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Abstract 

 

This paper provides extensions to existing procedures for representing one-factor no-arbitrage 

models of the short rate in the form of a tree. It allows a wide range of drift functions for the 

short rate to be used in conjunction with a wide range of volatility assumptions. It shows that, if 

the market price of risk is a function only of the short rate and time, a single tree with two sets of 

probabilities on branches can be used to represent rate moves in both the real-world and risk-

neutral world. Examples are given to illustrate how the extensions can provide modeling 

flexibility when interest rates are negative.  
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Interest Rate Trees: Extensions and Applications  

 

1. Introduction 

One-factor no-arbitrage models of the short rate have a number of applications in finance. For 

example, they can be used to value non-standard interest rate derivatives such as Bermudan swap 

options, to calculate credit and other valuation adjustments, and to calculate expected future 

exposures when credit risk capital is being calculated under Basel II’s advanced internal ratings-

based approach.  

Hull and White (1994, 1996) proposed a trinomial tree-building procedure for implementing 

one-factor no-arbitrage models of the short rate. Their procedure is robust and has proved to be a 

popular tool. The key assumption is that some function, f(r), of the short rate, r, follows an 

Ornstein-Uhlenbeck process with a reversion level that is a function of time. The existence of a 

function of time in the drift distinguishes no-arbitrage models of the term structure from 

equilibrium models. The function of time is chosen so that the current zero curve is exactly 

matched. 

Setting f(r) equal to r, leads to Hull and White (1990) where all future zero-coupon interest rates 

are normally distributed. Setting the f(r) equal to ln(r) leads to the Black and Karasinski (1991) 

model where the future short rates are lognormally distributed.  Other choices for the function 

are sometimes used in practice.  For example, to be consistent with the results in DeGuillaume et 

al (2013), the short rate process can be made normal for some ranges of value for the short rate 

and lognormal for others.  

It is convenient to construct a tree representing interest rate behavior in the risk-neutral world in 

the first instance.1 The complete term structure at each node can then be calculated by using the 

tree in conjunction with backward induction to value zero-coupon bonds of different maturities. 

The reversion rate and volatility parameters can be chosen so that the prices of actively traded 

instruments such as caps and swap option are approximately matched.  

                                                           
1 The numeraire is the money market account in the limit as the length time step tends to zero. For a discrete-time-

step tree, the numeraire at time t is always the price of a bond maturing at the end of the time step containing t. 
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For applications involving scenario analysis, a tree representing interest rates in the real world is 

required. If the market price of risk is assumed to be a function of the short rate and time, the 

risk-neutral tree can be converted to a real world tree by changing probabilities on the tree to 

match the new drift. There are a number of ways the market price of interest rate risk can be 

estimated in a one-factor world. For example, Hull et al (2014) discuss one approach.2  

The trinomial tree building procedure can be viewed as a generalization of the explicit finite 

difference method.  It can be used in conjunction with backward induction to value American-

style derivatives. The risk-neutral tree can be used in conjunction with Monte Carlo simulation to 

create a grid to calculate the valuation adjustments mentioned earlier and the real-world tree can 

be used in conjunction with Monte Carlo simulation for scenario analysis.  Carrying out 

calculations for a finite set of term structures corresponding to the tree nodes is sometimes more 

computationally feasible than implementing a Monte Carlo simulation where a continuum of 

term structures is possible.   

A limitation of the Hull and White (1994, 1996) tree-building procedure is that the drift of f(r) 

has to be linear in f(r). This paper shows the procedure can be extended so that a much wider 

range of drifts can be accommodated. Hull and White (2015) suggest one way their original tree-

building can be extended so that virtually any process for the short rate can be handled. The 

procedure we propose here is not quite as general as that in Hull and White (2015). However, it 

is simpler and more robust while still giving the user a great deal of flexibility in determining the 

drift.  

Our main motivation for developing the new procedure was the need to accommodate in a 

realistic way the existence of, or possible future occurrence of, negative interest rates. Negative 

interest rates have become a feature of financial markets in the last few years. For example, 

short-term interest rates for the Swedish krone, Japanese yen, Danish krone, euro, and Swiss 

franc were negative in the first half of 2016. In mid-2016, it was estimated that about $10 trillion 

of government bonds worldwide offered yields below zero. It is sometimes argued that interest 

rates cannot become negative because it is always possible to hold cash, an investment that has 

an interest rate of zero. However, it appears that storage costs for large amounts of cash are not 

trivial, so that negative rates are possible.  

                                                           
2 See also Hull (2017, page 710) which estimates −0.175 for the market price of risk using Vasicek’s (1977) model. 
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The  f(r) = r normal model does allow negative rates, but is less than ideal because the user has 

no control over how negative interest rates can become. By making the drift of the short rate a 

function of the short rate, different future short-rate distributions are produced. For example, the 

probability of very negative rates can be controlled by assuming that there is large positive drift 

as soon as rates fall below a certain level. Negative rates can also be handled by using a “shifted 

Black-Karasinski model” where f(r) = ln(r + s) where s is a function of time.  The short rate is 

then floored at –s, rather than zero and again our new procedure allows the drift of  f(r) to be 

more complex than in Hull and White (1994, 1996).  

