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The conclusion that annual accounting earnings follow a random walk 
is fairly well established in the literature. Still, this result is not all that 
compelling. The early studies by Little (1962), Lintner and Glauber (1978), 
and Ball and Watts (1972) reached their conchusion primarily by examining 
the serial correlation of earnings changes.’ However, the analysis of serial 
correlation of changes in earnings makes the implicit and simplistic as- 
sumption that the underlying time series model is first-order autoregressive 
(AR[ 13). Later studies by Watts and Leftwich (1977); Lookabill(l976); and 
Albrecht, Lookabill, and McKeown (1977) reached the random walk con- 
clusion by comparing the forecast accuracy of the random walk with the 
best fitted Box-Jenkins models. There are three problems with this approach. 
First, standard Box-Jenkins techniques generally truncate the data beyond 
the sample period in the time domain. Truncation leads to serious problems 
in the spectral estimation of the data sequence. This problem, called “alias- 
ing,” is especially pronounced when the sampling period is relatively short, 
as in the case of annual earnings data. The effect can be compared with 
viewing an infinitely wide scenery through a window of finite width. The 
abrupt cutoff of the scene at the edge of the window introduces nonexistent 
high-frequency components in the spectral composition of the actual scene. 
As a result, relatively long time series are required. On the other hand, 
using long time series of annual earnings may result in poor forecasts because 
of structural change in the series. Second, and related to the first point, the 
random walk, unlike Box-Jenkins models, uses only the most recent year’s 
earnings data, thereby reducing the influence of extreme observations arising 
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1 .  Ball and Watts (1972) also use a forecasting technique. 
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from accounting changes, strikes, mergers, and the like. Moving average 
(MA) models are especially susceptible to such extreme observations. Third, 
the Box-Jenkins approach used in earlier studies selects the order of the 
time series model on the basis of fairly subjective diagnostic checking of 
residual autocorrelations. For all these reasons then, the conclusion that 
annual earnings are best described by a random walk deserves to be further 
investigated and analyzed. 

The purpose of this paper is to test the random walk hypothesis of annual 
earnings after rectifying those problems associated with conventional Box- 
Jenkins models mentioned. Specifically, we compare the predictive ability 
of the random walk with the autoregressive time series model best fitted by 
maximum entropy spectral analysis. Unlike the conventional Box-Jenkins 
approach, maximum entropy spectral analysis makes no assumption on the 
behavior of the time series outside of the sample period. Thus, shorter time 
series can be used to fit the model, thereby mitigating the potential problem 
of structural ~ h a n g e . ~  

Further, we neither specify the order of the process a priori nor do we 
assume that the same order should necessarily hold for the entire sample 
period. Rather, we let the data choose the order of the AR process and let 
the optimal order vary as dictated by the possible presence of structural 
change over the sample period. Specifically, the order m of the AR(m) 
model is chosen optimally using Akaike’s (1973, 1974) information criterion 
(AIC) instead of the subjective diagnostic analysis used in the previous 
studies. 

The predictive ability of the optimal AR model is compared to that of 
a random walk. If the random walk approach yields predictions that are not 
inferior to those of the optimal AR model, we conclude that annual ac- 
counting earnings follow a random walk and past annual earnings changes 
are irrelevant for predicting future earnings changes. Otherwise, we reject 
the random walk hypothesis for annual earnings. The ability of the maximum 
entropy spectral analysis to handle a shorter time series is important in the 
case of annual accounting data. For newer companies, the number of annual 
earnings available is usually quite limited. Thus, the approach introduced 
in this paper is especially attractive in a variety of situations when annual 
data are involved. As mentioned above, the maximum entropy spectral 
analysis, by construction, entertains only AR processes, implying that the 
firms’ underlying earnings generating process(es) can best be described by 

2. Maximum entropy spectral analysis was originally developed and applied by Burg (1967, 1968, 
1975) to problems in geophysics. More recently, this technique was applied by Callen, Kwan, and Yip 
(1985) to exchange rate forecasting. 

