On the estimation of asset pricing models using univariate betas

Raymond Kan and Cesare Robotti*

Abstract

We derive asymptotic standard errors of risk premia estimates based on the popular two-
pass cross-sectional regression methodology developed by Black, Jensen, and Scholes (1972)
and Fama and MacBeth (1973) when univariate betas are used as regressors. Our standard
errors are robust to model misspecification and allow for general distributional assumptions. In
testing whether the beta risk of a given factor is priced, our misspecification robust standard
error can lead to economically different conclusions from those based on the Jagannathan and
Wang (1998) standard error which is derived under the correctly specified model.
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1. Introduction

The popular two-pass cross-sectional regression (CSR) methodology developed by Black, Jensen,
and Scholes (1972) and Fama and MacBeth (1973) is often used for estimating risk premia and
testing pricing models that relate expected security returns to asset betas on economic factors
(beta pricing models). Usually, asset betas are defined as the ordinary least squares (OLS) slope
coefficients in the multiple regression of asset returns on factors and are referred to as multivariate
or multiple regression betas. Unless the factors are uncorrelated, the beta of an asset with respect
to a particular factor in general depends on what other factors are included in the first-pass time-
series OLS regression. As a result, a factor can possess additional explanatory power for the
cross-sectional differences in expected returns but yet have a zero risk premium in a model with
multiple factors. This makes it problematic to use the risk premium of a factor for the purpose
of model selection. To overcome this problem, Chen, Roll, and Ross (1986) and Jagannathan and
Wang (1996, 1998) define the beta of an asset with respect to a given factor as the OLS slope
coefficient in a simple regression of its return on the factor. These betas are usually referred to as
univariate or simple regression betas. In models with univariate betas, adding or deleting a factor
will not change the values of the betas corresponding to the other factors and selecting models

based on risk premia becomes more meaningful.

Jagannathan and Wang (1998) present an asymptotic theory for models with univariate betas.
However, their results rest on the assumption that the model is correctly specified. It is difficult
to justify this assumption when estimating the zero-beta rate and risk premia parameters from
many different models because some (if not all) of the models are bound to be misspecified. The
main contribution of this paper is to propose misspecification robust asymptotic standard errors of
the estimated zero-beta rate and risk premia in models with univariate betas. In addition, under a
multivariate elliptical assumption, we provide simple expressions for the asymptotic variances of the
zero-beta rate and risk premia estimates. In the case of the generalized least squares (GLS) CSR

estimators, we show that the asymptotic variances are always larger when the model is misspecified.

The paper is organized as follows. Section 2 presents an asymptotic analysis of the zero-beta rate
and risk premia estimates for models with univariate betas under potential model misspecification.

Section 3 provides an empirical example and Section 4 concludes.



2. Asymptotic analysis under potentially misspecified models

Let f be a K-vector of factors and R a vector of returns on N test assets. We define Y = [f’, R/

with mean and covariance matrix
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where V' is assumed to be positive definite. The univariate betas of the N portfolios w.r.t. the K
factors are defined as * = Vo1 D!, where D = Diag(V11) is a diagonal matrix of the diagonal
elements of V1;. When the proposed beta pricing model is correctly specified, ps is exactly linear

in 8*. As a result, the pricing errors, e, of the N test assets are
e=pz — X" =0y, (3)

where X* = [1y, B*] is assumed to be of full column rank, Oy is an N-vector of zeros, 1y is an
N-vector of ones, and v* = [§, 7i']’ is a vector consisting of the zero-beta rate (7) and risk premia
(71). When the model is misspecified, e will be nonzero regardless of the choice of v*. Then, ~* is
chosen to minimize some form of aggregate pricing errors. Denoting by W an N x N symmetric
positive definite matrix,

* _ [ ’Y;V,O

W = ] = argmin,. (2 — X)W (p2 — X*v*) = (X'WX*) ' X Wpy  (4)

M1
and

ew = pz — X yjy. (5)
Unless the model is correctly specified, v7;, and ey, depend on the choice of W. Popular choices of
W are W = Iy (OLS CSR), W = V,,' (GLS CSR), and W = X' (weighted least squares (WLS)

CSR), where ¥; = Diag(X) and ¥ = Vg — VglVﬁle. To simplify the notation, we suppress the

subscript W from ~;;, and ey when the choice of W' is clear from the context.

Let Y; = [f{, R}]', where f; and R, are the vectors of factors and returns at time ¢, respectively.

Assume that Y} is jointly stationary and ergodic with finite fourth moment. Suppose we have T



observations on Y; and denote the sample moments of Y; by
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Letting B* = Vo1D~!, when the weighting matrix W is known, we can estimate 7y, in (4) by
A = (XWX LXMW g, (8)

where X* = [1y, 5*]. In the GLS and WLS cases, we need to substitute a consistent estimate
of W, say W, in (5) and (8) (e.g., W = V' for GLS and W = ﬁ];l for WLS). The following

proposition presents the asymptotic distribution of 4*.