In the second part of this paper, we illustrate our new tree-building procedure by using it to 

explore these alternatives.  

 

2. The 1990s Procedure 

We start by reviewing the procedure developed by Hull and White (1994, 1996). They consider 

the model 

  dx t ax dt dz                                                         (1) 

where x = f(r) is a function of the short rate r, and a and  are positive constants. The function of 

time (t) in equation (1) is chosen to match the current term structure of interest rates. Hull and 

White construct a tree for x with time step t so that the value of x at a node is f(R) where R is 

the t interest rate at the node.   

Hull and White’s approach is to first consider a variable x* that is initially zero and follows the 

process 

dzdtaxdx                                                        (2) 

The vertical spacing between nodes, x,  is set equal to 3 t  . Define the jth node at time it 

as node (i, j). The index, j, is set equal to zero for the central nodes where x* = 0. The value of x* 

at node (i, j) is therefore xj . Branching from node (i, j) is normally to nodes (i+1, j−1), (i+1, j), 

and (i+1, j+1). The branching probabilities on the tree are chosen so that the mean and variance 
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of the change in x  in time t are ax t  and 2t, respectively. For large negative or positive 

values of j the branching probabilities may become negative or greater than 1. Hull and White 

avoid this by branching from node (i, j) to (i+1, j−2), (i+1, j−1) and (i+1, j) when j > 0.184/(at) 

and branching from node (i, j) to (i+1, j), (i+1, j+1) and (i+1, j+2) when j < −0.184/(at). 

The tree for x* is converted to a tree for x by shifting the nodes at time it by i. The parameters 

0, 1, 2… are determined successively to ensure that the prices of zero-coupon bonds with 

maturities t, 2t, 3t…, respectively, are matched.  The value of the t rate at a node is 

calculated from the value of x at the node as f –1(x). As shown by Hull and White (2001) the tree-

building procedure can be extended to accommodate non-equal time steps and values for a and 

that are functions of time. 

Arguments along the lines of those in Ames (1977) show that, when a lattice or tree matches the 

first two moments of a process in the limit as t tends to zero, derivative prices given by the tree 

converge to the true prices as t tends to zero.  

 

3. A Generalization 

We now consider a more general model of the form 

    ,dx t G x t dt dz        (3) 

As before, x = f(r) and is a function of time, t, chosen to match the current term structure. The 

function G can be any specified function of x and t. In Hull and White (1994, 1996), 

G(x, t) = −ax.  

The model is implemented using a tree with time steps of length t and a vertical spacing 

between nodes, x, equal to t 3 .  As in the case of the model in Section 2, the value of x at a 

node is f(R) where R is the t rate at the node and the tree matches the first two moments of 

changes in x. Again, we can use the results in Ames (1977) to show that prices given by the tree 

converge to those given by the continuous time process.  
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Define node (i, j) as the jth node at time it, jmin(i) and jmax(i) as the j-values corresponding the 

lowest and highest nodes at time it. Let Gi, j be the value of the G function at node (i, j) and xi, j 

as the value of x at this node. From node (i, j), we branch to three adjacent nodes. We define ki, j 

as the index of the middle of the three nodes so that the branching is to (i+1, ki, j+1), (i+1, ki, j) 

and (i+1, ki, j–1).  

We will refer to the “center of the tree” as the node for which j = 0 so that the center of the tree at 

time it is the (i, 0) node. The value of x at the first node on the tree is  

0,0 0( )x f R  

where R0 is the t rate at time zero. At time it the value of x at the center of the tree, xi,0, is the 

expected value of x conditional on being at node (i−1,0) at time (i−1)t. Denote xi,0  by i. It follows 

that 

,i j ix j x     

In the constant reversion rate model in Section 2 the tree is symmetrical about its center. This is not 

necessarily the case for the more general tree we construct here.  

We build the tree iteratively, one t-step at a time using a two-stage procedure. When the tree is 

being advanced from time it to time (i+1)t, the first stage involves assuming that i+1=i . In 

other words, the first stage involves assuming that the center of the tree a time (i+1)t is the 

same as the center of the tree (already determined) at time it. This enables us to determine the 

branching pattern from the from the (i, j) nodes ( jmin(i) ≤ j ≤ jmax(i)). In the second stage we shift 

all the nodes at time (i+1)t so that the tree matches the price of an (i+2)t bond. The two stage 

procedure is possible because the drift of x at node (i, j) in equation (3) is Gi,j plus a term that it a 

function only of time (i.e. independent of j). If we reflect Gi,j in the drifts used for first stage, then 

the final tree can be constructed by shifting all nodes in the second stage.  

The tree building starts by setting 
0 0( ).f R   Suppose that the tree has been constructed up to 

time it (I ≥ 0)  so that the tree matches the term structure for maturities up to time (i+1)t. The 

procedure is then: 
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Stage 1: Determine the location of the nodes that are branched to at time (i+1)t and the 

branching probabilities under the assumption that (it) = –Gi,0.
3 Equation (3) shows 

that the expected change in x in time t at node (i, j) is then  , ,0i j iG G t   and the 

standard deviation is t . The expected change at node (i, 0), the central node, is zero 

so that at the end of the first stage the position of the central node at time (i+1)t is i. 

