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We consider the pricing/lead-time menu design problem for a monopoly service where time-sensitive cus-

tomers have demand on multiple occasions. Customers differ in their demand rates and valuations per use.

We assume that customers queue for a finite-capacity service under a general pricing structure. Customers

choose a plan from the menu to maximize their expected utility. We compare two models where the demand

rate is the private information of the customers to a model where the firm has full information. In the

Aggregate Control Model the firm controls the number of plans it sells for each class of service but cannot

track each customer’s usage level. In the Individual Control Model the firm can track the usage of individ-

ual customers but does not control the number of plans sold. In contrast to previous work, we show that,

although we assume customers do not differ in their waiting cost, prioritizing customers may be optimal as

a result of demand rate heterogeneity in the private information case. We provide necessary and sufficient

conditions for this result. In particular, we show that for intermediate capacity, more frequent-use customers

that hold a lower marginal value per use should be prioritized. Further, less frequent-use customers may

receive a consumer surplus. We demonstrate the applicability of these results to relevant examples. The

structure of the result implies that in some cases it may be beneficial for the firm to prioritize a customer

class with a lower marginal waiting cost.
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1. Introduction

Service firms sell memberships to frequent users that reduce the price paid by customers, yet

raise the revenue received. And membership has its privileges. Season passes to leisure activities

such as ski mountains and amusement parks are often accompanied by perks such as access to

priority queues at theme parks (e.g., Universal Studios Express Pass) or early admission (e.g.,

Stratton Mountain Summit Pass). Memberships allow line-jumping for exhibit entrance at cultural

institutions and early registration for classes at social organizations. Firms typically offer several

different pricing plans, e.g., unlimited access (a season pass), limited access (a multiple use ticket),
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two-part tariffs (paid-for discount cards such as tastecard), and a pay-per-use price, and these often

come with differing benefits. The customer’s choice of which price to pay depends on the value

expected to be derived from use and the total cost including the cost of waiting. And by inducing

different customers to pay different prices, firms can increase their total revenue.

Consider, for example, the choice of whether to purchase a season pass at a ski resort allowing

unlimited access. This may be of interest to skiers residing near the mountain (the ‘locals’). They

are likely to have a higher frequency of use than vacationers coming to the resort (the ‘aways’).

However, a local also may derive less enjoyment from any particular day of skiing than an away, as

they may see multiple opportunities each season, reducing the marginal value. If the mountain’s

management does not offer a season pass, the locals may reduce their skiing. But if the season

pass is priced too low, the aways may purchase one, reducing the mountain’s revenue. Thus the

mountain’s management has the problem of pricing a season pass to attract locals, but not aways.

And unless they require proving residency to purchase such a pass, it is difficult to distinguish

locals from aways. But as noted above, the firm has another tool, the perks it offers along with the

pass. In particular, priority services such as pass-holders’ lift lines and early mountain access are of

value when the system is congested. We show that these perks are not simply additional benefits

of membership, but are necessary to maximize the mountain’s revenue.

We focus on the problem of designing price/lead-time menus and the corresponding priority

policy for a profit-maximizing service provider serving customers with private information on their

preferences. We study the full information case as a benchmark. Customers are risk-neutral and

maximize their expected utility by choosing whether to buy service, and if so, which service class

(price-leadtime option on the menu). The key novelty is that the paper studies settings where

customers have demand for multiple uses, and they are heterogeneous in these demand rates, as is

the case for example in ski resorts or amusement parks. Most previous studies restrict attention to

the case where customers have unit demand, that is, they have identical infinitesimal demand rates.

The few papers that do consider heterogeneous demand rates (see Rao and Petersen (1998), Van

Mieghem (2000), Masuda and Whang (2006), Randhawa and Kumar (2008), Cachon and Feldman

(2011), Plambeck and Wang (2013)) typically restrict attention either to the case in which the

provider observes customer preferences, or to undifferentiated First In First Out (FIFO) service

which misses the value of differentiated service.

The paper deliberately focuses on the simplest model to understand the minimal conditions

for priority service to be profit-maximizing when customers have heterogeneous demand rates.

Specifically, we model the service facility as an M/M/1 queue and consider customer types that

differ only in their demand rates and their marginal (per-use) valuations; we do not assume the

customers have differing marginal costs of waiting. Rather, we show that differences in valuation
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and demand rate are sufficient in some conditions to make prioritized service optimal for revenue

maximization.

Customers repeatedly use the service (if they find it economical to do so) up to a type-dependent

rate. We assume a type-dependent marginal value for each use and apply a strict ordering on the

marginal value for the types. We allow the marginal value of an additional usage for the more

frequent-use type to be either higher than or lower than that of the less frequent-use type. Both

cases are possible and represent alternate orderings of the marginal rate of substitution between

usage and price depending on the customer’s type. (This is the constant sign assumption, cf.

Fudenberg and Tirole (1991).) For example, skiing enthusiasts may find higher marginal value than

a skiing novice at all frequencies of use. Alternatively, the marginal value of use of a visitor to a

ski resort may be higher than that of a local for whom there are multiple opportunities to ski in a

season. We investigate the firm’s policy for both cases, comparing the firm’s optimal policy under

full and private information.