3. See Van den Bos (1971) and Makhoul (1975) for the properties of this estimation technique. 
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AR rather than autoregressive integrated moving average (ARIMA) pro- 
cess(es). This may be a potentially restrictive assumption to make in testing 
the random walk (RW) hypothesis. Accordingly, we also fit ARIMA models 
and compare their predictive accuracy to those of the RW and the maximum 
entropy spectral analysis approach. However, unlike the earlier studies, we 
identify the ARIMA models based on AIC rather than on the basis of 
subjective diagnostic checking of residual autocorrelations. In what follows, 
Section 1 describes the model identification and the estimation procedures 
for MEM. Section 2 provides the empirical results. Section 3 concludes the 
paper. 

1. The Estimation Process 
The following mean-adjusted AR(rn) process is used to capture annual 

earnings patterns: 

where the +j’s are parameters to be estimated and E, is the usual error term. 
The estimation for parameters +i in eq. (1) is generally obtained by first 

constructing the autocorrelation function for the time series {Zt}. The re- 
sulting equations are called the Yule-Walker equations (see the Appendix), 
and can be solved using matrix techniques. The problem lies in the con- 
struction of the autocorrelation function based on a finite sequence of ob- 
servations. For every nonzero lag, the estimation of the autocorrelation 
requires (2,) outside the sample period. Conventional methods either assume 
zero for these values or repeat the observed sequence outside the sample 
period. In both cases, the actual series is assumed to behave in a certain 
way (either going to zero, or repeating) outside the observation period with 
no a priori reason. The effect of such ad hoc assumptions can be minimized 
by using a long observation period. However, what is gained by a long 
observation period may be offset by the possibility of structural changes in 
the time series during this period. In other words, the order rn of the AR 
model in eq. (1) may have changed from one subinterval to another. Burg 
(1967, 1968, 1975) suggested that for the solution of eq. ( I ) ,  the autocor- 
relations should be estimated based on the observed sequence (2,) and our 
complete lack of a priori information regarding the time series outside the 
sample period. Such a lack of information is related to a measure of ran- 
domness, or entropy, and the method is known as the maximum entropy 
method (MEM). 
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The MEM was originally formulated in the frequency domain for spectral 
estimation of geophysical data. When the same approach is applied in the 
time domain, the MEM estimates of the parameters c$f  are shown (see, for 
example, Cadzow [1987]) to minimize the sum of squared residuals given 
by 

n n - m  

s, = 2 (Z, - 2JZ + 2 (Z, - ZJ2, (2 )  
f = m + l  1= 1 

where 
m 

~ , = C + ~ Z , - ~ ,  t = m + l , m + 2  , . . . ,  n, 
i -  1 

and 
rn 

Z, = 2 +*z,+~, t = 1 ,  2 , .  . . , n - m. 
i =  1 

In eq. ( 2 ) ,  2, and Z, represent forward predictions and backward “pre- 
dictions,” respectively. Thus, the maximization of our lack of a priori 
information regarding the series outside the sample period manifests itself 
in the “backward predictions” given by the second term in eq. (2). Con- 
ventional methods, such as Box-Jenkins, would produce estimates for +i 
that minimize only the squared residual of the forward predictions (i.e., just 
the first term in eq. [2]). Intuitively, the MEM says that the AR model 
selected in this optimal fashion should be a good model whether the measured 
data are arranged chronologically or in reverse. 

The order rn must be somehow specified regardless of whether a con- 
ventional method or the MEM is used to estimate the parameters in the 
AR(m) process. The usual procedure used in earlier studies, which is bas- 
ically ad hoc, is an iterative one involving model identification, parameter 
estimation, and fairly subjective diagnostic checking of the residual auto- 
correlations. A more natural method for optimal order selection based on 
the AIC criterion is used here. The attractiveness of this method is that it 
lets the data choose the optimal order. 

The test of the random walk pattern of annual earnings involves com- 
paring the conditional expectations El- l(XtiX,- 
XI-3, . . . , with X,, which is the actual period t’s earnings. Here 
Et-.l(X,lX,- 1, . . . , Xt-m-l) is the period t - 1 prediction of 
period t’s earnings given that past earnings are used to form predictions. In 
contrast, El- l(Xtl X,- 1) is the period t - 1 prediction of period t’s earnings 

and El-  l(XflX,- 1, 
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where past earnings are ignored. If annual earnings follow a random walk, 
the use of past earnings should not improve the prediction of period t’s 
earnings. The conditional forecast El-  ,(X,lXr- 1) is the annual earnings X,- 
and Et-l(X,IX,- l ,  . . . , X t - r n - l )  is given by the optimal AR(m) pre- 
viously described. Specifically, Et-1(XrlXr-1, . . , is given 
by 

rn 

kr = x,-1 + a0 + c ai(X,+ - X,+-1) ,  (3) 
i =  1 

where the order m and the parameter estimate a’s are determined by the 
AIC and the MEM previously described. 