The branching process from each node at time it is then chosen to match the mean and 

standard deviation of the change in x. We refer to this as the “first-stage branching.”  

Stage 2: Shift the positions of all nodes at time (i+1)t by an amount i+1 so that the value of x at 

node (i+1, 0) is i+1 = i + i+1. The value of i+1 is chosen so that the price of a zero-

coupon bond maturing at time (i+2)t is matched.  

This completes the tree up to step (i+1)t.  

The details of the first stage calculation are as follows. Suppose that the tree has been 

constructed up to time it so that the tree matches the term structure for maturities up to time 

(i+1)t for i ≥ 0. The known node values at time it are x = i + jx for jmin(i) ≤ j ≤ jmax(i). The 

node values at step i+1 are assumed (temporarily) to be  x = i + jx for jmin(i+1) ≤ j ≤ jmax(i+1. 

In the first stage calculation we must determine ki, j (the index of the middle of the three nodes 

that will be branched to from each node (i, j)), the branching probabilities from each node at step 

i, and jmin(i+1) and jmax(i+1). 

Because we are assuming that (it) = –Gi,0, the expected value of x at time (i+1)t conditional 

on being at the (i, j) node at time it is 

tGGxjE ijiiji  )( 0,,,  

At the central node at time it, j = 0 so Ei,0 = i. This determines the first stage node locations at 

time (i+1)t. 

Given the node locations we now determine the ki, j. This is defined so that node (i, ki, j) is the 

node that this is closest to Ei, j.  In other words, ki, j is chosen to minimize  

                                                           
3 This is a convenient assumption but any other assumption will lead to the same final tree. 



8 
 

jijii Exk ,,   

 

  It is given by:  

  , , .0int 0.5i j i j ik j G G t x      
 

  (4) 

Let 

  , .0 ,i j i i jy j G G t x k        (5) 

and define pu, pm, and pd as the probabilities on the highest, middle and lowest branches 

emanating from node (i, j), respectively. (The branches lead to nodes (i+1, ki, j+1), (i+1, ki, j) and 

(i+1, ki, j–1), respectively).   The value of these probabilities that give the required mean of Ei,j 

and variance of 2t  are  
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  (6) 

At the central node,  j = 0 and ki, j = 0 so that the probabilities on the branches are always 1/6, 2/3, 

and 1/6.  

The indices of the highest and lowest nodes at time (i+1)t are  

 
   

   

min

max

1 min 1

1 max 1

j
j

j
j

j i k

j i k

  

  
  (7) 

In Hull and White (1994, 1996) the geometry of the tree is chosen to minimize its size. In the 

more general procedure we describe here, once the first set of branches emanating from the 

nodes at time it has been determined as described, an attempt can be made, if desired, to “prune 
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the tree.” 4  This involves the following steps. At jmax(i), determine the k-value, kmax, closest to 

the expected rate. Now calculate the value of pm in equation (6) that results if we were to choose 

node kmax –1 as the central node to which we branch. If pm is positive, reset kmax to kmax –1.5 

Similarly, at jmin(i) determine the k-value, kmin, closest to the expected rate and then see if pm in 

(6) is positive if we were to choose node kmin +1 as the central node. If pm is positive, reset kmin to 

kmin +1. 

This completes our discussion of the first stage. Given that the positions of the nodes at time 

(i+1)t will be increased by a constant i+1 in the second stage, we had one degree of freedom in 

calculating the positions of nodes at time (i+1)t. We used this to set the drift at the central node 

equal to zero.  

An attractive feature of the 1994 procedure is that the geometry of the tree does not depend on 

the initial term structure. In the procedure presented here, the geometry of the tree does depend 

on the term structure (except when the G-function is linear in x). But, once the tree has been 

constructed up to time it, the branching on the tree between times it and (i+1)t does not 

depend on the (i+2)t rate that has to be fitted. This distinguishes the procedure in this paper 

from the procedure in Hull and White (2015). The procedure in this paper is easier to implement 

and more robust than Hull and White (2015), but it is somewhat less general, as we explain later. 

We now move on to the second stage and explain how i+1 is determined to match the price of a 

zero-coupon bond maturing at time (i+2)t. Define Pi as the price of a zero-coupon bond 

maturing at time it and Qi, j  as the Arrow-Debreu price for node (i, j).6 The t-maturity interest 

rate at a node as a function of the x-value is f –1(x).  The Arrow-Debreu prices for the nodes at 

time (i+1)t can be determined as soon as the first-stage branching from nodes at time it has 

been determined. The updating equation is: 

    1

1, , , expi k i j i

j

Q Q p j k f j x t


          (8) 

                                                           
4 We do not do this in the examples that follow. 
5 pu and pd are always positive. 
6 The Arrow-Debreu price is the value of a security that pays $1 if node (i, j) is reached and zero otherwise. 
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where p(j, k) is the probability of moving from node (i, j) to node (i+1, k) and the summation is 

taken over all j for which this probability is non-zero.  