We present two models for how the firm controls its service offering in the private information

setting. In the Aggregate Control Model, discussed in Section 4, the firm controls the number of

plans it sells for each class of service. It cannot distinguish between customers and cannot track

the usage rate of individual customers. As such, the firm optimizes over the number of customers

to serve, in addition to the price/lead-time menu. Customers are free to use the service (and do

so) up to their type-dependent maximum rate. In this model, we allow customers to choose which

service class to purchase as well as allow them to purchase multiple (and not necessarily integral)

copies of service. As such the aggregate control model may be seen as offering minimal provider

control and maximum user flexibility. In Section 5 we discuss the Individual Control Model. Here,

we assume the firm can track the usage of individual customers. Such might be the case if customers

must present ID on purchasing and all interactions are registered (e.g., by RFID) as is increasingly

common at resorts and amusement parks. We assume that the firm will sell to all customers that

wish to purchase the service, but restricts each person to a single purchase. The firm determines

the price/lead-time menu that may limit the usage rate of a customer to some value less than their

preferred usage rate. This model may be seen as having the customers endogenously determine

their usage rate based on the menu of offerings. However, as a mechanism design problem, we show

that the firm can effectively choose each customer’s usage rate, though it is bounded by individual

rationality and incentive compatibility. As such, this model may provide greater regulation of the

system than the aggregate control model.

This paper makes several contributions on the design of differentiated price-service mechanisms

for queueing systems. First, we demonstrate the fundamental point that when customers differ

in their demand rates, it may be optimal to offer delay-differentiated services (through priorities)
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rather than uniform service (e.g., FIFO), even though all customers are equally delay-sensitive.

Importantly, we show this holds for both the aggregate control and individual control models. In

fact, it follows from our derivation that a firm may prioritize customers that are less sensitive to

delay (see Section 6.1). This result runs counter to the conventional wisdom, given by the extensive

literature on serving customers with equal demand rates, that prioritizing customers has positive

value only if they have higher delay costs.

Second, we provide necessary and sufficient conditions, in terms of the demand and capacity

characteristics, for priority service to be optimal. In brief, priority service is optimal only if cus-

tomers with higher demand rates (the ‘locals’) value the service less per use than their low-demand

counterparts (the ‘aways’). We further distinguish between two types of locals depending on the

value per unit time, e.g., value per season, they would be willing to pay for the service. Suppose the

locals would not generate high revenue per unit time compared with the aways. Call such customers

‘hobbyists’ as they would take advantage of the service frequently, but only if the total cost to do

so was low. Then if they have sufficient number and there was sufficient capacity, the firm would

offer the hobbyists priority service in order to attract them. On the other hand, suppose the locals

have a lower marginal value per use, but would go sufficiently often so that the rate they would

generate revenue would be higher than the aways. Call such customers ‘enthusiasts’. We show that

if there is sufficient but not excessive capacity, then offering priority service to the enthusiasts is

optimal. However, for an even greater capacity, when there are enthusiasts, the firm can perfectly

discriminate between the users and achieve the first best revenue.

Our results also point to potential implementations generating significant value for the firm.

When priority service is optimal, the menu is designed such that hobbyists or enthusiasts purchase

a subscription, e.g., a season pass. On the other hand, the aways can be offered either a per use

fee, or a two part-tariff including a per use fee. We show that offering optimal delay-differentiated

services can generate significant profit gains, compared to FIFO service. The result implies that

the use of priority queues seen in many environments such as amusement parks and ski resorts is

not just a reward for loyal, season-ticket purchasing customers, but part of the mechanism design

that allows the firm to differentiate between customer types. Refer to Section 6 for a discussion of

our results and how they generalize.

Hassin and Haviv (2003) and Hassin (2016) provide a comprehensive literature review of research

into the equilibrium behavior of customers and servers in queueing systems with pricing. The vast

majority of pricing studies for queues restrict attention to the case where customers have unit

demand, that is, they have identical infinitesimal demand rates. Naor (1969) and Mendelson (1985)

consider first-in-first-out (FIFO) service for customers with homogeneous delay costs. Mendelson
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and Whang (1990), Hassin (1995), and Hsu et al. (2009) characterize the socially optimal price-

delay menu and scheduling policy for heterogeneous customers. Motivated by the substatntial

waiting times at some U.S.–Canada border crossing stations, Guo and Zhang (2013) study cus-

tomers’ lane choice behavior and congestion-based staffing policies for a multi-server system that

offers two options, one free and slower, and the other for a fixed price and faster. Some papers on

the revenue-maximization problem for heterogeneous customers restrict the scheduling policy, cus-

tomers’ service class choices, or both (cf. Lederer and Li (1997), Boyaci and Ray (2003), Maglaras

and Zeevi (2005), Allon and Federgruen (2009), Zhao et al. (2012), Afèche et al. (2013)). Afèche

(2004) initiated a stream of revenue-maximization studies that design jointly optimal prices and

scheduling policies in the presence of incentive-compatibility constraints (cf. Katta and Sethu-

raman (2005), Yahalom et al. (2006), Afèche (2013), Maglaras et al. (2014)). The conventional

wisdom that emerges from all of these unit-demand studies is that offering priorities has positive

value only if customers have heterogeneous delay costs. In contrast, only a few papers consider

customers who have demand for multiple uses and who are heterogeneous in this attribute: some

have high, others have low demand. Rao and Petersen (1998) and Van Mieghem (2000) consider

the welfare-maximization problem. Rao and Petersen (1998) study a model with pre-specified pri-

ority delay functions, which eliminates the scheduling problem. Van Mieghem (2000) considers the

menu design question jointly with the optimal scheduling problem under convex increasing waiting

cost functions. Papers that consider the revenue-maximization problem under restriction to FIFO

service establish the optimality of fixed-up-to tariffs (Masuda and Whang 2006) or compare the

performance of simpler tariffs, namely, subscription-only versus pay-per-use pricing (Randhawa

and Kumar (2008), and Cachon and Feldman (2011)). Finally, Plambeck and Wang (2013) con-

sider revenue maximization with multiple-use customers whose service valuations are subject to

hyperbolic discounting. This model captures the preference structure for unpleasant services. The

optimal mechanisms they study are tailored to such settings, which are in marked contrast to the

more pleasant services that fit our model.