Proposition 1. Under a potentially misspecified model, the asymptotic distribution of 4* is given

by
VI3 = 7") % N(0x+1, V(5)). (9)
where .
V() = > Elhh ). (10)
j=—00

To simplify the hy expressions in the different CSRs, we define H* = (X*'WX*)~1 A* = H*X*'W,

W = ARy, 2 =0, (fi—pm)' D™, Dy = Diag((fe—pm1)(fi—p)'), Gi = [B*De—(Re—p2)(fr—p)'],
and uy = e'W (R — p2), where W equals Viy' in the GLS case and X3 in the WLS case.

(1) In the known weighting matrix W case,

he = (v — ") + A*GrD™Yyf + H* 2} uy. (11)

(2) In the GLS case,
he = (3 =) + A*GiD7I + H* 2wy — (v — 7 )ue. (12)

(8) In the WLS case,
he = (vf —9%) + A*G; D1 yf + H*zfug — A0, 57 e, (13)



where Uy = Diag(ee}), and ¢, = Ry — pa — Var Vii (fe — p1).

When the model is correctly specified, we have

he = (7 =) + A*G; D47 (14)

Proof. See Appendix.

In the known W case, we can easily construct a consistent estimator of V' (5*) by replacing h;
with
he= (3 =4") + A'GID™ 4] + H' i, (15)
where H* = (X*WX*)~1, A* = H*X*'W, 4 = A*R;, 0y = éW(R; — fiz), D = Diag(V11),
D; = Diag[(fi — 1) (fi — )], Gi = [8*Dy — (Re — fio)(fs — i)', and 7 = [0, (fy — u)'D7']"
Similarly, one needs to replace the population quantities in (12)—(13) with their sample counterparts
to obtain a consistent estimator of V(5*) in the GLS and WLS cases.! Note that for the case of
correctly specified model, our expressions in (10) and (14) provide a substantial simplification of

the corresponding expressions in Theorem 7 of Jagannathan and Wang (1998).

An inspection of (11) reveals that there are three sources that contribute to the asymptotic
variance of 4*. The first term, v —+*, measures the asymptotic variance of 4* when the true betas
are used in the CSR. For example, when R is i.i.d., then v is also i.i.d. and we can use the time-
series variance of 7} to compute the standard error of 4* (see Fama and MacBeth (1973)). However,
since the estimated 8* is used in the second-pass CSR, there is an errors-in-variables (EIV) problem
and the second term, A*GjD~14%, represents the necessary EIV adjustment. These two terms
together give us V(4*) under the correctly specified model. When the model is misspecified, there
is a third term H*z;u;, the misspecification adjustment term, that contributes to the asymptotic
variance of 4*. This term has been ignored by Jagannathan and Wang (1998) and other researchers.?
To better understand the importance of the misspecification adjustment term, in the following

lemma we derive an explicit expression for V(§*).

Lemma 1. Suppose that factors and returns are i.i.d. multivariate elliptically distributed with kur-

f hy is uncorrelated over time, then V(5*) = E[h¢h}] and V(5*) = T I hihy. When hy is autocorrelated, one
can use the method of Newey and West (1987).

2In the estimated GLS and WLS cases, the misspecification adjustment term contains the additional quantities
—(v¢ =" )us and fA*‘IJtE(;Ie, respectively. These additional terms are due to the estimation error in W.
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0w D-1v. D1 and © denote the Hadamard product. Define
K 11

tosis parameter k.3 Let D = [

Ty = [L+1+r) (DT VD )]A Vo A + (1 + k) %

0 0% (16)
O 2(D7'4i' DY) @ Vi © Vi1 — 4Diag(viyi' D~ Wa) + 453 |
Y1 = —(14r)A*VauWel0, v’ D~V D~ H*, (17)

where W = VQEI in the GLS case and W = E;l in the WLS case. The asymptotic variance of 4*
s given by

V() =Tw+ Twr + Yoy + Tz, (18)

where Yy, is the asymptotic variance of 4* when the model is correctly specified, and Y1 +Y,, 1+ T2

1s the adjustment term due to model misspecification.

(1) In the known weighting matriz W case,

Tz = (14 k) (e WVauWe)H*DH*. (19)
(2) In the GLS case, Y., vanishes and

Tuw2 = (1+ &) ('Viy'e)(HDH + H), (20)
where H = (X*'271X*)~1,
(8) In the WLS case,

Tuz = (L+k) |(€5; Voo X te) H*DH* + 2A*® A, (21)

where ® is an (N x N) matriz with its (i, j)-th element equal to p?jeiej and pij = Corrlei, €.

Proof. See Appendix.