To determine i+1 we proceed analogously to Section 2 and find the shift i+1 to the nodes at time  

(i+1)t that match the (i+2)t maturity bond price. The value of x at the jth node at time (i+1)t 

given by the first stage is  i + jx. We therefore determine i+1 so that 

  
 

 max

min

1

1

2 1, 1

1

exp
j i

i i j i i

j j i

P Q f j x t




  

 

           (9) 

To understand this equation note that )( 1

1



  ii xjf is the t rate at node (i+1, j) after the 

shift of i+1 has been applied to nodes and so  txjf ii  

 )(exp 1

1   is the price of a bond 

maturing at time (i+2)t as seen at node (i+1, j).  

When x = r, there is an analytic solution to equation (9): 

 
 

 max

min

1

1 1, 2

1

1
ln ln

j i

j x t

i i j i i

j j i

Q e P
t



  

  

 

  
          

   (10) 

In other cases a straightforward iterative search procedure can be used. The value of i+1 is 

i + i+1. 

The tree construction is initiated by setting Q0, 0 = 1, jmin(0) = jmax(0) = 0, and 0 = f –1(R0) where 

R0 is the initial t-period rate. The branching from the first node is then chosen using equations 

(4), (5), and (6). The Arrow-Debreu prices for the nodes at the end of the first time step can then 

be calculated using equation (8) and 1 can then be determined using equation (9) or (10) so that 

the price of a bond maturing at time 2t is matched. The branching process from the nodes at 

time 2t is then determined from equations (4), (5), and (6); and so on. A similar approach to 

Hull and White (2001) can be used to handle situations where time steps are not equal and where 

 is a function of time.  

The procedure described in this paper is a better alternative than Hull and White (2015) for 

models that have the form in equation (3). However, the more complex procedure in Hull and 
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White (2015) is necessary for other models. Consider the first example in Hull and White (2015) 

where the short rate is assumed to follow: 

 ( )dr t ar dt rdz     

Setting x = ln(r) and using Ito’s lemma this becomes 

2

( )
2

xdx t e a dt dz 
     
 

 

This cannot be handled using the procedures in this paper because it does not have the form 

shown in equation (3) with the G function independent of the initial term structure. 

The implementation in Hull and White (1994,1996) outlined in Section 2 is a special case of the 

implementation here. In Hull and White (1994,1996) we proposed that the first stage procedure 

be carried out for i=1,2, .. and then the second stage procedure be implemented for i=1,2…. So 

that it corresponds exactly to the procedure here, it is necessary to change the sequence of 

calculations so that the first stage and second stage are carried out for i=1, then the first stage and 

second stage are carried out for i=2, and so on. 

When an interest rate tree is constructed, the complete term structure can be determined by 

valuing zero-coupon bonds of different maturities. The nodal values of other derivatives that are 

of interest can be determined in a similar way. In addition, it is possible to determine the risk-

neutral probability (or as will see shortly the real-world probability) that each node is reached 

and hence the probability distribution of future term structures. Define i, j as the probability of 

reaching node (i, j) given that we start at node (0, 0). The probability at node (0, 0) is one and the 

updating equation, analogous to equation (8), is: 

  1, , ,i k i j

j

p j k     (11) 

where p(j, k) is the probability of moving from node (i, j) to node (i+1, k) and the summation is 

taken over all j for which this probability is non-zero.  
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4. A Single Tree for Real and Risk Neutral Rate Moves 

The real-word drift rate of x is less than the risk-neutral drift rate by −where is the 

(negative) market price of interest rate risk. The value of  is the same for all x= f(r) 

functions.There is a large literature showing that the market price of risk is likely to be time 

varying and may depend on many state variables. See for example Duffee (2002), Cochrane and 

Piazzesi (2005), Ludvig and Ng (2009) and Crump, Eusepi and Moench (2017).  Although only 

the drift of the short rate process is affected when we move from the risk-neutral world to the 

real world, the variance of the distribution of future rates is liable to change because of the 

uncertainty in the state variables driving the market price of risk.  In particular, if the market 

price of risk depends on the short rate, the variance of the two distributions will in general be 

different.  

In the case where the market price of risk depends only on the short rate and time, the tree 

constructed in Section 3 can be converted from a risk-neutral tree to a real-world tree by 

adjusting the branching probabilities. Suppose that the market price of risk at node (i, j) is i,j. 

The branching probabilities, pu, pm, and pd must be adjusted so that the drift is reduced by 

−i,jt and the variance is unchanged. Defining * * *, ,andu m dp p p  as the real world probabilities 

corresponding to pu, pm, and pd the appropriate adjustments are 
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  (12) 

 

Typical values for i,j are in the range −0.1 to −0.2 and in most case the adjustments are 

sufficiently small that probabilities remain positive. In the limit as t tends to zero, they always 

remain positive. 

A single tree with two sets of branching probabilities can therefore be constructed to represent 

both real-world and risk-neutral processes for the short rate. In a (real-world) scenario analysis a 

Monte Carlo simulation through the tree can be conducted based on the real-world branching 

probabilities. The complete term structure is known at each node and derivative values can be 

calculated using the risk-neutral probabilities as needed. If required, the probability distribution 

of a rate or a derivative value at a particular time can be calculated using equation (11) and the 

real-world transition probabilities given by equation (12). 

