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1 | INTRODUCTION

Consider a real random vector z = [z;,.

cnzZm]T ~ N(u, X), where o = [p1, ...

| Jiening Pan, PhD?

We present an explicit formula for the expectation of a prod-
uct of quadratic forms in multivariate real normal random
variables. The proposed expression is optimized for zero
redundancy, containing the fewest possible terms without
repetition. Moreover, the coefficients of all the terms are
given in closed-form, and we provide an efficient algorithm
to enumerate the contributing terms. Our results are fur-
ther extended to Hermitian quadratic forms in multivariate
complex normal random variables. As an application, we
show that our formula can be used to obtain a simple ex-
pression for the product moments of central and noncentral
Wishart distributions. Finally, we derive a general expres-
sion that allows for repeated quadratic forms in the prod-

uct.

KEYWORDS
Expectation of product, Quadratic form, Multivariate normal
distribution, Wishart distribution

,1m]" is the mean vector and X is

a positive semidefinite covariance matrix, and T denotes the transpose of a vector or a matrix. Given k symmetric

matrices A to Ay, we seek an explicit expression for E[]];

expressions for E[Hf

K 1 zTA;z]. In the central case where p = 0, explicit

1 2T A;z] have been derived in earlier work by Kumar [12], Magnus [15], Magnus [16], and

Don [3]. However, for the more general noncentral case where p # 0, no closed-form expression is available in the
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literature, except for small values of k. This paper aims to fill this gap.

In the literature, there exists some recurrence relations on E[Hf.‘:1 2T A;z]. For example, Bao and Ullah [1] pre-
sented a recurrence relation on E[Hf.(:1 2" A;z]. Hillier, Kan, and Wang [8] presented three other recurrence relations
on E[]"[I.k:1 2T A;z]. Kan [9] established an identity that expresses E[ P z" A;z] as linear combinations of k-th mo-
ment of various quadratic forms in z. These k-th moments can, in turn, be computed efficiently via a simple recurrence
relation. All these methods allow us to numerically evaluate E[va‘:1 z" A;z]. After expansion, some of these methods
can also deliver analytical expressions for E[va‘:1 zT A, z]. However, the expressions obtained from these recurrence
methods generally contain repeated terms, and the coefficient associated with each term must be determined recur-
sively. Although such expressions can be manually simplified when k is small, an explicit formula for E[l"[,’.;1 2TA;z]
for general k remains unknown when p # 0. In this paper, we address this issue by presenting a simple and explicit
expression for E[l"[,’f:1 2T A;z]. Our formula contains no repeated terms and is therefore in the simplest possible form.

Moreover, the coefficient of each term is given in closed-form.

The remainder of the paper is organized as follows. Section 2 reviews existing explicit expression for E[l‘[/'.(=1 2TA;z]
when p = 0. Section 3 extends the result to the case that u # 0. However, enumerating the terms in this expres-
sion is computationally expensive. To address this issue, Section 4 presents an alternative explicit expression for
E[Hff=1 2" A;z] that is significantly more efficient to compute. Section 5 extends our results to expectation of a prod-
uct of Hermitian quadratic forms in complex normal random variables. We also demonstrate that our results yield
simple expressions for the product moments of real and complex Wishart random matrices. Section 6 further gener-
alizes our results by providing an explicit expression for E[[]f?:1 (2T A;z)% ] where s; are positive integers. Section 7

concludes the paper.

2 | EXPLICIT EXPRESSION FOR E [Hff:1 z"Aiz] WHEN z ~ N(0,%)

In a series of papers, Kumar [12], Magnus [15], Magnus [16], and Don [3] developed an explicit formula for E[Hff=1 2/ Aiz]

when z ~ N(0,X). We summarize their results as follows. Let v = (v1,...,v,) be a vector of positive integers, and
define

T =tr(A,IA,3 34, %) (1)
For a positive integer k, we let K = (k1,k2,...,k,) + k be a partition of integer k withky > «kp > -+ > «x, > 0,

and r = ¢(k) denotes the number of nonzero parts of k. We may also write  in frequency representation as

k= 11272 ...k where f; denotes the frequency of  in k.

When z ~ N(0,X), Don [3] showed that

E [ﬁ Z'Ajz| = Z ok-fi-f Z Trey ** Treps (2)
i=1

KEk (71, 7r) €Sk

where w = (m1,...,7,) is a permutation of {1,..., k}, with the length of =«; is equal to «,41_;, 7/ = 1,...,r. For
subsequent notational convenience, we arrange the r blocks of = in a different order from Don [3]. Instead of setting
() =« fori=1,...,r, we reverse the order: the first f; blocks of v contain one element each, the next £, blocks
of 7r contain two elements each, and so on, up to the last f; blocks containing k elements each. Finally, S, is defined

as a subset of the permutation group of {1, ..., k} that satisfies the following three conditions:
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1. for every m; with more than one element, its first element must be the smallest element,
if 7r; has more than two elements, then its second element must be smaller than its last element,
3. if w; and 7.1 have the same number of elements, then the first element of 7r; must be smaller than the first

element of 7;,1.

Essentially, the first two conditions require m; to be a bracelet — that is, the lexicographically smallest element in
an equivalence class of strings under rotation and reversal. For example, w; = (1,2, 4) is a bracelet whereas m; =
(1,4,2),(2,1,4), (2,4,1), (4,1,2), (4,2,1) are not. This requirement arises because the trace of a product of matrices is
invariant under both rotation and reversal of the list of matrices. Consequently, the first two conditions identify a
unique representative (the bracelet) among all 7r;’s that yield the same value of 7. The third condition requires the
blocks of = with the same length to be ordered in ascending order of their first elements. This is necessary because
Tr;Tr;p = Trmjyq T @nd without this ordering rule, duplicate would appear, preventing the terms on the right-hand

side of (2) from being unique.

Don [3] also derives the number of elements in S, given by

k12fi+h
PK) = ————. (3)
M5, fi120)f
Consequently, the total number of terms on the right-hand side of {2) is
N(Kk) = ) o). (@)
K-k
In Table[T] we present the values of N (k) for k = 1 to 10.
TABLE 1 Number of unique terms in the expansion of E [Hf.‘:1 zTA,-z] when z ~ N(0,X)
k 1 2 3 4 5 6 7 8 9 10
N (k) 1 2 5 17 73 388 2,461 18,155 152,531 1,436,714

It turns out that N (k) can also be interpreted as the number of ways to cover k labeled vertices by disjoint
undirected cycles. According to https://oeis.org/A002135|from the on-line encyclopedia of integer sequences,
N (k) satisfies the recurrence:

Nk +1) = (k+T)N(k) - (I;)N(k -2),

with the boundary conditions N(0) = N(1) = 1and N(2) = 2.

While (2) provides a compact expression for E[Hf.‘:1 2" A;z], it is not computationally efficient for enumerating
the terms. The inefficiency arises because, for each k + k, one must examine all k! permutations of {1,...,k} to
check which satisfy the three conditions defining S,.. In Section[4] we present an alternative explicit expression that

is significantly more efficient to compute.


https://oeis.org/A002135
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3 | EXPLICIT EXPRESSION FOR E [[15, z"A;z] WHEN z ~ N (y, Z)

We now consider the general case where z ~ N(u,X) with u # 0. Before deriving an explicit expression for
E[]’If.‘:1 zTA;z], we first present an explicit expression for E[(zTAz)¥], corresponding to the special case where
Ay=---=A = A

Using the recurrence relation between cumulants and moments, Lemma 3 of Magnus [17] gives the following

explicit expression of E[ (2T Az)¥]:

k

k
E[(zTAz) ] ,;( ]_[, 1k;2|(21) H (i6; + )7, (5)

where #; = tr((AX)") and 6; = 4’ (AX)'~" Ap. Although Magnus [17] assumes X is positive definite, this expression
remains valid for positive semidefinite X. This is because the cumulants of 2T Az have the same expression regardless

of whether X is positive definite or positive semidefinite (see p.55 of Mathai and Provost [18]).

