) = pap2 + p12 +

(1- P%z)%(m, 12; P12)
Do (11, M2; P12)
3 5 (4 3ayp + 2)o(m) P(wa.)
B(Z0) = 3ty + Do (11, 725 p12)
L P1A3 4 343 = 3puzpans + oy (15 — 1)} () (wi)
Do (11, M2; P12)
n p12(1 — piy) 2pa + a1 — prame) d2(mh, m2; pr2)
Do (01,125 p12) ’
{(1 + a)ps + 122 + a?) o () (w21)
@2(7717 n2; Pu)
n {1+ pf + 2p1asin + pao(1 — agna) }o (1) P(w12)
Do (11, M2 p12)
(1 — piy) (1 + a1 + p12as)da (11, 12; p12)

+ ;
o (01,125 p12)

+

E(Z37y) = (1 + pud) o + 2p1opis +

where wi; = (1; — pijn;) /(1 — pi))'/>.
When n = 3, we again use (5) and (6) to obtain E(ZF Z52Z53) for 1 < ky + ko + ks < 3.

Specifically, we have

E(Z1) = 1 + q1 + p12ga + p133s,
E(Z7) =14 pi + (1 + an)qr + pr2(2in — pramz)ae + pr3(20 — prams)as
+ pra(1 = piy) i + pra(1 — pi)ha + ghs,
E(Z1Z5) = papia + p12 + (2 + praar)qu + (p1 + p12aa)go
+ (P23t + prspia — prapasns)gs + (1 — ply)ha + pas(1 — pis)ho
+ p13(1 — pa3)ha,

E(Zf) =3 + M? + (77% + 3aypr + 2)611 + 012{3 + 3#% — 3p12f1n2 + P%z(ng - 1)}Q2
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+ p13{3 + 313 — 3p1zpans + pis(n; — 1) }gs

+p12(1 = p1y) (20 + ar — pram)ha + pra(1 — pis) (20 + ar — prans ) ho
0%2(3P13 — P12p23)W2.3
(1— /)%3)%
 Pls(3p12 — P13P23)w3~2} n 9| R|¢3(n; R)
(1— p3y)? P 3% R)

E(Z3Z5) = (14 13 po + 2p12pm + {(p1 + ar)po + p12(2 + a3) }an

+ {3gu1 + pas(plame + plsms) —

+ {1+ 11 + 2p12aspiy + pio(1 — asmz) }qo
+ [p13{2p12 + p2(2i1 — p13ms)} + p2s{l — pis + (11 — p13ms)*Has

+ (1= piy) (1 + a1 + proag)hy + (1 — pis){pepis + pos(pn + ar — p1sns) Hho

p13| R|p3(n; R)
P3(n; R) 7

+ {gas + p13(1 — p33) (21 — p13ns) ths +

E(Z1Z573) = pupiapiz + pasiia + piafiz + piafis
+ {2tz + pr2p13 + pas + a1 (p2p1s + p3pr2 — mpi2p1s)
+ {113 + pr2pas + p13 + as(papaz + pspiz — Mapi2p23) } g
+ {papi2 + prapas + pi2 + az(ppas + p2p1s — N3p13023) 143

+ (1= pTy) (13 + a1p1s + aspas)hy + (1 — pis) (2 + arpra + aspas)hs

|R|¢s(n; R)

+ (1 - P§3)(M1 + agpr2 + azpiz)hs + Wy

where

g = 2p12p13 — pa3(pia + Pl

Y

);
)7

)

q1 = ¢(T)1)‘I>2(w2-1,w3-1;/)23-1)/(1)3( ;
)
) )

n; R
g2 = ¢(772)<I>2(w1.2,w3.2; P13-2 /CI>3(7;; R
g3 = ¢(n3) Po(wy.3, wa3; pr23)/Ps(n; R
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hy = ¢2(7717772; Plz)q)(wam)/@s(m R)7
hy = ¢a(n1,m3; p13) P(wa.13)/ P3(n; R),
hs = 9252(7]2,773; P23)@(w1-23)/@3(7’l; R)7

and wi.jr = (Wi — pijrwjx)/(1 — p?j-k)1/2'

5 Conclusion

The results in this paper can be easily generalized to the case of multivariate normal
mixtures. Generalizing the results to multivariate elliptical distributions requires a lot
more work. Although the product moments of multivariate elliptical distributions can be
obtained from the product moments of multivariate normal distributions (see, for example,
Berkane and Bentler (1986) and Maruyama and Seo (2003)), it is not clear how to obtain
product moments of folded and truncated multivariate elliptical distributions. We leave

this topic for future research.

SUPPLEMENTARY MATERIAL

Matlab-package: Matlab-package ftnorm contains a set of programs to compute the

moment expressions given in the article.
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