2. Model

We consider a capacity-constrained monopoly firm that designs a menu of price-service plans for

customers that differ based on their maximum demand rate for the service and the value they

derive from each usage. Customers are delay-sensitive and prefer faster service. There are two

customer types, indexed by i = 1, 2. The market for each type consists of a fixed, large number

of potential customers, Ni. We assume that all customers have the same waiting cost, c, per unit

time in the system (including service). This assumption eliminates waiting cost heterogeneity as

the driver of delay differentiation, the focus of virtually the entire previous literature on priority
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pricing. Rather, we focus on identifying the conditions for optimal delay differentiation to arise as

a result of demand rate heterogeneity.

We consider a service for which the expected value derived from each use is constant and for

which customers have a limited expected number of opportunities to partake in the service. For

services where subscriptions or per use sales are available, such as attending the ballet or going to a

ski resort, many customers have some notion of the value that a single service will provide. Further,

this value is constant, ex ante, in that how rewarding the service will be, depends on a number

of factors (such as weather or performer) so that the true value is a random variable. For many

such services customers would engage in the activity as much as possible, however, availability of

time limits the number of uses. Therefore, we consider a setting where when making a purchasing

decision for future use, type i customers expect that they will use the service up to a rate γi times

per season. Without loss of generality (w.l.o.g.), we assume γ1 > γ2. Type-i customers expect to

receive a constant marginal value ri for each service usage. Therefore, niγi is the total value rate

that a type-i customer receives per unit time if they use the service at every opportunity. We

assume that the firm knows the aggregate demand information (ri, γi, and Ni for i= 1,2, and c).

In Section 6.1 we explain how the results and the underlying optimality conditions extend under

general decreasing marginal value functions.

The firm operates a service facility with fixed capacity, µ. (Our results characterize the optimal

menu as a function of µ.) We assume that the service operates as an M/M/1 queue. We further

assume γi << µ, implying that while customers may use the service multiple times during the

season, each customer’s usage of the capacity is relatively insignificant. We model the total demand

rate of each customer type as a Poisson process. This involves two assumptions: that the arrival

process is independent of how many customers are in the system and that this arrival process is

Poisson. Both assumptions are defendable in our settings as long as the number of customers of

each type, Ni, is very large and their usage rate, γi is very small. Such settings are consistent

with the types of service firms we are modeling (amusement parks, ski resorts, etc.). Specifically,

using the Palm-Khintchine Theorem – see Heyman and Sobel (1982, p. 160) – the superposition

of infinitely many independent arrival processes each with an infinitesimal arrival rate is a Poisson

process. Therefore, under our assumptions and when different user’s service opportunities are

independent of each other, the total demand process will be (approximately) Poisson. Moreover,

with both assumptions and at reasonable capacities, the total number of customers in queue is still

relatively small in comparison to N . That is, the total demand rate can be considered practically

independent of the number of customers in the system. Further support for approximating a finite

population by an infinite one can be found in, e.g., Cachon and Feldman (2011) for a pricing with

congestion setting, Green and Savin (2008) for a healthcare setting, Afèche et al. (2017) for a
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customer relationship management setting, and Lariviere and Mieghem (2004) in the context of

competition.

The service provider first designs and announces a static menu of price-service plans for up to

two service classes, indexed by j = 1,2. Customers then choose from the menu the class of service to

purchase as detailed below. To be clear, “class” refers to the attributes of a service option, “type”

refers to those of a customer. We also refer to class-j service as plan j where it is natural to do

so. The restriction to two service classes is w.l.o.g. in our model. (The provider cannot generate

more revenue by offering more service classes than customer types.) The menu specifies for each

class a usage rate-dependent tariff (or price function) and the expected waiting time a customer

will encounter at each visit to the facility.

Let Pj(x) be the total per season revenue generated by a customer with usage rate x who chooses

class-j service, j ∈ {1,2}. This form is general and can represent any pricing scheme including

a service class with unlimited usage at a subscription price, a two-part tariff with or without a

maximum usage rate, or a simple per use price. If, for example, Pj(x) were a two-part tariff with

subscription fee Fj and price per use of pj, then Pj(x) = Fj + pjx.

Let Wj be the expected waiting time (or lead time, including service time) for class-j service. We

require Wj’s to be consistent with the average steady-state wait times that are realized given the

provider’s scheduling policy and customer usage. This consistency requirement may be enforced by

auditors or third party review sites. Practically, for the motivating examples, social media provides

a means for customers to learn the expected wait times prior to purchase. See Afèche (2013) for

further discussion.

We do not assume a specific scheduling policy but rather let the provider choose any non-

anticipative and regenerative policy. This appears to be the most general, easily described restric-

tion of admissible policies that guarantees the existence of long run waiting time averages. We allow

preemption, which simplifies the analysis without affecting the results (under priority scheduling

with preemption, the waiting time of the prioritized class does not depend on the workload of the

non-prioritized class).

Given the menu, customers decide whether to seek service, and if so, choose a plan to maximize

their expected total utility. Their decision is based on their value per use and their expected

waiting times, noting we allow them to optimize their usage rate (within the bounds set by each

service plan). Each customer makes a decision at the start of the season (or when their first service

opportunity arises). Customers are risk neutral. They do not observe the queue. This assumption

is common in related papers. For the motivating applications, the notion is that the queue cannot

be observed by the customer even at the time of purchase as it may be spatially or temporally

removed from the ticket window.
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Let xi be the usage rate of a type-i customer and let nj be the number of class-j plans sold.

We assume 0 ≤ xi ≤ γi and 0 ≤ nj ≤ Nj. (For simplicity, we treat ni as a continuous variable

throughout, rather than as an integer; given large Ni, this is a mild assumption.)