However, the right-hand side of {5) contains repeated terms. Our first task is to determine the number of unique
terms on the right-hand side of . Applying the binomial expansion, we have
iy
s f i\ .z zgi ~fi-g;
(i6; + %)fi = Z (g’i)/glal.g’ri’ & (6)

8i=0

and thus there are 1 + f; unique terms on its right-hand side of @ This implies that, for a given & + k, the number of
unique terms in (5) is 1"[5.‘:1 (1 + £;). Together, the total number of unique terms in (5) is

m(k) —Z]‘lu +1). 7

Kk i=

In Table[2] we present the values of m(k) for k = 1 to 10.

TABLE 2 Number of unique terms in the expansion of E [ (2T Az)¥| when z ~ N(u, X)

k 1 2 3 4 5 6 7 8 9 10

m(k) 2 5 10 20 36 65 110 185 300 481

Using the binomial expansion of @ we obtain the following explicit expression for E[ (2T Az)¥]:

E|zTaxt| =) 3 cfg]_[eg' #fiei, (8)

Ktk 0<g<f i=1

where f = (fi,...,fk), g = (g1,...8k): Zo<g<y i @ short-hand notation for Z; 0" Z;kk:o’ and

kizk
Cfg = f (21)’7 l_[( )/g/

i=1
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Unlike (B), every term in (8) is unique.

We now present an explicit expression for

(X(A1,...Ak) =E

ﬁ zTA,'z] . (9)

i=1

It turns out that , together with the polarization argument suggested by Don [3], allows us to obtain an explicit

expression for a (A, ..., Ag). For the noncentral case, the expression involves both ,, as defined in , and

0, =p A, TA,Z- - TA, p. (10)
Let S, stands for the permutation group of {1,..., k}. For a given & (i.e., f), we split w € S into r = £(x) blocks as
7 = (m1,...,7), Where €(7;) = k,+1_;. Then for a given f and g, we define

i=1 \j=1 =g +1

k [ & fi

where s; = 2’/:} fi. While the definition of ns 4 ~ seems somewhat complicated, it is just a product of various 6 and t
terms. Specifically, the first f; factors correspond to gy 6 terms and f; — g; 7 terms with ¢(v) = 1; the next 7, factors
correspond to g; 6 terms and £, — g, T terms with £(v) = 2, and so on, up to the last f; factors correspond to g, 6

terms and fy — g¢ T terms with £(v) = k. The subscripts of these terms are taken from 7y to =,.
Example For x = (2,2,1), we have f = (1,2,0). If g = (0, 1,0), we have

N£.0,1,0),7 = Try O, Trrgs

where ¢(m) =1, €(73) = €(7v3) = 2. Similarly if g = (1,0,0), then

nf.1,20),7 = O Ty Treg-

With this notation, we can now write down a simple explicit expression of a(Aj,..., Ag):
c
a(Ar.A) =Y Y LN npga. (12)
Ktk 0<g<f TeSy

That is, each term in (8) is expanded into k! terms, with subscripts determined by the permutations in S.
Example For k = 2, (8) gives

E[(2TA2)?] = 27 + 48, + T2 + 26171 + 62
Then since S; = {(1,2),(2,1)}, suggests

1
a(A|,A2) = E [2T(1’2) + 2’1’(2’1) +49(1,2) +49(2,1) + 71T + 72T +291T2 +2T192 +91 92 + 9291] . (13)
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The correctness of follows from the polarization argument used by Don [3]. Namely, a (A1, ..., Ax) must be
symmetric, i.e., invariant under permutations of the matrix indices, and indeed satisfies this property. Moreover,
both E[]’Iff=1 zTA;z] and “ are multilinearin A4, ..., At. Since two symmetric multilinear forms in k variables are
equal if and only if their associated homogeneous polynomial forms of total degree k are equal, it suffices to verify
that a(A, ..., A) reduces to (8), which is certainly true by construction.

While “ gives a correct expression for E[Hffz1 zT A;z], it contains many repeated terms. For example in ,
the terms in the first, second, third, and the fifth pairs are identical. Consequently, does not yield the simplest
explicit expression for E[ﬂf.;1 2T A;z]. To obtain an explicit expression for a (A, ..., A¢) without repeated terms,
we identify the subset S¢ 4 C Sk, consisting of permutations 7 that produce distinct (in general) values of n¢ g .

We define Sy 4 as follows. For m = (my,...,7,) with £(m;) = k,41-; to belong to S¢ g, it has to satisfy the
following conditions:

1. For the g; blocks of 7 with / elements that are designated as subscripts for 8 terms:
e Ifj > 2, the first element in each block must be smaller than the last element.
e Across all g; such blocks, the first elements must be in ascending order.

2. Forthe f; — g; blocks of = with length / that are designated as subscripts for t terms:
e Ifj > 2, the first element must be the smallest in the block.
e |f / > 3, the second element must be smaller than the last element.

e Across all f; — g; such blocks, the first elements must be in ascending order.

The first condition ensures that the product of 8 terms is unique. Since 6 is invariant under reversal of its subscript
(e.g., 8(1,23) = B(321)), we require the first element to be less than the last. Furthermore, when multiple 6 terms in the
product have the same subscript length, we sort them in ascending order of their first elements to avoid duplicates.
The second condition mirrors that of S, ensuring the subscripts of the r terms have a bracelet representation, and
that for = terms with equal subscript length, their first elements are sorted in ascending order — thus ensuring the

uniqueness in the product of  terms. We call any = satisfying these two conditions as admissible.

Example Fork = (2,1),i.e, f = (1,1,0) and g = (0,1,0), the admissible permutations are = = (1)(2, 3), (2)(1,3), and
(3)(1,2). The other three permutations (1)(3,2), (2)(3,1), and (3)(2,1) are inadmissible. For k = (1,1,1),i.e., f = (3,0,0),
then for any g < f, the only admissible permutation is = = (1) (2) (3).

With S¢ 4 defined, the explicit expression of a(Aj, ..., A) is given by:

a(An... A=Y N e N (14)

holgis 19 5SS,

where hy g4 is the number of elements in S¢ 4.

In contrast to (12), every term on the right-hand side of is unique. We first determine the number of unique
terms in , denoted by M (k). For a given k + k, we place the integers 1 to k into r = £(&) bins, with bin sizes «;
to k,. The number of ways to do that is simply the multinomial coefficient k!/[17_, «;!. Equivalently, since there are f;

bins containing / elements, i = 1, ..., k, the multinomial coefficient can also be written as k!/Hf 1 (i!)fi. If we further

require that bins of the same size to be ordered in ascending order of their first elements, then the total number of
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possible ways of allocating {1,... k} into these r bins is

k!

T (YR (15)

q(K)

For each bin, its contents can be assigned as subscripts for 8 and 7. We now determine the number of distinct 6 and
T terms that can be formed from the elements of a bin. For 9, it is unique up to the reflection of its subscripts, so for

a bin with / distinct integers, the number of unique 8 that can be created is

. 1 i<,
no(i) =9y , (16)
5 0>
For 7, it is unique up to the bracelet representation of its subscripts. So for a bin with / distinct integers, the number

of unique 7 that can be created is

1 i<2
ne(i) = ) -7 (17)
() { @S
This follows because when i < 2, there is only one unique . When i/ > 2, admissibility requires that the first subscript
be the smallest element, leaving / — 1 positions to be filled for the second through last elements, yielding (i — 1)!
possibilities. Since the second element must be smaller than the last, we need to divide the number of possibilities by
2.

As a result, we can generate ng (i) + n. (i) distinct terms from a bin containing / distinct integers. Therefore, the
total number of unique terms in is

k
M) =" q(r) [ | [ne(i) + ne ()1 (18)
i=1

Krk

In Table[3] we present the values of M (k) for k = 1 to 10.