 

5. Illustration: Normal Model  

In this section we provide an example to illustrate the implementation of the tree when x = r.  For 

both this example and the one in the next section we use the euro term structure of interest rates 

on March 1, 2016 shown in Table 1. This is a challenging term structure. The three-month rate is 

minus 31.5 basis points. Between three months and two years the term structure is downward 

sloping and with the two-year zero-rate being 47.7 basis points. After two years, the term 

structure slopes upward but rates out as far as seven years are negative. 
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We build a tree with a time step of three months (t = 0.25). The drift function, G(r, t) is set to 

0.02 when r is less than −1% and zero otherwise. This is a way of restricting the extent to which 

interest rates can become negative.7 The volatility parameter, , is set to 0.01. 

In this case, P1 = exp(0.00353×0.25) = 1.000883, P2 = exp(0.00399×0.50) = 1.001997, and 

P3 = exp(0.00420×0.75) = 1.003155. The spacing of the nodes on the tree, x, is 3 t   = 

0.866025%.  

We set Q0, 0 =1, and jmin(0) = jmax(0) = 0. At time-step i = 0 we then calculate as follows: 

1. 0 is the 0.25 year rate or −0.00353 and 0 = −0.00353. 

2. At node (0, 0) the rate, –0.353%, is greater than –1.0% so G0, 0 = 0 and equation (4) 

shows that k0, 0 = 0. (As explained the tree is constructed so that ki, 0 is always zero. The 

central node to which we will branch at t is thus node zero.)  

3. From equation (5), y = 0 at node (0, 0) and from equation (6) the transition probabilities 

are pu = 1/6, pm = 2/3, pd = 1/6  

4. Equation (7) shows that jmin(1) = –1 and  jmax(1) = 1 

5. From equation (8), the Arrow-Debreu prices at the three nodes at time t are 

 1, 1 0,0 0exp 0.25 0.166814dQ Q p     ,  1,0 0,0 0exp 0.25 0.667255mQ Q p     and 

 1,1 0,0 0exp 0.25 0.166814uQ Q p     

This completes the construction up to time t.  

We now carry out calculations for the three rate nodes at time t.  

1. From equation (10),  

   00092.0)ln(ln
1

021,10,11,11 


 

 PeQQeQ
t

txtx  

so that  = –0.00445. 

2. At nodes (1, 1) and (1, 0) the rate is greater than −1.0% so that Gi, j = 0 and equation (4) 

shows that k1, 1 = 1 and k1, 0 = 0. At node i = 1, j = –1 the rate is less than −1.0%, 

Gi, j = 0.02 and equation (4) shows that k1, –1= 0.  

                                                           
7 We use this drift function to provide a simple illustration. More complex drift functions can be used where the drift 

is variable, increasing very fast as the rate declines below zero. 
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3. At nodes (1, 1) and (1, 0), Gi, j = 0 and the transition probabilities are pu = 1/6, pm = 2/3, 

pd = 1/6. At node (1, −1) Gi, j = 0.02 and equation (5) shows that y = –0.4226. Equation 

(6) shows that the transition probabilities are pu = 0.0447, pm = 0.4880, pd = 0.4673.  

4. Equation (7) shows that jmin(2) = –1 and  jmax(2) = 2 

5. From equation (8), the Arrow-Debreu prices at the four nodes at time 2t are 

2, 1 0.1895Q   , 
2,0 0.5548Q  , 

2,1 0.2299Q  , and 
2,2 0.0278Q   

This completes the construction up to time 2t. The rest of the tree is constructed similarly. The 

results for the first four steps are shown in Figure 1 and Table 2. Table 2 shows the t-period rate 

and the Arrow-Debreu prices at each node as well as the risk-neutral branching probabilities. The 

real-world branching probabilities assuming a market price of interest rate risk equal to −0.12 

were calculated from equation (12) and are shown in Table 3. 

The tree was used to calculate the present value of a set of zero-coupon bonds that pay $1 at 

times nt for n = 1 to 100. The price of each of the bonds is saved at each node and then turned 

into a yield to maturity using continuous compounding. This produces a term structure of interest 

rates at each node at time it for maturities from t to (100 – i)t. The six term structures 

corresponding to the 6 nodes at time step 4t are shown in Figure 2. The risk-neutral 

probabilities associated with the term structures were calculated using equations (11); the 

corresponding real world probabilities were calculated using equation (11) in conjunction with 

the real-world branching probabilities in Table 4.  

The term structures show a high degree of mean reversion. There is much more variation in short 

maturity rates than in long maturity rates. This mean reversion is a result of the calibration 

process and the imposed drift function G(r, t). Roughly speaking, the average value of the drift is 

determined when the tree is calibrated to bond prices. If we have a G-function that imposes a 

positive drift when rates are low, the calibration will ensure that a negative drift results for high 

rates so that the overall average drift remains about the same.  