In the known W and WLS cases, the misspecification adjustment term is not necessarily positive
semidefinite. In contrast, in the GLS case, the misspecification adjustment term is positive definite

and can be rewritten as

(1+#)('Vig e) Hyy D™ Vit = ViaVip ' Vor + ViaVip ' In (U Vi ' 1) iy Vi ' Vet [D ™1 HS,, - (22)

3The kurtosis parameter for an elliptical distribution is defined as k = ps/(306*) — 1, where o> and p4 are the
second and fourth central moments of the elliptical distribution, respectively.



where Hj, is the lower right K x K submatrix of H*. Therefore, this adjustment is positively
related to e’ V251e and x, and depends on the correlation between factors and returns through the
term Vi1 — V12V2§1V21. For factors that have very low correlation with returns, the impact of this

term and hence of the misspecification adjustment on the asymptotic variance of 47 can be large.

3. An empirical example

We apply our methodology to the same data and asset pricing models considered by Lettau and
Ludvigson (2001).* The results for the Fama and French (1993) three-factor model (FF3) indicate
that the Fama and MacBeth (1973), the Jagannathan and Wang (1998), and our misspecification
robust ¢-ratios based on Proposition 1 are all close as the factors are mimicked well by the returns
on the test assets. For example, we find that the OLS ¢-ratios associated with the market factor
in FF3 are, in the order, 0.77, 0.73, and 0.57. However, when we consider models with scaled
factors such as the scaled capital asset pricing model proposed by Lettau and Ludvigson (2001),
the picture changes substantially. For the scaled market factor (i.e., the market factor scaled by
the lagged consumption-wealth ratio (CAY)), the OLS ¢-ratios of Fama and MacBeth (1973) and
Jagannathan and Wang (1998) are 3.63 and 2.70, respectively. But, once we account for potential
model misspecification, the t-ratio goes down to 1.27. The GLS and WLS results deliver a similar
message. In summary, ignoring potential model misspecification can lead to the incorrect conclusion

that a given risk factor is priced.

4. Conclusion

We propose a simple methodology for computing misspecification robust asymptotic standard errors
of risk premia estimates in models with univariate betas. A nice feature of the proposed standard
errors is that they can be used whether the model is correctly specified or not. We show empirically
that some factors commonly used in the literature are no longer priced once model misspecification

is taken into account.

4Detailed estimation results are available from the authors upon request.



Appendix

Proof of Proposition 1: In the following, we provide the proof of Proposition 1 in the estimated
GLS and WLS cases as the proof in the known weighting matrix W case is very similar. The proof
relies on the fact that 4* is a smooth function of i and V. Therefore, once we have the asymptotic
distribution of i and V', we can use the delta method to obtain the asymptotic distribution of §*.

Let
il

Al
vec(V) (AD)

vec(V) |’ v

We first note that & and V can be written as the GMM estimator that uses the moment conditions

Elr(p)] = O(N4K)(N4+K+1), Where

Yi—u
ri(p) = , (A2)
vee((Ye —p)(Ye —p) = V)
Assuming that Y; is stationary and ergodic with finite fourth moments, we have®
N A
VT (¢ — ) ~ N(Ontry(N+K+1), 50)s (A3)
where
So=Y Elre)rej(#)]. (A4)
j=—o00

Using the delta method, the asymptotic distribution of 4* under the misspecified model is given by

T o 2 ) I

In both the GLS and the WLS cases, we have

oy* " .
o = 0(k41)x K> o = A"

In the GLS case, the derivative of v* = H*X*’V251u2 w.r.t. vec(V) is given by

87* * — — * - — *
Fvec(V) [H*[05, D7Y, Oieyiyxn] @ 0%, €Vig'] — 73" DY, Vi1 © [0k 4 1)ics AY]

+ (v{'Dt @ A*B*) ©1 ([Ik, Ok xn] ® Ik, Oxxn]) . (A7)

5Note that So is a singular matrix as Vs symmetric, so there are redundant elements in . We could have written
@ as [{i’, vech(V)']’, but the results are the same under both specifications.



where © is a K2 x K? matrix such that vec(D) = Ojvec(V1).% Using the above expression of
0v*/0¢’, we can simplify the asymptotic variance of 4* to

o0

V) = Y Elhlp)hiy (o), (AB)
j=—o00
where
8 * * * * * _ * * %k * *
hi(p) = azpln(so) = (v =)+ A GID T + H*zjwe — (f — 7). (A9)

In the WLS case, the derivative of v* = H*X*’E;lug w.r.t. vec(V) is given by

ov*

vec(V) [H*[0k, D7, O(res1yxn] ® 0%, €57 = [0i'D7Y, On] @ [0grcs1yxi A7

+ (W'D @ A*B*) ©1 (Ik, Okxn] ® Ik, Oxxn])
— (€27 @ A0 (-4, In]© [, IN]), (A10)
where © is an N? x N? matrix such that vec(X;) = Ovec(X). Using the above expression of

Ov*/0¢’, we can simplify the asymptotic variance of 4* to

o0

V) = Y Elulp)hiy(e)], (A11)
j=—o00
where
8 ¥ * * * Yk Ty — * * % * —
hi(p) = 8;,n(90) = (v =)+ A'GID ' + H*zju — A8 e (A12)

Note that when the model is correctly specified, we have e = Oy, so u; = 0 and the h(p)
in both the GLS and the WLS cases can be simplified to hi(p) = (77 — v*) + A*G; D~ 4;. This

completes the proof.