TABLE 3 Number of unique terms in the expansion of E [[T%, 2T A;z] when z ~ N(u, X)

k 1 2 3 4 5 6 7 8 9 10

M (k) 2 6 24 123 774 5,778 49,824 486,531 5,300,262 63,673,506

We now derive a formula for Az 4, the number of permutations in S¢ 4. For a given x + k (equivalently, given
f), we know there are g(x) ways to partition {1, ..., k} into r blocks, with 7 blocks of length /,i = 1,..., k, and for
blocks with equal length, they are arranged in ascending order of their first elements. For the £; blocks of length /, we
choose g; blocks to serve as subscripts for the 8 terms, with the remaining f; — g; blocks serving as subscripts for the
7 terms. For the blocks assigned to 8, the number of distinct terms is ng (/); for the blocks assigned to , it is n (/).
Hence,

<
heg=am)[] (g,)nemgf ne (i) 8
i=1 &!
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Furthermore,

St ZQkﬁ (i) i
hrg i (@)fing(1)8inc ()8
k

. f.. .
= ok-fi-fr+g @i

i=1 (2i)fi (%)gf [(i—Tm]fi*g,-

= ok-fi *f2+g2,

where the second equality follows from

k k iN\&i

[[ree =2 [ ](5)
i=1 i=1

k k

]_I ne(i)fi~8i = ofi~1+f2=82 ]_I [%

i=1 i=1

fi-gj

This leads to the following generalization of Don [3] to the case where p # 0.

Proposition 1 Suppose z ~ N(u,X) and A;, i = 1,..., k are symmetric matrices. Then

E

ﬁzTA,-z :Z Z 2k=fi-fr+&; Z nf.g.7 (19)
i=1

KkFk 0<g<f 7wESf g

where each n¢ g  denotes a unique product of r = €(x) terms of 6 and t, as defined in .

This expression accounts for all valid monomials in the expectation, and is both combinatorially minimal and fully
constructive. In the case where . = 0, the only nonzero terms in the above expression correspond to g = 0. Using
the fact that Sy g = Si, the expression in reduces to (2).

We illustrate the use of with the case k = 3. Table[d] enumerates all the contributing terms in {I9). The
number of unique terms matches the known count of M(3) = 24 in Table[3] Based on the entries in Table[4] we obtain

3
E [l_[ ZTA,'Z] = 81‘(1,2,3) + 89(1’2’3) + 89(1,3’2) + 89(2’1’3)

i=1
+2T1T(2,3) + 2’1’2‘((1,3) + 2T3T(172) +4T19(gy3) +4T29(1y3) +4T39(1,2)
+ 264 T(2.3) + 292T(1’3) + 293‘[’(1’2) + 46, 0(2,3) + 4929(1’3) + 4939(1,2)

+ 717273 + 91 T273 + 92T1 T3 + 93T1 T2 + 91 92T3 + 91 931’2 + 9293‘1’1 + 91 9293. (20)
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TABLE 4 Construction of an explicit expression of E [H,3 1 zTA,-z] when z ~ N(u, X), using

g 2k=fi-f+e2  Admissiblew = term
k=(3), £=(0,0,1)
(0,0,0) 8 (1,2,3) T(1,2.3)
(0,0,1) 8 (1,2,3) 0(1.23)
(1,3,2) 0(132)
(2,1,3) 6(2,13)
k=(2,1), f=(1,1,0)
(0,0,0) 2 (1(2,3) TIT(23)
(2)(1,3) 7T(1,3)
(3)(1,2) T37(1,2)
(0,1,0) 4 (1)(2,3) 716(23)
(2)(1,3) 726(13)
(3)(1,2) 736(1,2)
(1,0,0) 2 (1)(2,3) 017(2,3)
(2)(1,3) 027(1,3)
(3)(1,2) 037(23)
(1,1,0) 4 (1)(2,3) 016(23)
(2)(1,3) 626(1,3)
(3)(1,2) 036(1,2)

k=(1,1,1), f=(3,0,0)

(0,0,0) 1 (1)(2)(3) T T2T3
(1,0,0) 1 (1)(2)(3) 017273
(2)(2)(3) 027173
(3)(2)(2) 037112
(2,0,0) 1 (1)(2)(3) 010,73
(1)(3)2) 61657
(2)(3)(1) 82637
(3,00) 1 (1(2)(3) 616263

4 | A COMPUTATIONALLY EFFICIENT EXPRESSION FOR E []_[f-(=1 A z]

Although and ‘w present compact expressions for E[va‘:1 zTA;z] in the central and noncentral normal case,
respectively, they are not computationally efficient. The main limitation is that (2) requires enumerating S, for every
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K + k and requires enumerating S¢ 4 for every f and g. This generally involves checking all k! permutations
to determine admissibility, which becomes prohibitively expensive as k increases. To address this issue, we seek an
alternative expression for E[]‘[f=1 2" A;z] that is computationally more efficient. We focus on the noncentral case
(e # 0), and the central case follows in a similar fashion.

We first introduce the concept of a set partition. Let 8 denote the set of all partitions of {1,..., k} into nonempty
subsets (blocks). For each partition in By, there is no significance attached to the ordering of its blocks, so without loss
of generality, we arrange them in ascending order of block size. For example, when k = 3, 83 contains the following
five partitions: (i) (1)(2)(3), (i) (1)(2,3), (i) (2)(1,3), (iv) (3)(1,2), (v) (1,2,3). The number of partitions in B is
called the Bell number, By, and an efficient algorithm for generating the partitions is given by Nijenhis and Wilf [19].

For a given v = (7r1,...,7,) € B¢ with r blocks, let f; denote the number of blocks containing / elements. Each
block can be assigned to a 8 term or a 7 term. A block of size i can yield ng (/) + n. (i) different terms. Consequently,

the total number of unique terms generated from all w € By is

k

M) = > [ ]lnei) +ne ()17, (21)

weBy i=

which provides an alternative expression of M (k) given in .
We will introduce additional notation before proceeding. For a vector v containing 7 distinct integers, let p; =
pj(v) forj =1,...,ng(i) denote the different rearrangements of the elements of v that produce unique 6 terms, and

let gq; = g;(v) forj = 1,..., n; (i) denote different rearrangements of the elements of v yielding unique t terms

Example Suppose v = (3,7,9), which has three elements. We have ng(3) = 3 and we can create three different =
terms, with subscripts p; = (3,7,9), p2 = (3,9,7), or p3 = (7,3,9). On the other hand, we have n,(3) = 1 and there
is only one possible 7 term, with subscripts q; = (3,7,9).

Using p; (v) and q; (v), we define the sum of all possible distinct terms that can be constructed from v as

, ne (£(1)) ne(8))
Ay =212 N g0+ Y g, (22)
j=1 J=1

where £(v) is the number of elements in v. The factor 27¢)=2} for the 6 terms accounts for the 282 coefficient in

the expansion of E[[‘[f.‘ 1 2T A;z] when the block has exactly two elements.

With A,, defined, we now present our computationally efficient expression.
Proposition 2 Suppose z ~ N(u, %) and A;, i = 1,..., k are symmetric matrices. Then
k o(x)
E [n ZTA,.Z] S 3 28 [ A (29
i=1 i=1

TeBy

where f; and f, are the number of blocks of 7 that have one and two elements, respectively, and A, is defined in .

For the central case (u = 0), the 6 terms in Ax; Vanish, so Ar, reduces to the sum of possible 7 terms that be

generated from ;.

1An efficient algorithm for generating bracelets with fixed contents is given by Karim, Sawada, Alamgir, and Husnine [10]. Their algorithm can be adapted to
generate the indices for unique 6,,.
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is preferred over since the latter requires examining all k! permutations to determine admissibility for
each (f, g) while the former involves only a single enumeration of 7w € B, once and the subsequent generation of A,
from its blocks. Since the bell number By is much smaller than k! (for instance, B1g = 115,975 while 10! = 3,628,800),
the efficiency gain from using is substantial, especially for large k.