6. Illustration: Lognormal Model 

For a second example we set x = ln(r + s) where s is a spread and the term structure is as in 

Table 1. In the more familiar lognormal model, x = ln(r) and rates are always positive and so a 

term structure such as that in Table 1 clearly cannot be fitted. By modifying the model to 
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)ln( srx  , rates as low as –s are possible. Providing –s is less than the lowest forward rate 

observed in the market, the model can fit the initial term structure.  

In the 1994 model the drift is linear in x. The procedure we present here allows the reversion rate 

of x to be a function of x, or equivalently a function of the short rate, r.  We assume that the 

reversion rate of x is a when r > 0 and  

cr

ac


 

when r ≤ 0.  

We set a = 25%, s = 2%, and c The reversion rate increases quite fast as the 

short rate becomes more negative. For example when the short rate −0.5%, −1%, and −1.5% the 

reversion rate is 30%, 37.5% and 50%, respectively. 

To implement the model the drift function must be expressed in terms of x. It is 

 









)ln(

)ln(
),(

sxax

sxsceacx
txG

x

 

 

The tree building results for the first four steps are shown in Table 3. This shows the t-period 

rate and the Arrow-Debreu prices at each node as well as the risk-neutral branching probabilities. 

The seven term structures corresponding to the 7 nodes at time step 4t are shown in Figure 4 

together with their risk-neutral and real probabilities. Again we assume a market price of risk of 

−0.12. 

The properties of the model can also be understood by using the model to calculate prices for 

caps with different strikes and maturities and determining the implied volatilities associated with 

the calculated prices using the standard market model. This reveals the volatility surface 

corresponding to the chosen model.  

In the case of caps on the euro, there are currently two competing standard market models. One 

is a variation on the lognormal standard model, referred to as Black’s model, that has been used 

for many years in positive interest rate environments. If F is the forward rate, F+s is assumed to 
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exhibit the same behavior as F does in Black’s model, where s is a spread. The valuation 

equations are then the same as those given by Black’s model except that F is replaced by F + s 

and the strike rate, K, is replaced by K + s.  

The other model, known as Bachelier’s model, assumes a normal distribution for the interest rate 

underlying a caplet. The caplet price per dollar of principal as a function of the volatility quote, 

q, is 

     c D F K N d q T n d   
 

  

where 

 
 ln /F K

d
q T

   

The variable  D is the price of a zero-coupon bond maturing at time at the end of the period 

covered by the caplet  and n is the standard normal density function.  

Table 5 shows the result of using our tree model to calculate the price of 1 to 10-year caps of 

different strikes.  For 1- and 2-year maturities the caps are reset quarterly while for longer 

maturities the caps reset semi-annually. Table 6 uses the Bachelier model to imply the value of q 

necessary to match each of the calculated cap prices in Table 5. The resulting implied volatility 

surface is shown in Table 6.  

If broker quoted cap prices or implied volatilities are available these calculations can be reverse 

engineered. Typically it is necessary to experiment with several different drift functions to 

determine the one that best represents market conditions. The parameters for the drift function in 

our example are a, s, , and c.  Parameters such as these are liable to be changed daily. while the 

drift function itself should remain the same for a reasonably long period of time.  

7. Conclusions 

This paper has shown how interest rate trees can be constructed for a more general set of drift 

functions than those considered by Hull and White (1994, 1996). It is often assumed that the 

volatility function is the key to fitting either historical or market data.  We have shown how the 

drift function can also play an important role. We have provided two examples to illustrate how 
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our approach might be used to model negative interest rates. In the first, rate changes over short 

periods of time were normal, but we imposed a positive drift when rates were low to control the 

extent to which really low rates were possible. In the second example, a shifted lognormal 

process was used with the reversion rate being dependent on the level of rates. The examples 

were designed to illustrate the methodology.  Drift functions that are quite complex functions of 

the short rate and possibly time can be used in practice. 

In recent years, risk management and regulation have assumed more importance for financial 

institutions.  As a result it has been important for analysts to consider the process followed by 

interest rates in the real world as well as the risk-neutral world.  In this paper, we have shown 

how in some circumstances a risk-neutral interest rate tree can be converted to a real-world tree 

by adjusting the probabilities. The geometry of the tree and the term structure at each node of the 

tree are unchanged. This is convenient. A scenario analysis usually involves modeling real-world 

processes out a horizon date. It is then necessary to model risk-neutral processes beyond the 

horizon date in order to value instruments at the horizon date. This can be done with a single tree 

and two sets of branching probabilities. 

A final point is that it is sometimes necessary to model two rates, the OIS rate and the LIBOR 

rate, when instruments are values. One idea is to use the procedure in this paper to model OIS 

rates and assume that the LIBOR-OIS spread equals the forward spread. A more elaborate 

approach is to develop a three dimensional tree for LIBOR and OIS, as in Hull and White 

(2016). 
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Table 1 

Continuously compounded Euro LIBOR zero-coupon yields on March 1, 2016 

 

Maturity Rate 

0.083 –0.315% 

0.25 –0.353% 

0.50 –0.399% 

0.75 –0.420% 

1.00 –0.441% 

1.25 –0.456% 

1.50 –0.471% 

2 –0.477% 

3 –0.459% 

4 –0.401% 

5 –0.319% 

6 –0.209% 

7 –0.088% 

8 0.037% 

9 0.155% 

10 0.264% 

11 0.362% 

12 0.446% 

15 0.652% 

20 0.829% 

25 0.894% 

30 0.911% 
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Table 2 

This table shows information about the nodes in Figure 1, where a version of the normal model is 

implemented. Panel a shows the t-period rate at each node where t = 0.25 years. Panel b 

shows the Arrow-Debreu prices and Panel c shows the risk-neutral branching probabilities. 