From these definitions, the total expected utility of a type-i customer who buys a class-j plan

and uses it at rate xi is (ri− cWj)xi−Pj(xi), where ri− cWj is her expected net value from every

service opportunity. Let ui(xi) denote the utility of a type-i customer who buys a class-i plan and

uses it at rate xi. So

ui(xi) = (ri− cWi)xi−Pi(xi). (1)

As a benchmark, we first investigate the firm’s revenue maximization problem under the Full

Information setting where the firm can distinguish the customer type. We then turn to the Private

Information setting for the Aggregate Control Model in Section 4. In this model the provider cannot

track and limit individual usage so that customers choose to use the service at their maximum

rate, i.e., xi = γi. The firm optimizes over nj. We then consider the Individual Control Model in

Section 5 where the firm does not control the number of service plans it sells, but can track and

limit the usage of individual customers. Here nj =Nj and the firm optimizes over xi.

3. Full Information Setting

In the Full Information (FI) setting the firm can distinguish between the customer types, assign a

price for each customer type, and enforce the customers to pay that price if they use the service.

Initially, consider the case where the firm can track individual customer usage so that it can dictate

xi. (We relax this assumption at the end of the section.) In the FI setting, the firm maximizes its

profit by simultaneously choosing the number of customers, ni, their usage rate, xi, the pricing,

Pi(xi), and the prioritization that subsequently defines the waiting time, Wi, for each class. The

firm’s policy is constrained by the need for customers to receive non-negative utility.

In the FI setting the problem is:

ΠFI = max
ni, xi,Wi, Pi(xi)

∑
i

niPi(xi) (2a)

subject to ui(xi) = (ri− cWi)xi−Pi(xi)≥ 0 for i= 1,2 (2b)

Wi ≥
1

µ−nixi
for i= 1,2 (2c)

∑
i

nixiWi ≥

∑
i

nixi

µ−
∑
i

nixi
(2d)

0≤ ni ≤Ni for i= 1,2 (2e)

0≤ xi ≤ γi for i= 1,2. (2f)
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The objective function gives the total revenue rate of the firm. Constraint (2b) is the individual

rationality (IR) constraint. If type-i customers receive zero utility from buying class-i at their

optimal rate, we assume they prefer buying class i over not seeking service. (As the firm controls

ni, the equilibrium participation is unique and so is the resulting revenue.) Constraints (2c) and

(2d) define the achievable region for the waiting time. Constraint (2c) ensures for each class that

the waiting time is bounded below by the minimum feasible waiting time for class-i under strict

preemptive priority in an M/M/1 queue. Constraint (2d) verifies that the (weighted) average wait

time for both service classes is bounded below by the minimum achievable, non-idling waiting time

(for work-conserving policies (2d) is binding). Constraints (2e) and (2f) enforce the non-negativity

and upper bounds for each customer type.

We can simplify the problem by eliminating the pricing, Pi(xi), and waiting times, Wi, as follows.

Observe that in maximizing the objective function, the individual rationality constraints, (2b), are

binding. Therefore the price for class-i service in the FI solution must satisfy

Pi(xi) = (ri− cWi)xi.

The objective function can then be written as∑
i

nixiri− c
∑
i

nixiWi,

or, letting λi = nixi be the demand load from type-i customers,∑
i

λiri− c
∑
i

λiWi.

Rewriting (2d) ∑
i

λiWi ≥

∑
i

λi

µ−
∑
i

λi

it is evident that, because both customer types have the same delay cost, for any fixed λ1 and

λ2, every work-conserving policy is optimal. In particular, let W be the waiting time under FIFO

service. That is,

W1 =W2 =W =
1

µ−
∑
i

λi

is optimal given λi. Therefore, letting Λi =Niγi, we can reduce the Full Information problem to

ΠFI = max
λ1,λ2

∑
i

λi

(
ri−

c

µ−λ1−λ2

)
(3a)

subject to 0≤ λi ≤Λi for i= 1,2. (3b)

For a given µ, let λFI
i be the optimal usage rate for all type i customers in the FI setting. The

solution to (3) depends on which of the customer types has higher marginal value, ri, and on the

capacity of the firm as characterized by the following proposition:
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Figure 1: FI Setting Optimal Policy as a Function of Capacity

Proposition 1 In the FI setting FIFO service is optimal. For ri ≥ rj, i, j ∈ {1,2}, i 6= j, there exist

four thresholds over the capacity KF
0 <KF

1 ≤KF
2 <KF

3 such that:

1. For µ≤KF
0 , the provider does not serve any customers, λFI

1 = λFI
2 = 0.

2. For KF
0 < µ <KF

1 , the provider serves type-i customers exclusively, but only partially, such

that 0<λFI
i <Λi, λ

FI
j = 0.

3. For KF
1 ≤ µ≤KF

2 , the provider serves type-i customers exclusively and fully, such that λFI
i =

Λi, λ
FI
j = 0.

4. For KF
2 <µ<KF

3 , the provider serves type-i customers fully (λFI
i = Λi), and type-j customers

partially (0<λFI
j <Λj).

5. For µ≥KF
3 , the provider serves type-i and type-j customers fully, such that λFI

i = Λi, λ
FI
j = Λj.

Proposition 1 implies that as the capacity increases, the higher-value type-i customers are allo-

cated capacity initially, and lower-value type-j customers are served only if there is sufficient

residual capacity, as would be expected. In doing so, the firm engages in a revenue skimming policy

for its capacity. The policy is illustrated in Figure 1.