Proof of Lemma 1: We rely on the mixed moments of multivariate elliptical distributions.” Starting

from the known weighting matrix case, the asymptotic variance of 4* is given by
V(7)) = El[hhi], (A13)

where

hi = hit + hot + hag, (A14)

fSpecifically, ©; is a matrix with its (¢,4)-th element equals to one, where i = 1,1+ 1(K +1),1+2(K +1),...,1+
(K —1)(K + 1), and zero elsewhere.
"See, for example, Lemma 2 of Maruyama and Seo (2003).



with
hit = A*(R; — pa),  hor = A*[B*Dy — (Ry — p) (fs — )'1D~ "9y, hay = H zfug.  (A15)
It can be shown that the means of hy; to hg; are all equal to zero and
Elhyhl,) = A*Vpe AY. (A16)
In addition, hi; is uncorrelated with hg; and hss. For hg, using that Ry — pe = B(fi — 1) + € =

0
ﬁ*DVﬁl(ft—ul)—i—et and that A*5* = [0k, Ik]|’, we have that hy = [ ] — A%e(fr— 1) D711,
qt

where ¢; = [Dy — DV1 (i — 1) (fr — p1)'] D197, Since ¢; and f; are uncorrelated and since u; is

uncorrelated with f;, we have

Elhothh] = (14 &) (YD 'V D 197) A" Ve A* + (1 + k) x
0 0’
—1 %k )—1 " : * %0 Ty)—1 * o k) ) (A17)
Ok 2(D7 7' D7) © Vii © Vin — 4Diag(yy1' D™ Vi1) + i
/ * O OII( *
Elhgihs]) = H ) L HY (A18)
O (1 + H)(€/WV22W6)D_ V1D~
Elhathly] = —(1+k)A*VaaWel0, 43’ D'V D™ H*. (A19)
Collecting terms, we obtain
Ty = E[hlthllt] + E[thhét]
= [1+ A +r)OD VI D ) A Vae AY + (1 + k) x
0 0%
—1 % %l T)—1 : * %0 Ty—1 * o k) ’ (A2O)
Ok 2(D7"{'D™) © Vi1 © Vi1 — 4Diag(vivi' D~ Vi) + i
Y1 = Elhahy] = —(1+5)A Va2 Wel0, 7{' D™ Viy D™ H*, (A21)
Two = Elhsihy] = (1+k)(€WVeWe)H*DH*. (A22)
Turning to the GLS case, we have
hi = hit + hot + hay + hag, (A23)
where hy = — (v —7*)uy and hy; to hs, are the same as those in the known weighting matrix case

after setting W = V251. It follows that the T,, and Y, expressions are the same as the ones in the



known weighting matrix case. In the GLS case, 1,1 is a zero matrix because A*VggVile = A%e =

Ox+1. It can be shown that hi; and hg; are uncorrelated with hg. In addition,

Elhgihs,] = (14 r)(€'Vay'e)H* DH", (A24)
0 0
Blhahly] = —(1+ )V e)H* [ - ] , (A25)
Elhathly] = (1+r)('Vigte)H*. (A26)
. 0
Collecting terms and using that H* = H + Ifl , we obtain
Ok DV D

Yuwz = Elhaihiy] + Elhaihly] + Elhahiy] + Elhahly] = (1+ 8)('Voy'e)(HDH + H).  (A27)
Finally, in the WLS case, we have
ht = hit + hot + hat + hat, (A28)

where hyy = —A*\I/tzgle and hi; to hs; are the same as those in the known weighting matrix case
after setting W = Z;l. It follows that the Y,, and Y, expressions are the same as the ones in
the known weighting matrix case. Since hg4; is uncorrelated with his to hsy, E [\IltZglee’ E;llllt] =

(14 K)(2® + ee’), and A*e = 041, we obtain
Elhahly] = 2(1 + r) A*®A* (A29)
and
Yo = Elhaihly] + Elhahly] = (1 + k) [(6’2;11@22516)H*1§H* + 2A*<I>A*’] . (A30)

When the model is correctly specified, e = Oy and as a result both T,,; and Y, vanish and we

have V(4*) = T,,. This completes the proof.
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