For the comparison of the predictive ability of the AR(m) model with 
that of the random walk, the rolling fit data sets of h periods are used. 
Specifically, the original time series of N annual observations of earnings, 
X I ,  X , ,  . . . , XN are grouped into N - h overlapping subseries of h terms 

First differencing is applied to each of the subseries to obtain 2, where Z, 
= X ,  - X I -  1. Using MEM, AR(m) models are fitted to each of these N - 
h subseries. The models are reidentified every period to allow for the model 
specification to differ across all N - h subseries rather than imposing one 
specification for the entire sample period. The deviations of the observed 
X I +  from k,+ and X, ,  which represent the forecast errors, are calculated 
for t = h to N - 1 and then expressed as proportional deviations: 

each: xi, x z , .  . . , X h ;  x2, x,, . . . , X ) , + l ; .  . .; XN-J,, x ~ - h + l , .  . . , X N - ~ .  

where 
N 

x,+l = c XJ(N - h) ,  
i = h + l  

so as to standardize the results for different companie~.~ 
To facilitate the comparison of the results in this study with those 

reported in previous studies using the ARIMA technique, each of the above 
subseries is first differenced and then fitted to an ARMA process. The 
optimal orders (p,q) of the ARMA process are determined for each of the 

4. The reason for not using X,,, to standardize forecast errors in eqs. (4) and (5) is that the sign 
of percentage forecast errors will be changed for the periods when a firm reports a loss (i.e., when X,, , 
is negative). Another reason for using average earningsx,, , rather than actual earnings X,, , to standardize 
forecast errors is to minimize the effect of outliers. 
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TABLE 1 

The Distribution of the Optimal Order rn for the AR(m) Process 
Based on the MEM* 

W I )  W 2 )  W 3 )  W 4 )  W 5 )  m(6) M ( 7 )  

Nominal earnings 668 422 141 59 21 3 1 
Deflated earnings 717 420 116 45 13 3 1 

*Each cell contains the number of occurrences of a particular optimal order among all subseries and for all 
companies. 

subseries using the AIC. In doing so, the optimal orders (p,q) are reidentified 
for all subseries. As in the case of the MEM, out-of-sample forecast i,+, 
is then computed for t = h to N - 1. Finally, forecast errors given by 
expression (4) are also obtained for the ARIMA case. 

2. Empirical Results 
Per share earnings data were collected from the Value Line Database. 

Among those companies in the database that are listed on the New York 
Stock Exchange, have December as the end of their fiscal year, and have 
at least 30 observations by 1984, a random sample of 263 were chosen. 
The data cover the time period from 1955 to 1984, providing 30 annual 
observations for each company. The choice of the length of each sample 
subperiod h involves balancing the data requirements to fit the AR(m) pro- 
cesses for each subseries against having a sufficient number of prediction 
errors, the U,+,’s and V,+,’s  (t = h to N - l), for hypothesis testing. 
Different values of h were tried with no significant effects on the results. 
Specifically, the distribution of optimal orders (m) for the AR(m) process 
using the MEM and the distribution of optimal orders (p,q) for the ARIMA 
process are essentially unaffected by the value of h. Further, our statistical 
tests conducted later regarding whether forecast errors generated by the 
MEM or ARIMA are less than forecast errors generated by the random walk 
lead to the same inference regardless of the value of h. Our conclusions 
therefore are robust with respect to the choice of h. Results for h = 25 are 
reported here. This value of h with N = 30 gives five pairs of predictions, 
U’s and V’s, for each company. To generate enough prediction points for 
the Wilcoxon test used below, the forecast errors for all companies are 
pooled together. 