We revisit the case k = 3 with the new formula (23). Table [5]lists all the terms that are necessary to construct
E[TT2., 27 A;2]. From this, we obtain

3
E [l—[ zTA,-z} =(61+11)(02+12)(03+13) +2(01 +17) [29(273) + T(2,3)]
i=1

+2(02+12)[20013) + T(1,3)] +2(83 + 13)[20(12) + T(1,2) ]

+8[0(123) +0(132) +6(213) +T(1.23)]-

Expanding this yields an expression that is identical to , but obtained through a more efficient procedure. For large
k, the computational savings from using over (19) are dramatic

TABLE 5 Construction of an explicit expression of E [[13_, 2T A;z] when z ~ N(u, X), using

me By | 2kfi-h - Amy Ars
(1)(2)3) 1 0 + 1y 0, + 1 03 + 13
(1)(2,3) 2 61 + 1 20(23) + 7(2,3) -
(2)(1,3) 2 6 + 19 26(13) + 7(13) -
(3)(1,2) 2 03 + 13 20(12) + 7(1,2) -
(1,2,3) 8 0123) + 0132 +0(213) +7(1.23) - -

5 | EXTENSION AND APPLICATION

In this section, we show that our results can also be applied to obtain explicit expressions for the product moments
of real and complex central and noncentral Wishart distributions. Before doing so, we first extend the results from
previous sections to obtain an explicit expression for the expectation of a product of Hermitian quadratic forms in
multivariate complex normal random variables.

The multivariate complex normal random distribution was introduced by Wooding [23]. Let z = z, + iz, be a

complex m-vector, where z, = R(z), zc = J(z), and i = V-1. Define i = [u], ul]7 as a real vector and

1
2

2, -2
. X,

3=

where X, is a real symmetric matrix and . is a real skew-symmetric matrix. It follows that £ is symmetric and
we assume it is positive semidefinite. If 2 = [2], 2I]T ~ N(f, ), then we say 2 ~ CN(u, X) follows a (circular)

multivariate complex normal distribution with mean p = p, +iptc and covariance matrix * = ¥, +iX.. Let A = A, +iA;

2 set of Matlab programs were written to compute E[l_[l/.(:1 zTA,-z] by using various algorithms in this paper. These programs can be downloaded at

https://www-2.rotman.utoronto.ca/ kan/research.htm
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be a Hermitian matrix, with A, real symmetric and A, real skew-symmetric matrix. We define a Hermitian quadratic
form in z as zH Az, where H denotes the conjugate transpose. We seek an explicit expression for E[]'[f.( ] zMA;z],

where A;, i = 1,..., k are Hermitian matrices. This allows us to extend the results obtained for the real case to the
complex case.

It is straightforward to show that 27 A,z is real, and in fact, equals 2T A; 2, where

A,’ _ [ Air —Aic ]’
Aic Air

is a real symmetric matrix with A;, = R(A;) and A;;. = J(A;). This implies that

i=1

E [ﬁ[ zHA,-z} =E [ﬁ zTA,-z}

is simply an expectation of a product of quadratic forms in real multivariate normal random variables. Therefore, the
formulae in or can be applied directly. The only modification is that 6,, and 7,, must be replaced by

... 3A,4 (24)
7, =tr(A,£A,5. - A, 3). (25)

Nevertheless, one may wish to express E[HI’.‘:1 2" A;z] directly in terms of u, = and A; without explicitly forming

the augmented real representation. The following lemma provides the necessary information for obtaining such an

expression.
Lemma 3 letv = [vy,...,v,] be a vector of p positive integers, and define
6, =R (1A, TA,T  TA,p), (26)
7 = R (tr(A,3A,3 34, 3)), (27)
then
- 0,
6y = 2"7_1’ (28)
- Tv
f= St (29)

Proof For two complex square matrices A = A, +iA; and B = B, + iBg, the real and imaginary parts of C = AB

are

C,- = %(C) = ArBr - ACBCv
C.=3(C)=A,B. + A:B,.
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The augmented real representations of A and B are

It is straightforward to verify that

By induction, if
C=A,3A, - XA, =C,+iC;,

with C, = R(C) and C, = J(C), then

Consequently,

Using the fact that
pHA - ZA, p=tr(A, 2 TA, put),

and applying the same argument yields . This completes the proof.

With the use of LemmaEl we obtain the following proposition.

Proposition 4 Suppose z ~ CN(u,X) and A;, i =1,..., k are Hermitian matrices. Then

E

ﬁzHA,-z =Z Z 2l(r)=fi-f+g Z nf.gms
i=1

Kk 0<g<f TESy g

_ 2tr(C,) _ R (tr(C, +iCy)) T
- or - or—1 - F

(30)

where each n¢ 4 . denotes a unique product of £(k) terms of 6 and T as defined in . Alternatively, a computationally

efficient form is

£()

- Z 2b(m)-fi-f l_[ Aress

TeBy i=1

where ¢ () is the number of blocks in 7 and A, is defined in .

(31)
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Extending the results from the real to the complex case requires two modifications. The first is to replace 2 with
2¢(r) or 2¢(7) | depending on whether or is being used. The second modification is more subtle: in defining
6, and A,,, one must take the real part when z ~ CN(u, X). Failing to do so would yield an expression with a nonzero
imaginary component, and thus an incorrect result. For instance, Sultan and Tracy [22] Eq. 5.3] claimed that when
k=3andz~CN(0,X)F

3
E []_[(ZHA,‘Z)l =2tr(A1Z A2 A33) +tr(A1 2)tr(A2X AsX) + tr(AX)tr(AszX A1)
i=1
+tr(AsZ)tr(A1ZAY) +tr(A1X)tr(ALZ)tr(AzX). (32)

For our expression, it is necessary to take the real part of all trace terms. For trace terms involving only one or two
A matrices, the imaginary part vanishes, so taking the real part is inconsequential in those casesE] However, for the

term
tI’(A1 2A22A3Z),

the imaginary part is generally nonzero, and thus does not yield the correct result An alternative expression can
be obtained from Theorem 1 of Graczyk, Letac, and Massam [5], by setting p = 1 in their expression, which gives

= tr(A1 ZAQZA:;Z) + tr(A1 2A32A22) + tr(A1 Z)tr(A22A3Z)

E [ﬁ (z"A;z)

i=1

+tr(AZ)tr(A1ZA3X) +tr(AszX)tr(A1ZAL%) +tr( A1 X)tr(As3)tr(AsX). (33)

Here, the imaginary parts of the first two terms cancel, so no explicit real-part operation is required, and provides
the correct answer.

Nevertheless, involves calculating one more trace term than our approach. More importantly, for general k,
the formula of Graczyk, Letac, and Massam [5] contains k! terms whereas our expression yields only N (k) terms in
the central case — where N (k), as listed in Table[T] is significantly smaller than k!, especially for large .

With our main results extended to the complex case, we turn to an important application involving the Wishart
distribution. Let z; ~ N(u¢, X) for t = 1,..., n, and they are independent across t. We say

n
W = Zztth ~ Wn(n,Z,A)
=

follows a noncentral real Wishart distribution with n degrees of freedom, covariance matrix of X and noncentrality
matrix of A = Y, p,tp,I. In standard notation, the noncentrality matrix is @ = X~ A. We prefer to use the triplet
(n, X, A) to characterize the noncentral Wishart distribution because it allows for the case in which X is positive
semidefinite and ! may not exist. When p; = 0, W is said to have a central real Wishart distribution.

The definition for complex noncentral Wishart is similar. Suppose z; ~ CN(u,X) for ¢t = 1,...,n, and they are

STheir Eq.(5.2) for E[(zHA1 z)(zHAzz)] has an obvious typo. The coefficient for the first term ought to be 1 rather than 2.
“4For the case when p # 0, the term p,HA1 2 A p in general has nonzero imaginary part.

5When k > 4 for the noncentral case, or k > 6 for the central case, even the real part of the expression is incorrect if we do not take the real parts of 6 and

Tasin and .



Kan and Pan 15

independent across t. We say

n
W =322 ~ CWpn(n % A)
t=1

follows a noncentral complex Wishart distribution with n degrees of freedom, covariance matrix of X and noncentrality

matrix of A = 37, pept.