Since λi = nixi, the reduced form of (3) implies there is a symmetry between ni and xi. This

implies that the Aggregate Control Model is equivalent to the Individual Control Model in the

Full Information setting. Let nFI
i be the number of type-i customers that are served and let xFI

i

be the optimal usage rate of the type-i customers in the FI setting. Under the Aggregate Control

Model, discussed next, the firm determines ni assuming type-i customers use the service at rate

γi. Thus in the FI case, the solution to the Aggregate Control problem is given by setting xFI
i = γi

and nFI
i = λFI

i /γi. Similarly in the Individual Control Model, the firm offers plans which limit

customers’ usage rate to xi, but sells to all customers. In this case, for the Full Information setting,

xFI
i = λFI

i /Ni and nFI
i =Ni.
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Remark 1 For µ≤KF
2 the Private Information solutions studied in Sections 4 and 5 match the

FI solution, i.e., serving only the higher-value type is optimal. Therefore, we focus henceforth on

µ>KF
2 .

4. Private Information Setting - Aggregate Control Model

In the Private Information (PI) setting, we assume the firm cannot distinguish between customers’

types. To be specific we assume that the firm cannot determine the type of a customer prior to

their first purchase of the season or based on their usage during the season. If their type can be

identified from usage, we assume that the firm cannot take advantage of that information. For

example, the firm does not change their service menu during the season, i.e., as assumed, the

menu is static. In particular, for customers that purchase a season pass, the firm has already been

paid and differentiating service based on a customer’s true type would be difficult as the pass

would constitute a contract. For customers that pay per use, they may do so without identifying

themselves so that tracking their type may be difficult.

Since the firm cannot distinguish between the types, customers choose from the menu to max-

imize their expected utility. The firm cannot designate a class of service to a particular type of

customer without providing an incentive to ensure they choose one plan over another. We restrict

attention w.l.o.g. to menus ensuring incentive compatibility (IC) that target class-i service to type-

i customers such that they weakly prefer class i or no service over service in class j 6= i. (Based

on the revelation principle (e.g., Myerson (1997)), mechanism design problems restrict attention

w.l.o.g. to IC direct revelation mechanisms in which each customer directly reveals her type. The

mechanism described below is an “indirect mechanism” that is equivalent to a direct mechanism

and more naturally describes the purchase process.)

Remark 2 For the sake of analytic simplicity, and without loss of optimality, we can restrict the

choice of tariffs to the class of Fixed-Up-To (FUT) tariffs. (We discuss alternative optimal pricing

schemes later.) A FUT tariff for class-i service is characterized by two parameters, a maximum

usage rate xi per season and a constant (total) price Pi. It is known that any optimal menu of

non-linear tariffs can be implemented by a menu of FUT tariffs with the same usage rates and

payments (see Masuda and Whang 2006, Theorem 2).

4.1. Aggregate Control Model

In the Aggregate Control model, we assume the firm can track the number of plans sold of each

class, however, the firm cannot track the usage of the service by an individual. Thus, even if the

firm wanted to restrict the usage rate of an individual, each person could purchase multiple copies

of any plan in order to use the service at any rate of their choosing. As all customers can choose
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to use the service at any rate, and given that a type-i customer sees a constant value ri for usage,

they will choose to use the service at their maximum rate γi if they purchase a plan. Therefore, the

type-i usage rate is xi = γi so we can restrict attention to FUT tariffs for class-i with maximum

usage rate γi, and optimal fee Pi that remains to be determined. Thus the firm can only control

the usage in aggregate by determining ni, the number of class-i plans to sell. To simplify notation

we let ui = ui(γi) in this section.

For the Aggregate Control Model, we need to add an IC constraint eliminating the possibility

of a high-use type-1 customer representing himself as a type-2 customer and purchasing multiple

copies of class-2 service. In particular, a type-1 customer would require a minimum of γ1/γ2 copies

of class-2 service assuming each is used as planned at rate γ2 (we ignore integrality constraints).

Therefore, we require the expected annual cost for a high demand type-1 customer to use class-1

service to be less than the cost to use class-2 service, i.e.,

P1 + cW1γ1 ≤
γ1

γ2

P2 + cW2γ1,

or equivalently

u1 ≥ γ1(r1− cW2)− γ1

γ2

P2, if n2 > 0.

The low demand type-2 customers have no incentive to purchase more than a single class-1 plan,

so that IC requires that

u2 ≥ γ2(r2− cW1)−P1 if n1 > 0.

The firm’s Private Information problem for the Aggregate Control model is as follows (the firm

chooses the menu and the number of passes simultaneously):

ΠA = max
ni,ui,Wi,Pi

∑
i

niPi (4a)

subject to ui = γi(ri− cWi)−Pi ≥ 0 for i= 1,2 (4b)

u1 ≥ γ1(r1− cW2)− γ1

γ2

P2 if n2 > 0 (4c)

u2 ≥ γ2(r2− cW1)−P1 if n1 > 0 (4d)

Wi ≥
1

µ−niγi
for i= 1,2 (4e)∑

i

niγiWi ≥
∑

i niγi
µ−

∑
i niγi

(4f)

0≤ ni ≤Ni for i= 1,2. (4g)

This formulation is almost identical to (2), with the addition of the IC constraints.
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We consider two cases. In the first, referred to as the Increasing Order, the marginal value of each

use is increasing in the demand rate, i.e., r1 > r2. In the second case, referred to as the Decreasing

Order, r1 < r2. (Throughout we ignore the trivial case where r1 = r2.) We show that in any solution,

the customer type that values the service less receives zero utility.

Lemma 1 If r1 > r2, u2 = 0. Otherwise, if r1 < r2, u1 = 0.

4.2. Aggregate Control, Increasing Order

For the Increasing Order case with r1 > r2, by Lemma 1, u2 = 0, implying P2 = γ2(r2 − cW2).