Table 1 provides the optimal order m for the AR(m) process using the 
MEM. No random walk models (m = 0) are selected by AIC. For subseries 
of all companies, AR(1) and AR(2) clearly dominate other processes in 
providing a time series description of the data. Nevertheless, it would be 
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TABLE 2 

Distribution of the Optimal Order for the ARIMA Process* 
Panel A: Nominal Earnings 

1 2 3 4 5 
I 

4 1  
0 '  535 262 122 169 89 

48 21 4 1 1  3 
2 1  31 I I 3 3 

Panel B: Deflated Earnings 

Q !  1 2 3 4 5 
~ 

0 1  521 322 136 161 58 
1 1  51 12 6 10 3 
2 !  6 10 1 4 0 

*p and q in both panels denote the orders for the AR and MA processes, respectively. 

incorrect to reject the random walk model at this stage. The evidence thus 
far merely indicates that an AR model provides a better description of the 
autocorrelation structure of each subseries of earnings than does the random 
walk. Also, it is possible that the estimated autocorrelation structure may 
fail to persist beyond the estimation period. Because of these reasons, the 
testing of the models should be based on predictions rather than past data. 
In particular, the random walk hypothesis would be rejected if the optimal 
AR models provide better predictions of future earnings than does the random 
walk. 

Because the time series properties of real earnings may be different from 
those of nominal earnings, we decided to repeat the MEM analysis for real 
earnings. Real earnings were estimated by deflating nominal earnings by 
the consumer price index.5 The distribution of the optimal order rn of AR(rn) 
processes based on deflated earnings is reported in the second row of Table 
1. The distribution of the optimal order rn for deflated earnings is essentially 
the same as that for nominal earnings. 

Table 2 reports the optimal orders for the ARIMA model. For both 
nominal earnings and deflated earnings, order zero seems to characterize 
the MA component for most subseries. This suggests that the AR process 
for the MEM is not all that restrictive. The AR component is dominated by 
orders one and two for most subseries, which is consistent with the results 
for the MEM. 

To test the random walk hypothesis, the Wilcoxon signed-rank test 

5.  One can think of deflated earnings as a simplified estimate of general price level adjusted 
earnings. 
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was performed on the 1,315 (5 prediction errors for each company times 
263 companies) pairs of observations (lUll,lVll), (lU21,1V21), . . . , 
(lUl,3151,1Vl,3151) of the bivariate random variables, say (u,v). The null 
hypothesis that the median of the distribution of (u - v) is greater than 
or equal to zero was tested against the alternative hypothesis that it is 
less than zero. The inability to reject the null hypothesis would imply 
that past annual earnings changes are irrelevant for predicting future 
changes. In other words, the random walk character of annual earnings 
would be confirmed. 

To further confirm the conclusion reached by the Wilcoxon signed-rank 
test, the mean absolute deviations (MADs) of forecast errors were also 
computed. Specifically, the MADs are defined as 

N - h  

and 
N - h  

where MAD(v) is for the random walk and MAD(u) denotes the deviations 
for MEM or ARIMA, depending on the forecast model used. If MAD(u) 
> MAD(v), the random walk outperforms both MEM and ARIMA on 
average. Panel A in Table 3 contains the MAD comparisons for both nominal 
earnings and deflated earnings. Here MAD(v) is the smallest whether or not 
earnings are deflated. The random walk model is the clear winner based on 
MADs. 

The same conclusion is supported by the Wilcoxon signed-rank tests 
reported in Panel B of Table 3. The Wilcoxon signed-rank test results 
indicate that the null hypothesis or the random walk cannot be rejected in 
favor of any of the two proposed time series models. Again, this conclusion 
holds whether or not earnings are deflated. The interesting case is the com- 
parison of ARIMA with MEM. In the case of nominal earnings, the MADs 
for ARIMA are slightly less than those of MEM. The slight superiority of 
ARIMA as indicated by the MADs, however, is not supported by the Wil- 
coxon test. On the other hand, the MADs for ARIMA are greater than those 
of MEM based on deflated earnings. The Wilcoxon test in Panel B indicates 
that MEM in fact outperforms ARIMA. 
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TABLE 3 

Mean Absolute Deviations (MADS) of the Forecast Errors Based on 
Various Approaches and Wilcoxon Signed-Rank Test Results 