 

Panel a: t-period rate at each node 

    2.683% j=4 

   
1.918% 1.817% j = 3 

  
1.188% 1.052% 0.951% j = 2 

 
0.421% 0.322% 0.186% 0.085% j = 2 

–0.353% –0.445% –0.544% –0.680% –0.781% j = 0 

 
–1.311% –1.410% –1.546% –1.647% j = –1 

i = 0 i = 1 i = 2 i = 3 i = 4  

 

Panel b: Arrow-Debreu prices 

    0.0008 j=4 

   
0.0046 0.0125 j = 3 

  
0.0278 0.0567 0.0816 j = 2 

 
0.1668 0.2299 0.2588 0.2738 j = 2 

1.0000 0.6673 0.5548 0.5015 0.4669 j = 0 

 
0.1668 0.1895 0.1815 0.1689 j = –1 

i = 0 i = 1 i = 2 i = 3 i = 4  
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Panel c: Branching probabilities. In each cell the upper number is pu, the lower number is pd and 

the middle number is pm. 

    0.1667  

    0.6667 j = 4 

    0.1667  

   
0.1667 0.1667 

   
0.6667 0.6667 

   
0.1667 0.1667 

  
0.1667 0.1667 0.1667 

  
0.6667 0.6667 0.6667 

  
0.1667 0.1667 0.1667 

 
0.1667 0.1667 0.1667 0.1667 

 
0.6667 0.6667 0.6667 0.6667 

 
0.1667 0.1667 0.1667 0.1667 

0.1667 0.1667 0.1667 0.1667 0.1667 

0.6667 0.6667 0.6667 0.6667 0.6667 

0.1667 0.1667 0.1667 0.1667 0.1667 

 
0.0447 0.0447 0.0447 0.0447 

 
0.4880 0.4880 0.4880 0.4880 

 
0.4673 0.4673 0.4673 0.4673 

i = 0 i = 1 i = 2 i = 3 i = 4  
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Table 3 

This table shows the real-world branching probabilities for the nodes of the tree illustrated in 

Figure 1. The market price of interest rate risk, , is assumed to be –0.12 and equation (12) is 

used to translate the risk-neutral probabilities in Panel c of Table 2 into real-world probabilities. 

In each cell the upper number is 

up , the lower number is 

dp  and the middle number is .

mp  

 

 

    0.1499  

    0.6655 j = 4 

    0.1846  

   
0.1499 0.1499 

   
0.6655 0.6655 

   
0.1846 0.1846 

  
0.1499 0.1499 0.1499 

  
0.6655 0.6655 0.6655 

  
0.1846 0.1846 0.1846 

 
0.1499 0.1499 0.1499 0.1499 

 
0.6655 0.6655 0.6655 0.6655 

 
0.1846 0.1846 0.1846 0.1846 

0.1499 0.1499 0.1499 0.1499 0.1499 

0.6655 0.6655 0.6655 0.6655 0.6655 

0.1846 0.1846 0.1846 0.1846 0.1846 

 
0.0279 0.0279 0.0279 0.0279 

 
0.4868 0.4868 0.4868 0.4868 

 
0.4852 0.4852 0.4852 0.4852 

i = 0 i = 1 i = 2 i = 3 i = 4  
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Table 4 

This table shows information about the nodes in Figure 3, where a version of the lognormal 

model is implemented. Panel a shows the t-period rate at each node where t = 0.25 years. 

Panel b shows the Arrow-Debreu prices and Panel c shows the risk-neutral branching 

probabilities. 

 

Panel a: t-period rate at each node 

    2.076% j = 4 

   
1.183% 1.144% j = 3 

  
0.538% 0.455% 0.424% j = 2 

 
–0.006% –0.043% –0.107% –0.130% j = 1 

–0.353% –0.462% –0.491% –0.540% –0.558% j = 0 

 
–0.814% –0.836% –0.874% –0.888% j = –1 

  
–1.102% –1.132% –1.142% j = –2 

i = 0 i = 1 i = 2 i = 3 i = 4  

 

Panel b: Arrow-Debreu prices 

    0.0000 j = 4 

   
0.0007 0.0016 j = 3 

  
0.0124 0.0227 0.0292 j = 2 

 
0.1668 0.2127 0.2264 0.2313 j = 1 

1.0000 0.6673 0.5558 0.5122 0.4935 j = 0 

 
0.1668 0.2100 0.2222 0.2256 j = –1 

  
0.0111 0.0190 0.0232 j = –2 

i = 0 i = 1 i = 2 i = 3 i = 4  
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Panel c: Branching probabilities. In each cell the upper number is pu, the lower number is pd and 

the middle number is pm. 