Our goal is to obtain an explicit expression for
k
E [ﬂ tr(WA,-)] , (34)
i=1

where W follows a noncentral real or complex Wishart distribution, and A;, i = 1,..., kK are symmetric matrices in
the real case and Hermitian matrices in the complex case. With an appropriate choice of A, i.e., A = (e,-ejT. + eje,T)/Q’
where e; is the j-th column of I, we have tr(W A) = w; ;, which is the (/, /)-th element of W. Therefore, having the
expression for will allow us to directly obtain an explicit expression for the product moments of the elements of
W.

Our key observation is that tr(W A;) can be written as a quadratic form in multivariate normal random variables.

We demonstrate this for the real case. Let

Then y ~ N(m,l, ® X), where ® denotes the Kroneckor product. We have

n n
tr(WA;) =tr (Z ztthW) = Ztr (ztthW) =) 2lAiz=y"(I,® A)y,
=1

n
t=1 =

t=1

which is a quadratic form in y. Therefore, we can apply either or (23) to obtain an explicit expression for (34),

with the following adjustments to 6,, and 7,,. For 7.,

=t ((lh®Ay)(1h®X) - (I8 Ay) (I, ® T))
=tr(lh® A, Z--- A, %)
=ntr(A,,Z--- A, %), (35)
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so 7, is multiplied by n compared to the original definition. For 6,,, let . = vec(M), where M = [p1, ..., pq]. Then

8, =m"(1,® A1, ®Z) - (I, X)(I, ® Ay, )m
=vec(M)"(l,® A,,X---ZA, )vec(M)
= vec(M)"vec(A,, X - XA, Ml,)
=tr(4, - 24, MM')

=tr(A,Z---TA,A). (36)

For the complex Wishart case, an explicit expression for can be computed analogously using or , with 7,
and 6,, defined as the real parts in and (38).

For the central Wishart distribution, explicit formulae for are given in Graczyk, Letac, and Massam [5] for the
complex case, and in Graczyk, Letac, and Massam [6] for the real case. For the noncentral Wishart distribution, Letac
and Massam [13] describe a method for obtaining an analytical expression for E] They applied their method to
the cases of kK = 1, 2, and 3. However, the expression reported for k = 3 (p.1405) is incorrect and has six missing
terms, illustrating the difficulty of using their approach to obtain an explicit expression for , especially for large .
Di Nardo [2] subsequently proposed a symbolic method for the complex case and provided a Maple implementation
to generate the analytical expression. However, the program does not provide the correct expression and as a conse-
quence, the expression presented in her example 3 for E[tr(W A;)tr(W A,)?] differs from the correct expression.
Using our framework for expectations of products of quadratic forms in multivariate normal random variables, explicit
expressions for in both the real and the complex cases can be easily obtained. Moreover, our expression is more
compact. For the central case, the formulae in Graczyk, Letac, and Massam [5] and Graczyk, Letac, and Massam [é]
involve k! terms, whereas ours require only N (k) terms. In the noncentral case, the method of Letac and Massam [13]
yields 34 terms for k = 3 and 209 terms for k = 4, while ours requires M (k) terms, with M (3) = 24 and M (4) = 123[]

6 | EXPLICIT EXPRESSION FOR E[[1%, (z"A,z)*] WHEN z ~ N'(4, %)

In this section, we provide an explicit expression for E[]'[f.;1 (2TA;z)% ], where s;, i = 1,..., k are positive integers.
Consider a multiset containing s; copies of 1, s, copies of 2, ..., and s, copies of k. We define the multiplicity of
this multiset as s = [s1,...,s¢] and its size as |s| = Zf.‘:1 s;. A multiset partition is a way of partitioning this multiset
into nonempty subsets (blocks), We denote by 8B, the collection of all such multiset partitions for a given s. For
example, when s = [2, 2], i.e.,, the multiset has two 1's and two 2's, there are nine possible multiset partitions:
(i) (D(1)(2)(2) (i) (1)(1)(2,2), (i) (1)(2)(1,2), (iv) (2)(2)(1,2), (v) (1,1)(2,2), (vi) (1,2)(1,2), (vii) (1)(1,2,2), (viii) (2)(1,1,2), (ix)
(1,1,2,2). For a given s, let p(sy,...,s¢) denote the number of possible multiset partitions. Explicit and recurrence
formulae for p(sy, ..., s¢) can be found in MacMahon [14] and Gutpa [7], respectively. Note that for the special case
s1=...=s¢=1,wehave Bs = B¢ and p(1,...,1) = B (the Bell number).

For our purpose, it is essential to have an algorithm to enumerate all multiset partitions in 85. Fortunately, Knuth
[11] (Algorithm M, pp.429-430) provides an efficient algorithm for generating 85. For m € 8B, with r blocks, we
write w = (m1,...,7,). Unlike the partitions in 8¢ where all blocks are distinct, some blocks of = € B may be

6AIthough Letac and Massam [13] considered only the real Wishart case, their results are equally applicable for the complex Wishart case. In their notation,
the result for the real case is obtained by setting p = n/2 and o = 2%, and the result for the complex case is obtained by setting p = nand o = X.

2
7t can be shown that the method of Letac and Massam [13] yields Zf:o /'(f) terms. Proof is available upon request.
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repeated. For example, in the above case of s = [2, 2], the multiset partitions (i), (ii), (iv) and (vi) contain repeated
blocks. To account for repetitions, we define #;, i = 1,...,r’ as the set of unique blocks in wand h;,i =1,...,r" as
their corresponding frequencies.

We take the following steps to obtain an explicit expression for E[ﬂff_1 (2TA;2z)%:

1. Expansion of the number of matrices. Expand the list A;,i = 1,...,k into A; fori=1...,]|s|, where

A= =A =A, Agu=-=Ag,=4 -, A == A= A

k=1
ZJ.:1 sj+1

2. Application of {23). Using (23), we write

|s| £(m’)

E[ﬁ (zTA,-z)SIl =E HzTA,'z = Z lsl=fi-f H /T,,,l{, (37)
i=1 i=1

7' E€Bg| i=1

where A,/ represents the sum of possible 8 and 7 terms generated from block ], and 6 terms associated with a
block of éxactly two elements are multiplied by 2. The notation A emphasizes that the 6 and  terms in the sum
are constructed from A;.

3. Avoiding duplicates. In , not every ' € B4 yields a distinct term, since some of the A}’s are repeated. To
avoid duplicated terms, we generate 7 from B, instead of from B,,. However, we must determine, for each

7 € B, how many 7’ € B, have the same block membership as .

Example Suppose s; = sp = 2. TableE]illustrates the mapping between 7 € B(y2) and w’ € B;. We observe that 8,
contains 15 set partitions, whereas 8B, 5y contains only 9 multiset partitions. Consequently, some multiset partitions
in B(2) correspond to multiple set partitions in 8. For instance, consider

w=(1)(2)(1.2),

which has A in the first block, A, in the second block, and both A; and A, in the third block. This 7= corresponds
to four distinct ©’ € B4. The first is

(1)(3)(2.4),

where Aj is in the first block, A in the second, and A, and Ay in the third. Since A; = A, = A;and A3 = A, = Ay,
the block contents of @’ = (1)(3)(2,4) are identical to those of = = (1)(2)(1,2). Similarly, the other three set

partitions
(M) (2,3), (2)(3)(1,4), (2)(4)(1,3)

also have the same block membership as 7 = (1) (2)(1,2).
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TABLE 6 Mapping between B, and B,

T € By 7' € By
(W22 | (1)2)3)4)
(1(122)  (1)(2)(3,4)
D2)12) | (1)3)24)

(1)(4)(2,3)

(2)(3)(1.4)

(2)(4)(1,3)
(2)(2)(1.1) | (3)4)1,2)
(1,1)(2,2) (1,2)(3,4)
(1,2)(1,2) (1,3)(2,4)

(1,4)(2,3)
(1(122) = (1)23,4)
(2)(1,3.4)
2)(1,1,2) = (3)1,2,4)
(4)(1,2,3)

(1,1,2,2) (1,2,3,4)

In the following lemma, we give an explicit expression of the multiplicity of a multiset partition in B4

Lemma 5 For a given multiset partition = (71,...,7,) € Bs, let ¢s () denote the number of set partitions in B4 that

have the same block contents as 7. An explicit expression of cs () is given by

k 1
s;!