Substituting for P2 into the high-demand type’s IC constraint (4c), we have

u1 ≥ γ1/γ2(γ2(r1− cW2)− γ2(r2− cW2)) = γ1(r1− r2)> 0 if n2 > 0. (5)

Importantly, the utility of type-1 is independent of the class-2 delay. This follows because type-1

have the higher demand rate than type-2. The right-hand-side of the inequality reflects the utility

that type-1 can get from γ1/γ2 class-2 passes. Since type-1 have the higher demand rate, they would

use each class-2 plan at the same rate as type-2, γ2, and therefore incur the same aggregate delay

cost per pass, cγ2W2. Since this delay cost is reflected in the class-2 price, i.e., P2 = γ2(r2− cW2),

the type-1 utility per type-2 pass is independent of the class-2 delay. Simplifying (4d) results in

the problem

ΠA = max
ni,u1,Wi

∑
i

niγi(ri− cWi)−n1u1 (6a)

subject to u1 ≥ 0 (6b)

u1 ≥ γ1(r1− r2) if n2 > 0 (6c)

u1 ≤ γ1(r1− cW1)− γ2(r2− cW1) if n1 > 0 (6d)

Wi ≥
1

µ−niγi
for i= 1,2 (6e)∑

i

niγiWi ≥
∑

i niγi
µ−

∑
i niγi

(6f)

0≤ ni ≤Ni for i= 1,2. (6g)

We show:

Proposition 2 (Aggregate Control, Increasing Order) For r1 > r2, FIFO is optimal. Type 2 is

served at some capacity if and only if (N1γ1 +N2γ2)r2 >N1γ1r1. In this case there exists a finite

threshold KA
2 >KF

2 , where KF
2 is defined in Proposition 1, such that both types are served if and

only if µ>KA
2 . Moreover, u1 = γ1(r1− r2), for µ>KA

2 and ΠA <ΠFI for µ>KF
2 .
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The major point of Proposition 2 is that under the Increasing Order, FIFO service is optimal.

(Note, Masuda and Whang (2006) who study a similar model to this case assume FIFO service.)

In the most natural case where the firm establishes sufficient capacity to serve both types of

customers, i.e., µ > KA
2 , we see that the firm must provide the type-1 customers with utility

u1 = γ1(r1− r2)> 0, lowering the revenue it receives. This surplus utility is independent of delay,

which is key in understanding why FIFO is optimal for the Increasing Order.

Further, when both types are served, (4c) and u1 = γ1(r1− r2) imply P1 = γ1(r2− cW ), so

P1

γ1

=
P2

γ2

= r2− cW.

That is, both types pay the same amount per use, which implies that charging per use is also an

optimal pricing scheme. The condition in Proposition 2, (N1γ1 +N2γ2)r2 >N1γ1r1, requires that

there are sufficiently many low-marginal-value type-2 customers so that, at ample capacity, the

firm can generate more revenue from all customers paying the lower rate, r2 − cW , than can be

generated from type-1 customers alone paying r1− cW .

4.3. Aggregate Control, Decreasing Order

We next consider the Decreasing Order case where r1 < r2, i.e., the customers with higher demand

have lower marginal value per use. Our main result is that it may be optimal to prioritize the

type-1 customers (W1 <W2). Whether to prioritize depends on the capacity and also on the types’

total valuation of the service per unit time given by riγi. We consider two sub-cases:

• Low value rate: the total (as opposed to marginal) value per unit time of a type-1 customer

is less than that of a type-2 customer (r1γ1 ≤ r2γ2). In this case, type-1 customers are not

particularly attractive customers for the firm. They neither value the service highly per use

nor per unit time. However, if there are a sufficient number of them, and given sufficient

capacity, the firm will serve them with strict priority, in order to raise the price they pay and

reduce the surplus utility of type-2 customers. Type-2 customers would still receive positive

utility (u2 > 0), so that the PI revenue falls short of the FI revenue.

• High value rate: the total value per unit time of a type-1 customer is greater than that of

a type-2 customer (r1γ1 > r2γ2). In this case, the type-1 customers are more attractive to

the firm, irrespective of their number. While for low capacity, they are not served, at some

intermediate capacity, it is optimal to prioritize them while possibly giving surplus utility to

type-2 customers. However, at sufficiently high capacity, the firm can achieve the FI revenue

with FIFO service by extracting the full value from both types.
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We rewrite the Aggregate Control problem for the Decreasing Order case to simplify its analysis.

By Lemma 1, u1 = 0. Substituting into (4c) and simplifying implies u2 ≤ γ2(r2 − r1). If type-1

customers are served, constraint (4d) implies u2 ≥ γ2(r2 − cW1)− γ1(r1 − cW1). Combining these

simplifications we can write the problem as:

ΠA = max
ni,Wi

∑
i

(niγi(ri− cWi))−u2n2 (7a)

subject to u2 ≥ 0 (7b)

u2 ≥ γ2r2− γ1r1 + (γ1− γ2)cW1 if n1 > 0 (7c)

u2 ≤ γ2(r2− r1) if n2 > 0 (7d)

Wi ≥
1

µ−niγi
for i= 1,2 (7e)

∑
i

niγiWi ≥

∑
i

niγi

µ−
∑
i

niγi
(7f)

0≤ ni ≤Ni for i= 1,2. (7g)

The individual rationality constraint is given by (7b). Constraint (7c) expresses the conditional IC

constraint for type-2 which is active if class 1 is offered. The multiple copy purchase constraint is

given by (7d).

Definition 1. Let

W̃ =
r1γ1− r2γ2

c(γ1− γ2)
.

For a service with W = W̃ , γ1(r1− cW ) = γ2(r2− cW ) implying both types receive the same utility

per unit time. That is, W̃ is a critical waiting time, dependent only on the model parameters, that

determines whether the class-1 delay, W1, requires surplus utility for the IC constraint (7c) to hold.