Panel A: MAD Comparisons 

Number of 
Nominal Earnings Defated Earnings Observations 

MAD (MEM) 0.9797 0.9026 1,315 
MAD (ARIMA) 0.9644 0.9648 1,315 
MAD (Random walk) 0.8923 0.8372 1,315 

Panel B: Wilcoxon Signed-Rank Test Results 

Nominal Earnings Defated Earnings 

MEM versus random walk" 
ARIMA versus random walk" 
ARIMA versus MEMb 

3.3615* 
1.9457* 
1.1023* 

5.9394* 
7.1216* 
5.5992 

T h e  null hypothesis is that forecast errors based on MEM or ARIMA are greater than or equal to forecast 

%e null hypothesis is that forecast errors based on ARIMA are less than or equal to forecast errors based on 

*The null hypothesis cannot be rejected. 

errors based on random walk. The critical value based on 95% confidence interval is - 1.6449. 

MEM. The critical value based on 95% confidence interval is 1.6449. 

3. Conclusion 
The purpose of this study is to investigate the time series characteristics 

of annual earnings using two time series models. The MEM assumes that 
the time series of annual earnings can be described by an autoregressive 
process. Our results based on the ARIMA model indicate that most series 
are of the AR type. To avoid the subjective nature of the earlier practice 
involving the Box-Jenkins method, the order of both MEM and ARIMA 
is determined by the Akaike's information criterion. Moreover, the order 
is allowed to change over the data period. Thus, the order of the model 
is determined by the data instead of being specified a priori. 

The MEM performs at least as well as or better than the ARIMA ap- 
proach on earnings data. This should come as no surprise because the MEM 
is appropriate for short time series and thus attenuates the potential problems 
engendered by structural changes. Finally, by comparing prediction errors 
based on the random walk with those of the two time series models, we 
could not reject the random walk hypothesis for annual earnings either in 
nominal or real terms. 
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APPENDIX 
The Normal Equations for the MEM Estimates, $7 

The normal equations for solving the minimization of eq. (2) are obtained 
in exactly the same way as in any other ordinary least-squares problem. 
Specifically, differentiate expression (2) with respect to the parameters 
+?, i = 1,2, . . . , m and equate the derivatives to zero. This results in the 
following equations: 

(Z’Z + Z’Z)+* = Z’Y + Z’Y, (All 
where 

11 

Z =  

1, 
z 2  z 3  Z m + l  

z = [  z 3  z 4  z m + 2  

Y = [ Z r n + I  z m + 2  z n 1 ’ 9  

Y = [Z,Z, *.. zn-m]’, 

Z n - m + ,  ?n-m+2 - - -  zn 

and 

+* = [+W ..- +3. 
The conventional method of estimating +i is based on the minimization of 
the squared residual of the forward predictions only, that is, the minimization 
of 

n 

Sm = c (Z, - 2J2, 
f = m +  1 

where 
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m 

2t = 2 $&. 
i =  1 

The same procedure of course will produce the standard normal equation 

(Z‘Z)+ = Z’Y. (A2) 

On the other hand, the Yule-Walker equations based on the AR model 

where y (k )  = E(Z,Z,-,)  is the autocorrelation of {Zt} for lag k, the time 
series is assumed to be stationary, and E, is a normalized white noise 
process. Thus the coefficient matrix on the left-hand side of eq. (A3) is 
essentially the autocorrelation matrix involving m lags for the time series 

By comparing eqs. (Al) and (A2) with eq. (A3), it is clear that these 
are approximate solutions to the Yule-Walker equations. The approximations 
appear as different estimates for the autocorrelation matrix in eq. (A3). Note 
here that eq. (A3) differs slightly in form from the standard way of expressing 
the Yule-Walker equations. This form is used here for ease of comparison 
with eqs. (Al) and (A2). (For a derivation of the Yule-Walker equations, 
see Box and Jenkins [ 19761). 

The actual computation for +? in eq. (Al) is based on Levinson’s (1947) 
approach for Toeplitz systems. Barrodale and Erickson (1980a, 1980b) have 
implemented this approach in their algorithm. The algorithm is both efficient 
and numerically stable. The estimates +? are iteratively and recursively 
computed based on an LU-type decomposition of the autocorrelation matrix. 

{ZJ. 
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