[T72 big?

(38)

cs(m) = Y

i=1 i+ j=1
where b;; is the number of occurrences of integer j in block 7;, and h;, i = 1,...,r" are the multiplicities of the r" unique
blocks in .

Proof Note that in 7, the integer j appears exactly s; times, with the restriction that b;; of them are placed in the
i-th block of 7r, i = 1,...,r. If these s; instances of j were distinct elements, then the number of possible ways of
putting them into the r blocks with the prescribed multiplicities would be

Al

Sj.
r T
[Ti, big!

Repeating this for all k integers, the number of set partitions 7’ € B, with the same block contents as 7 would be
k

ﬂ Sj! )
[Tj; bi!

j=i J:
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However, if w contains repeated blocks, some of these set partitions will be identical. To account for over-counting,
we need to divide the above expression by ]'[,f;1 hi!, where r’ is the number of distinct blocks in 7, and h;'s are
multiplicities of the unique blocks of 7. This yields . This completes the proof.

Example We illustrate the calculation of ¢, () using the example in Table[g] For the multiset partition 7 = (1) (1) (2) (2),
there are two unique blocks (i.e., r’ = 2) and each appearing twice (i.e., h; = h, = 2). Thus

gl 2121

cs(m) = [ | — =50 =
I TPl

since all b;; are either O or 1.
For the multiset partition w = (1)(2)(1,2), there are 3 distinct blocks (i.e., r’ = 3, and hy = hy = h3 = 1). In this

case,

2

1 Sj!
co(m) = o [ [ =50 =212t =4,
1'”'/:1 15, b; !

again because all b;; are either O or 1. This shows that the multiset partition 7= = (1)(2)(1,2) corresponds to four

different set partitions in 8;4.

With ¢, (7) defined, we now generate 7 from B; instead of 7" from By as in . This allows us to write

k ()
E[H(ZTA,Z)Sf] = Z 2lsl=fi~fac_ () ﬂ Ar. (39)
i=1

i=1 TweBg

In the above expression, all the duplicated set partitions in B, have been removed. However, the last term, i.e., )T,,/g,
is still defined in terms of A; and 7",{ (7’ can be any set partition to which 7 maps). Our next step is to reexpress X,,;
in terms of A; and ;.

Before doing so, we must first determine the number of unique 6 and = terms that can be generated from =;,
which may contain repeated elements. Let v be a vector of positive integers, and v, ..., v, be the distinct elements
of v, with multiplicities ny, .. ., np, respectively. The total number of elementsin v is n = ZL n;. We define ng (v) as
the number of distinct 8 terms that can be constructed from the elements of v, and n, (v) as the number of distinct
7 terms that can be constructed from the elements of v. Explicit expressions of ng(v) and n.(v), which rely on
combinatorial arguments, are provided in the Appendix.

With ng(v) and n.(v) defined, the total number of possible 6 and r terms that can be generated from the i-th
block of 7 is n(7r;) = ng(7;) + ny (7r;). Since 7 may contain repeated blocks, the total number of distinct products of
6 and 7 generated from = is not equal to

,
[ [nGmi.
i=1
Instead, it is given by
- (n(ir,-) +hi - 1)
h; ’

i=1
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where 7; for i =1,...,r’ are the distinct blocks of 7w and h;,/ = 1, ..., r’ are their multiplicities. This follows because
from the fact that for the h; blocks with identical contents as 7;, the number of distinct products is the same as the
number of possible ways of choosing h; objects from n(7;) distinct objects with replacement. Consequently, the total
number of unique terms in E[HL (zTA;z)%]is

Ms) = Y ﬁ(”(ﬁ");h’_ 1). (40)

neBg i=1

In Table we present M (s) for various choices of s with |s| = 10@ The results show that when some matrices in the
product of quadratic forms are repeated, the number of distinct terms in the expression can be significantly reduced.
Consequently, for computational efficiency, it is valuable to obtain an explicit expression for E[]‘[f.(=1 (2T A;z)%] that
contains only the unique terms.

TABLE 7 Number of Unique Terms in the Expansion of E[Hl.k:1 (2zTA;z)% ] when z ~ N(u, X)

s pn=0 pn#0
(10) 42 481
(5,5) 554 15,310

(3,3,4) 3,895 143,795
(2,2,3,3) 16,561 673,364
(2,2,2,2,2) 60,775 2,572,407

(1111111111 1,436,714 63,673,506

For a given vector of positive integers v, we define p; = p;(v) forj = 1,..., ng(v) as the permutations of v that
generate unique 6 terms. Similarly, we define g; = q;(v) forj = 1,..., n; (v) as the permutations of v that generate
unique 7 terms. Generating p; is straightforward: one enumerates all multiset permutations of v and retains only
those that do not lexicographically dominate their reversal. Generating q; requires enumerating all bracelets from the
elements of v. An efficient algorithm for this task (known as generating bracelets with fixed content) is given by Karim,

Sawada, Alamgir, and Husnine [10].

Example When v = (1,1,2,2), we have ng(v) = 4 unique 8 terms, with subscripts p; = (1,1,2,2), p2 = (1,2,1,2),
p3 =(1,2,2,1),and pg = (2,1,1,2). For the unique t terms, we have n,(v) = 2, with subscripts g¢; = (1,1,2,2) and
q2=(1,2,1,2).

With p; and g; defined, we can replace A in with A, defined as
i

ng () ne ()

I )=
Ay = 20D N 6 )+ D igTa s (41)
j=1 J=1

where c;; is the multiplicity of epj(m) in A/, and d;; is the multiplicity of Tgj(m;) in A,.-. These multiplicities arise
because A,/ contains ng(¢(m))) + nc(£(m})) terms, where ng (i) and n (/) are defined in and . However,

8The result for 11 = 0 is obtained by setting n(7;) = ne (7).
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since A; contains repeated elements, some of the terms in A,,; are not unique. When using “ — which retains only
unique terms — we must keep track each term’s multiplicity. The values of ¢;; and d;; can be directly obtained from
pj(7;) and g; (7r;), respectively.

Let b;, for / =1,..., k, denote the frequency of integer / in 7;. In the Appendix, we show that

17 ]'[f:1 by, if p;(mr;) is equal to its reverse and £(7r;) > 1, 42)
Ccii=
Y Hf:1 bi ! otherwise,
J 22"—’7{,) Hf:] bt if gj(7;) maps to one necklace and ¢(m;) > 2, 43)
Y % I"[f:1 bi;!  otherwise,
I

where p; ; denotes the primitive period of g; (ﬂ,)ﬂ

We say that a bracelet g;(7;) maps to one necklace if, after reversal (and possible rotations), it coincides with
the original bracelet. For example, reversing the bracelet (1,2,1,2,1,2) yields (2,1,2,1,2,1), which, after a single rotation
returns to (1,2,1,2,1,2). Thus, (1,2,1,2,1,2) maps to one necklace. In contrast, reversing the bracelet (1,1,2,1,2,2) yields
(2,2,1,2,1,1), but it will not return to the original bracelet after rotations. Thus (1,1,2,1,2,2) maps to two necklaces. In
the above example, g1 = (1,1,2,2) has a primitive period of 4 and it maps to one necklace, and g, = (1,2,1,2) has a
primitive period of 2 and it also maps to just one necklace.

After establishing the notation, we present our final explicit expression for E[]"[f?:1 (2TA;2)%] in the following

proposition.