In particular, the right hand side (RHS) of (7c) is strictly positive iff W1 > W̃ . We can rewrite (7c)

as

u2

c(γ1− γ2)
≥W1− W̃ if n1 > 0. (8)

Inequality (8) is the fundamental constraint governing the solution in the Decreasing Order case.

It implies that if, for a given capacity, the FIFO waiting time, W , exceeds W̃ , then the RHS of

(8) is strictly positive, so for optimality it must be that either type-1 customers are not served

(n1 = 0), or if they are served, then to reduce u2, they are served with priority (W1 <W2) or type-2

customers receive some surplus utility (u2 > 0), or both.
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Low value rate sub-case With both low marginal valuation for each usage (r1 < r2) and a

low total value rate (r1γ1 ≤ r2γ2), W̃ < 0, implying when type-1 customers are served, it must be

that the type-2 customers receive positive utility while the type-1 customers receive strict priority

service. We show that the firm needs both sufficient capacity and a sufficient number of type-1

customers to find value in serving these customers.

Proposition 3 (Aggregate Control, Decreasing Order, Low Value Rate) For r1 < r2 and γ1r1 ≤

γ2r2, type 1 is served at some capacity if and only if (N1 +N2)r1γ1 >N2r2γ2. In this case, there

exists threshold KA
2 with KF

2 <KA
2 <∞, where KF

2 is defined in Proposition 1, such that ΠA <ΠFI

and the following holds for µ>KF
2 :

1. For µ≤KA
2 only type 2 is served.

2. For µ>KA
2 both types are served, with type 1 receiving absolute priority and u2 = γ2r2−γ1r1 +

(γ1− γ2)cW1 > 0.

The condition in Proposition 3, (N1 +N2)r1γ1 >N2r2γ2, implies that there is a sufficient number

of type-1 customers so that there is more value from all customers paying the lower rate, r1γ1,

than can be generated from the type-2 customers alone paying r2γ2. In this case, given sufficient

capacity, we find that the type-1 customers are served with absolute priority. The firm uses price

discrimination in order to deter type-2 customers from buying class-1 service. Observe, P1−P2 =

(r1−cW1)γ1−((r2−cW2)γ2−u2) = cγ2(W2−W1)> 0, where the inequality holds because W1 <W2

under strict priorities. Note that the price discrimination relies on delay differentiation. As µ→∞,

Wi→ 0, so that P1−P2→ 0. Note, however, that type-2 customers receive utility u2 = r2γ2− r1γ1

as µ→∞. As a result, ΠA <ΠFI when both classes are served.

High value rate sub-case We now consider the sub-case where r1γ1 > r2γ2. Here, the type-1

customers are very attractive if one considers the rate at which they generate value. We show,

in contrast to the low value rate sub-case, one might not need to give a surplus or even provide

priority to class 1 in order to serve them. That is, with sufficient capacity, the firm can perfectly

discriminate between the customer types.

Proposition 4 (Aggregate Control, Decreasing Order, High Value Rate) For r1 < r2, and γ1r1 >

γ2r2, there exist thresholds KA′
2 , KA

3 , and KA
4 with KF

2 ≤ KA′
2 ≤ KA

3 < KA
4 <∞, where KF

2 is

defined in Proposition 1 such that:

1. For µ≤KA′
2 only type 2 is served and for µ>KA′

2 both types are served.

2. For KA′
2 < µ≤KA

3 , type 1 is served with absolute priority, nA1 < nFI
1 , and u2 = γ2r2 − γ1r1 +

c(γ1− γ2)W1 ≥ 0.

3. For KA
3 <µ<K

A
4 , type 1 is served with some priority, nA1 = nFI

1 , and u2 = 0.
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Figure 2: PI, Aggregate Control, High Value Rate Sub-Case Setting Optimal Policy as a Function
of Capacity µ and type-2 market size N2. Region boundaries are given by KF

2 , KA′
2 ,KA

3 , and KA
4 ,

as functions of N2.

4. For µ≥KA
4 , the FI solution with FIFO is optimal, nA1 = nFI

1 , and u2 = 0.

Moreover ΠA <ΠFI for KF
2 <µ<KA

3 and ΠA = ΠFI for µ≥KA
3 .

The four cases given in Proposition 4 describe which customers are served, the priority given,

and the utility received. To understand what holds, consider the critical waiting time, W̃ from

Definition 1. Here W̃ > 0 so that the fundamental constraint (8) implies if type-1 customers are

to be served and if the waiting time under FIFO, W > W̃ for a given (low) capacity µ, then they

must be served with some priority, and possibly u2 > 0. On the other hand, with high capacity, (8)

is satisfied with FIFO service, something that could not happen in the low value rate sub-case.

Figure 2 depicts the thresholds as functions of N2 and µ. (The figure is shown for the case of

large N1γ1; slightly different threshold forms hold for smaller values–see the proof of Proposition 4.)

In region I, only type 2 is served. When KF
2 <µ<KA′

2 (depicted as Region 1B), both classes are

served in the FI solution, but n1 = 0 in the PI solution.) In region II, type 1 is served with priority

and class-2 may receive polisitve utility depending on N2 and µ. In region III, all type-1 customers

served in the Full Information case are served (n1 = nFI
1 ), but with priority; class 2 customers

receive no utility. In region IV, all type-1 and type-2 customers are served FIFO as in the Full

Information case.

Proposition 4 shows, in contrast to the low value rate case, that type-1 customers need not be

served with priority. Because W̃ > 0, when the capacity exceeds KA
3 (and KF

2 ), the IC constraint

is no longer binding and only the IR constraints are binding. As such, the firm can perfectly
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discriminate between the two customer types and achieve the Full Information revenue. Effectively,

with low waiting times, the firm can offer two FUT tariffs, one for use at rate γ1 and one at rate

γ2.