    0.0418 

j = 4     0.4333 

    0.5249 

   
0.0456 0.0448 

   
0.4979 0.4898 

   
0.4564 0.4654 

  
0.0575 0.0532 0.0517 

  
0.5629 0.5454 0.5385 

  
0.3797 0.4015 0.4098 

 
0.0746 0.0739 0.0728 0.0724 

 
0.6074 0.6061 0.6039 0.6031 

 
0.3181 0.3199 0.3233 0.3245 

0.1667 0.1667 0.1667 0.1667 0.1667 

0.6667 0.6667 0.6667 0.6667 0.6667 

0.1667 0.1667 0.1667 0.1667 0.1667 

 
0.3434 0.3452 0.3482 0.3494 

 
0.5900 0.5888 0.5866 0.5857 

 
0.0666 0.0661 0.0652 0.0649 

  
0.0454 0.0460 0.0463 

  
0.4955 0.5014 0.5034 

  
0.4591 0.4526 0.4503 

i = 0 i = 1 i = 2 i = 3 i = 4  

 

 

  



27 
 

 

Table 5 

Cap Prices (basis points) calculated using a shifted lognormal model for the short rate. The short 

rate plus 2% follows a process where the volatility component is 30%. The reversion rate is 25% 

when rates are positive. It increases from 25% to 75% as rates decline from 0% to -2%.  

 

 Cap Maturity (Years) 

Cap Rate 1 2 3 4 5 6 7 8 9 10 

ATM 6.7 17.7 24.9 41.1 65.4 103.4 153.3 213.4 278.2 345.3 

0.5% 0.0 0.1 0.3 1.7 7.3 26.0 63.3 121.0 193.9 278.6 

1.0% 0.0 0.0 0.0 0.3 2.1 9.9 29.0 62.7 108.4 163.8 

1.5% 0.0 0.0 0.0 0.1 0.6 3.8 13.4 32.5 60.2 95.5 

2.0% 0.0 0.0 0.0 0.0 0.2 1.5 6.3 16.9 33.4 55.4 

3.0% 0.0 0.0 0.0 0.0 0.0 0.3 1.4 4.7 10.5 18.8 

5.0% 0.0 0.0 0.0 0.0 0.0 0.0 0.1 0.4 1.1 2.4 

ATM Rate –0.47% –0.49% –0.47% –0.40% –0.31% –0.19% –0.06% 0.07% 0.19% 0.29% 
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Table 6 

Bachelier (normal) cap volatilities (basis points) implied from cap prices in Table 5. 

 

 Cap Maturity (Years) 

Cap Rate 1 2 3 4 5 6 7 8 9 10 

ATM 32.1 25.8 20.5 19.5 19.3 19.9 21.3 23.2 25.2 27.0 

0.5% 43.9 34.8 28.9 26.7 26.4 27.1 27.9 28.6 29.2 29.5 

1.0% 49.5 39.5 33.3 31.0 30.9 31.7 32.8 33.6 34.2 34.5 

1.5% 55.4 44.1 37.6 35.1 34.9 35.9 37.0 37.9 38.4 38.6 

2.0% 62.3 48.7 41.9 38.9 38.7 39.7 40.8 41.7 42.1 42.2 

3.0% 80.2 58.9 50.9 46.3 45.5 46.6 47.7 48.5 48.8 48.7 

5.0% 100.0 80.7 69.3 61.0 58.1 58.6 59.7 60.3 60.3 59.9 

ATM Rate –0.47% –0.49% –0.47% –0.40% –0.31% –0.19% –0.06% 0.07% 0.19% 0.29% 
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Figure 1 

Tree geometry for the example implementing the normal model. Time step is 3 months. Vertical 

spacing of nodes is 0.866%. The initial three-month rate is −0.353%. The t-period rates, the 

Arrow-Debreu prices and the branching probabilities at each node are shown in Table 2.  

 

 

j = 0 

j = 2 

j = 1 

j = –1 

j = 3 

j = 4 

i = 0 i = 1 i = 2 i = 3 i = 4 
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Figure 2 

The term structures of interest rates and their probabilities at each of the 6 nodes at the one-year 

point (i = 4) for the tree shown in Figure 1. The probabilities are calculated using equation (11). 

The market price of risk is assumed to be −0.12. 

 

j-value 
Risk-neutral 

probability 

Real-world 

probability 

–1 0.168 0.195 

0 0.464 0.485 

1 0.273 0.245 

2 0.082 0.066 

3 0.013 0.009 

4 0.001 0.001 
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Figure 3 

Tree geometry for the example implementing the lognormal model. Time step is 3 months. The 

t-period rates, the Arrow-Debreu prices and the branching probabilities at each node are shown 

in Table 4. 
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Figure 4 

The term structures of interest rates and their probabilities at each of the 7 nodes at i=4 (time 1 

year) for the tree shown in Figure 4. The market price of risk is assumed to be −0.12. 

 

j-value 
Risk-neutral 

probability 

Real-world 

probability 

–2 0.023 0.033 

–1 0.224 0.251 

0 0.491 0.490 

1 0.231 0.205 

2 0.029 0.020 

3 0.002 0.001 

4 0.000 0.000 

 