Proposition 6 Suppose z ~ N(u,X) and A;, i = 1,..., k are symmetric matrices. For positive integers s1, ..., sg, we

have
k €(7)
E[]_[(zTA,-z)S:} = > 2o () [ ] Awy, (44)
i=1 wEB, i=1

where f; and f, denote the number of blocks in 7 containing one and two elements, respectively, |s| = s1 + ...+ s, ¢cs(7)

is defined in Lemma and A, is defined in @

We illustrate the use of with an example that s; = s = 2. Table provides all quantities required to compute
E[(2TA12)2(2TAyz)?2]. The column ¢g () in Tableis obtained from TabIeE]and these coefficients can be calculated
by using Lemma The coefficients of the 8 and 7 terms in A, are derived from and . For example, when
7 = (1,1,2,2), there four distinct 8 terms and two distinct = terms. The first two 8 indices, i.e., (1,1,2,2) and (1,2,1,2),
are not equal to their reversals, and hence have coefficients 2!2! = 4. The other two, i.e., (1,2,2,1) and (2,1,1,2), are
equal to their reversals and their coefficients are halved. For the t terms, the possible indices are: (1,1,2,2) and (1,2,1,2).
Both map to one necklace, and their primitive periods are 4 and 2, respectively, yielding coefficient 4 x 2!12!/(2x4) = 2

for T(1,1,2,2) and 2 x 2'2'/(2 X 4) =1 for T(1,21,2)+

9A sequence {a;} is of period n if a; = aj,, for all i. Primitive period of the sequence is the shortest period that one can find in a sequence. For example,
the sequence (1,2,1,2,1,2,1,2) has periods of 2, 4, and 8, but its primitive period is 2.
10Note that the b terms in ¢ () and the b; ; terms in ¢; ; and dj ; cancel out each other and hence these terms can be dropped in actual computation.
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From Table[8] we obtain

E[(zTA12)%(2TA22)%] = (61 +11)? (62 + 12)% +2(61 + 11)?[20(2) +7(29)]
+8(81 +11) (62 + 12)[20(1.2) + T(12)] + 2(62 + 12)*[26(1.1) + T(1.1) ]
+4[20011) +7(1.1)1[2022) + T(22) ] +8[26(1.2) + T(1.2) 12
+16(61 +11)[20(122) +0(2,12) + T(1,22)] +16(82 + 12)[20(1,1.2) +8(121) + T(1,1,2) ]

+16[46(1,122) +40(1212) +20(1221) +20(2,1.1.2) +2T(1122) + T(1.21.2) ]-

Expanding the above expression yields 54 unique terms— significantly fewer than M (4) = 123 unique terms when all

four quadratic forms involve distinct matrices.

TABLE 8 Construction of an explicit expression of E [ (2T A12)2(2" A,2)2| when z ~ N(p, X), using “

me By 28R o (m) A, A, Ay Ay
(1)(2)(2)(2) 1 1 6y + 1 6y + 1 6 + 19 6y + 19
1(1)2,2) 2 1 6+ 6+ 26022 +122) -
(1)(2)(1,2) 2 4 01 + 1 6 + 1 26(1.2) + 7(1.2) -
2)2)(1,1) 2 1 6+ 1 6+ 1 20011y +T(1.1) -
(1,1),(2,2) 4 1 26(1.1) + T(1) 26022) + T(22) - -
(1,2),(1,2) 4 2 20(12) + 7(12) 20(1,2) + 7(1,2) - -
(1)(1,2,2) 8 2 01+ 26(122) +0(2,12) + T(122) - -
(2)(1,1,2) 8 2 6 + 19 20(1.12) +0(1,21) + T(1,1.2) - -
(1,1,2,2) 16 1 40(1122) +46(1212)+ - - -

20(122.1) + 2602112 = = =

27(1122) + T(121,2) - -

The generalization of Proposition[§|to z ~ CN(u, X) is straightforward: replace 2/51=fi-% with 2¢(7™)~fi~%2 jn
, and take the real parts of all 8 and t terms as defined in Lemma Before we conclude, we provide the correct
expression for E[tr(W A1) (tr(W A3)?] when W ~ CW,,(n, X, A) since the corresponding expression given in
Di Nardo [2] is incorrect. TableE]provides all quantities required to compute E[tr(W A;) (tr(W A3)?]. Using the
information in Table[9] we obtain

E[tr(W A1) (tr(W A2)?] = (61 +11) (82 + 12)2 + (81 + 1) [2622) + T(22) ]

+2(62 +12)[20(12) + T(1.2)] +2[260(1,22) + 6 (2,12) + T(122) ],
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where

6, = R(tr(AyZ---ZA,,N)),
T = R(ntr(Ay, X ZA, X))

forv = (vi,...,vp).

TABLE 9 Construction of an explicit expression of E [tr(A;W7)tr(A;W;)2] when W ~ CW (0, Z, A)

me Bagy 2°M-Hf o (m) Am, A, A
(1)2)2) 1 1 61 +1 0 + 1 6+ 1,
(1)(2,2) 1 01+ 20(22) + 7(2.2) -
2)(1,2) 1 2 0y + 12 20(12) + (1) -
(1,2,2) 2 1 26(122) +6212) + T(122) - -

7 | CONCLUSION

In this paper, we present an explicit expression for the expectation of a product of quadratic forms in multivariate
normal random variables for both the real and the complex case. The proposed expression is novel and contains the
minimum possible number of terms. Furthermore, we develop a computationally efficient algorithm for enumerating
these terms. We also demonstrate that our expression yields simple formulae for the product moments of central and
noncentral Wishart distributions. Finally, we present an explicit formula for the case in which some matrices in the

product of quadratic forms are repeated, leading to a further reduction in the number of terms.
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8 | APPENDIX A

In this Appendix, we consider the following problem. Let v be a vector of positive integers containing p distinct
elements v, ..., v,, with corresponding multiplicities of ny,...,n,. The total number of elements in v is equal to
n= ZL n;, and the possible number of multiset permutations that we can obtain from v is given by the multinominal
coefficient
n!
N=—:. (45)
i=1 n,-!
However, when multiplicities are present, not all these multiset permutations yield distinct 8 and t terms. Our goal is

to determine now many unique 8 and t terms can be generated by using permutations of v as subscripts.

Counting Unique 6 Terms
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A multiset permutation of v, say X, is considered an index for a unique 6 if it does not lexicographically dominate
its reverse, AR.

Example If v = (1,1,2,2), then the permutations

(1,1,2,2), (1,2,1,2), (1,2,2,1) (2,1,1,2)

are admissible indices for unique 6 terms. However,

(2.1,2,1) (2.2.1.1)

are not. Out of the six multiset permutations of (1,1,2,2), only four yield unique 6.

We are interested in counting, among the N multiset permutations of v, those that do not dominate their reverse.
Let P be the number of palindromic permutations (those equal to their own reverse, i.e., A = AR), then:

e Every non-palindromic permutation, X, must either dominate AR, or be dominated by it, since lexicographical
order is a total order.

e Let P be the number of palindromic permutations. Thus, (N — P)/2 permutations dominate their reverse, and
N - (N - P)/2 = (N + P)/2 permutations do not dominate their reverse. Therefore, the number of unique 6
terms is

N+P

ng(v) = > (46)

It remains to determine P. Note that a palindromic permutation must have at most one element with odd multi-

plicity because all elements except possibly one must pair symmetrically around the center. Thus,

e |f more than one n; is odd, then no palindromic permutations exist, i.e., P = 0.

e Ifatmostone n; is odd, define n} = [n;/2] and n" = ZL n?, where | x | stands for the greatest integer less than or
equal to x. Then to the left of the center of a palindromic permutation, it contains n’ copies of v; fori =1,...,p,
and the part to the right of the center mirrors it. Hence, the number of palindromic permutations is

nl n)2)!

T AT

(47)

Mapping to Non-unique 6 Terms

When n = 1, there is only one possible 6 term, so we do not need to worry about duplicates. Suppose n > 1.
If multiplicities are ignored, there are n!/2 possible 6 terms, though many are duplicates. We now describe how the
ng(v) unique 8 terms map into this larger set.

e Among the (N — P)/2 non-palindromic permutations, each is dominated by its reverse. Every such permutation
corresponds to Hf=1 n;! non-unique 6 terms, arising from relabeling identical elements.

e Among the P palindromic permutations, it only corresponds to %ﬂﬁ; n;! non-unique @ terms, since reversal
produces no new terms.
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Combining those contributions, the total mapping is

P

N n!

. .
nit= > ><H|n,._ >

P
N-P 1
2 ><|_|n,-!+P><§_

P
i=1 i=

1

This observation explains the origin of the coefficient ¢;; in .
Counting Unique T Terms

To determine the number of unique T terms, we introduce the concepts of necklaces and bracelets. For a sequence

of integers, say v, we can connect the two ends of the sequence to obtain a necklace. Two necklaces are considered
to be different if we cannot obtain one by rotating the other. The total number of necklaces that can be constructed
from v (known as the number of necklaces with fixed content) is well known (see Gilbert and Riordan [4]), and is given
by

1 i n/j)!
Nonoomp) == Y ¢(j)p(¢?_l, (48)
Jlged(m..anp) [T (ni /)
where j|h means that j is the set of integer divisors of h, gcd(ny, ..., np) denotes the greatest common divisor of
n,...,np, and ¢ (j) is the Euler totient function, which is the number of positive integers less than or equal to j that

are relative prime to ;.

If we consider two necklaces to be equivalent when we can obtain one by reversing the other, we get the set of
bracelets. Although Karim, Sawada, Alamgir, and Husnine [10] provided an algorithm to enumerate the set of bracelets
that can be generated from v, the total number of bracelets with fixed content has not been explicitly established. In

the following, we present a closed-form expression for the total number of bracelets that can be constructed from v.

Lemma 7 Let v be a vector with p distinct elements, where the frequency of the i-th elementis n;,i = 1, ..., p. Let j denote

the number of n; that are odd. Then the number of bracelets that can be constructed from v is given by

1 (=D
SN(ny,...,np) + —5 = if j <2,

B(m.....np) =1 > PIT 2T Lnjf2)! (49)
FN(m,... np) itj>2,

where n = Y7 n;.

Proof We use Pdlya’s enumeration theorem to prove the IemmaE] The cycle index for the cyclic group Cj, is

Z(Co) = 1 Y $(d)al,

d|n

where the generating function of the object is a5 = f(x1d, .. .,x;,’). For the necklace and bracelet problems with p

distinct elements, we have

ag=x{+--+xj. (50)

The number of necklaces that can be constructed from v is given by the coefficient of x1"1 cee x:,'” in Z(C,), which
can be readily shown to be N(n1,...,np) as defined in {48).

115ee Read |20] for a good review of Pélya's enumeration theorem.
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For the bracelets, we need to consider the cycle index for the dihedral group D, which ile

Z(Co) . 213,°2

7+ —2— if nis odd,
2 (Bn) = 2,52,
Z(Cn) | %" % it pis even
2 Z :
The number of bracelets that can be constructed from v is given by the coefficient of le e x;p in Z(D,). The
contribution coming from the first termiis simply N (n1, ..., np) /2. The additional contribution coming from the second

term depends on whether n is odd or even.

e nisodd: The additional contribution comes from the coefficient of x1'” S x,',"’ in the polynomial
1 2 2, 01
5()(1 oot xp)(Xp e x,) T

This is nonzero is only when exactly one n;'s is odd (i.e., j = 1). The corresponding x; must be picked from
-1
(x1+...+xp). The number of possible ways of choosing the other x;'s from the expression ()(12 ) s

((n=1)/2)!
[7, L /2!

Hence the additional contribution coming from the second term is

((n=1)/2)!
2117, Lnj/2]!
e niseven: The additional contribution comes from the coefficient of xf‘ cee x;" in the polynomial
1 2,,2 2252 1 5 2\2
Z()q Fokxp) (X X)) 2 +Z(X‘ oot xp) 2. (51)

Since this polynomial contains at most two x;’s with odd powers, the coefficient is zero if more than two n; are
odd (i.e., j > 2). If all n; are even (i.e., j = 0), the additional contribution coming from is

(/2! 2t (n)2)!
AT (ni/2)t 4112 (ni/2)! 2115, (ni/2)Y

When two n;'s are odd (i.e., j = 2), we can only obtain the two x;'s with odd power from the first term of , and
there are two different ways to do that. For the remaining x;’s, there are

((n-2)/2)!

52
M2, Lmi/2]! 52

-2
different ways of picking them from the expression ()(12 +..+ xg)nT. Together, the additional contribution

125ee Riordan [21] (p.150) for a derivation of the cycle index for the dihedral group.



Kan and Pan 27

coming from is

((n—j)/2)!
2117, Lni/21! 53

This shows that the first expression of holds for j = 0, 1 and 2. This completes the proof.

Since the trace of a product of matrices is invariant to rotation and reflection of the matrices in the product, the
number of unique 7 terms that can be created from using the permutations of v as subscripts is simply the total

number of bracelets that can be constructed from v. Therefore, we have
ne(v) = B(n,...,np). (54)

Mapping to Non-unique 7 Terms

When n < 2, there is only one possible term, so we do not need to worry about duplicates. Suppose n > 2. If
multiplicities are ignored, there are (n —1)!/2 possible 7 terms, though many are duplicates. Our goal is to understand
how these (n — 1)!/2 7's correspond to the unique set of 7’s that has n, (v) elements.

Consider a multiset permutation of v, say A, which is a bracelet. Replacing n; occurrences of v; in XA with n;
distinct integers give rise to HL n;! possible permutations. By applying suitable rotation and reversal, each of these
permutations can be associated with a bracelet that is constructed from n distinct integers. However, not all of the
ﬂf; n;! resulting bracelets are distinct, for two main reasons.

1. Primitive period. A permutation A may have a primitive period shorter than n. Let p be its primitive period, then
the first p elements in v repeat n/p times within v. For instance, A = (1,2,1,2,1,2) has a primitive period of 2,
and the block (1,2) repeats three times within A. Although ny = n, = 3, replacing the 1's and 2’s in X with (1,2,3)
with (4,5,6), respectively will not give us 3! x 3! = 36 different bracelets. Ignoring the duplication due to reversals,
rotation alone suggests that the number of distinct bracelets should be reduced by a factor of n/p (i.e., 3), leading
to only 12 possible distinct bracelets.

2. Symmetry under reflection. A bracelet could remain the same after reversal and appropriate rotation (which can
occur when the number of odd n; is less than or equal to two). In this case, we say the bracelet maps to one
necklace. For the other cases, we say the bracelet maps to two necklaces. For instance, A = (1,2,1,2,1,2) maps
to one necklace because after reversal, we get (2,1,2,1,2,1) and after one more rotation, we get back . In contrast,
A =(1,1,2,1,2,2) maps to two necklaces because after reversal, we get (2,2,1,2,1,1), but applying rotations to it
will not allow us to recover A. When a A maps to only one necklace, then reversals will give us duplicate bracelets,

so we need to reduce the number of bracelets by a factor of two.

In summary, if A maps to one necklace, it corresponds to Hf; n;!/(2n/p) non-unique 7 terms, If A maps to two
necklaces, it corresponds to Hf; ni!/(n/p) non-unique t terms. This observation explains the origin of the coefficient
d;; in .

In the algorithm of Karim, Sawada, Alamgir, and Husnine [10] for generating bracelets with fixed content, the
information about the primitive period of a generated bracelet as well as whether it maps to one or two necklaces is
readily available. As a result, it is easy to compute the number of non-unique t’s that each unique T maps to.

Example Consider the case with v = (1,1,1,2,2,2), i.e, n1 = n, = 3. We have n;(v) = 3, so there are three

possible 7's that can be generated from v, with subscripts g1 (v) = (1,1,1,2,2,2),q2(v) = (1,1,2,1,2,1),and g3 (v) =
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(1,2,1,2,1,2). Table[IO]summarizes the structural information of these three multiset permutations, which allows us

to determine the number of non-unique 7's each A maps to. The total number is 18 + 36 + 6 = 60, consistent with the

fact that the total number of non-unique t'sis (6 — 1)!/2 = 60.

TABLE 10 Mapping between Unique and Non-unique 7's when ny = np, = 3

lor2 Length of Number of Number of
A necklaces? = primitive period = primitive periods = non-unique 7’s
(1,1,1,2,2,2) 1 6 1 18
(1,1,2,1,2,2) 2 6 1 36
(1,2,1,2,1,2) 1 2 3 6
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