5. Private Information Setting - Individual Control Model

In this section we assume, as in Section 4, that the firm cannot distinguish between the customer

types before their first purchase of the season. However, in the Individual Control Model the

provider can track the usage of individual customers and limit each customer to buying a single

plan. Therefore, the firm can limit individual usage rates through the tariff structure, so it optimizes

over xi. If the firm does not offer class-i service, xi = 0. The firm does not control the number

of service plans, so ni =Ni. As we show below, the results are similar to the Aggregate Control

Model. Most importantly, in the Decreasing Order case, it is optimal to prioritize the high-demand,

low-marginal-value type 1 customers for a significant capacity range.

As in the Aggregate Control Model, we restrict attention to FUT tariffs for the analysis (see

Remark 2). However, in the Individual Control Model the provider optimizes over both parameters

of the class-i tariff, the maximum usage rate xi and the flat fee Pi.

For the Individual Control model, the objective is to maximize
∑

iNiPi =
∑

iNi(xi(ri−cWi)−ui)

over xi, ui, and Wi. The IR constraints remain as ui ≥ 0. Incentive compatibility requires that ui

exceed the maximum expected utility of a type-i customer who purchases a class-j plan (if class-j

is offered) with delay Wj, fee Pj, and maximum usage rate xj. That is,

ui ≥min(γi, xj)(ri− cWj)−Pj

for i 6= j. For type-1 customers since γ1 >γ2 ≥ x2, this implies

u1 ≥ x2(r1− cW2)−P2. (9)

For type-2 customers

u2 ≥
{
x1(r2− cW1)−P1 if x1 ≤ γ2

γ2(r2− cW1)−P1 if γ2 ≤ x1 ≤ γ1
(10)

As before we specialize the Private Information model to the Increasing and Decreasing Orders.

5.1. Individual Control Model, Increasing Order

In the Increasing Order, r1 > r2, and by Lemma 1, we have u2 = 0 implying P2 = x2(r2 − cW2).

Then substituting for P1 = x1(r1 − cW1)− u1 and u2 = 0 in the objective function, (9) and (10),

the firm’s Private Information problem for the Individual Control model is

ΠI = max
u1xi,Wi

∑
i

Nixi(ri− cWi)−N1u1 (11a)
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subject to u1 ≥ 0, (11b)

u1 ≥ x2(r1− r2), (11c)

u1 ≤
{
x1(r1− r2), if x1 ≤ γ2,
x1r1− γ2r2 + (γ2−x1)cW1, if γ2 ≤ x1 ≤ γ1,

(11d)

Wi ≥
1

µ−Nixi
for i= 1,2, (11e)∑

i

NixiWi ≥
∑

iNixi
µ−

∑
iNixi

, (11f)

0≤ xi ≤ γi for i= 1,2. (11g)

The problem is similar to (6) with the decision variables xi replacing the constants γi as appropriate.

In particular, the utility of the high-marginal-value type 1 is independent of delay in both problems,

compare (11c) with (6c). Therefore the result is similar to Proposition 2:

Proposition 5 (Individual Control, Increasing Order) For r1>r2 FIFO is optimal. Type 2 is

served at some capacity if and only if N2r2>N1 (r1− r2). In this case there exists a finite threshold

KI
2>K

F
2 , where KF

2 is defined in Proposition 1, such that both types are served if and only if µ>KI
2 .

Moreover, xI1 = γ1 and u1 = xI2 (r1− r2)>0 for µ>KI
2 , and ΠI<ΠFI for µ>KF

2 .

Most importantly, FIFO is optimal at all capacity levels, like in the Increasing Order case under

Aggregate Control. The driver of this result is the same in both models: The utility of the high-

marginal-value type 1 is independent of delay, and this follows because type-1 has a higher demand

rate than the usage rate of type 2. To be specific, consider how the type-1 IC constraint (15c)

follows from (13). Rewrite (13) and substitute P2 = x2 (r2−W2) to obtain

u1 ≥min(x2, γ1) (r1− cW2)−P2 = x2 (r1− cW2)−x2 (r2− cW2) .

The type-1 utility is bounded below by their maximum utility in class-2. This utility equals the

difference between type 1’s (total) net value rate from class-2, min (x2, γ1) (r1− cW2), and type 2’s

net value rate from class-2, x2 (r2−W2) = P2. Since the demand rate of type-1 customers exceeds

the usage rate of type-2, both types would use a class-2 plan at its maximum rate, x2, and therefore

incur the same aggregate delay cost in that class, x2cW2. Therefore, the difference between the

types’ net value rates in class 2 reduces to the difference in their total gross value rates, so that

u1 ≥ x2 (r1− r2) as shown in (15c). (In the Aggregate Control Model the same logic applies to each

copy of a class-2 plan considered by type-1.)

Note u1 = xI2 (r1− r2) in Proposition 5, whereas u1 = γ1 (r1− r2) in Proposition 2. Under Indi-

vidual Control type-1 customers receive lower utility compared to Aggregate Control (recall xI2 ≤

γ2 <γ1), because the provider can restrict the class-2 usage rate. Therefore, class-1 offers a higher
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maximum usage-rate than class-2, making class-1 more attractive to the high-demand type 1. As

a result, under Individual Control type-1 customers pay a higher price per use than type-2:

P1

x1

=
x1 (r1− cW )−u1

x1

=
x1 (r1− cW )−x2 (r1− r2)

x1

> r2− cW,

P2

x2

=
x2 (r2− cW )

x2

= r2− cW.

In other words, the provider can generate more revenue by selling multi-use plans than by charging

per use. (In contrast, recall under Aggregate Control charging per use is also optimal.)

5.2. Individual Control, Decreasing Order

In the Decreasing Order, r1 ≤ r2, and by Lemma 1, we have u1 = 0 implying P1 = x1(r1 − cW1).

Making similar substitutions as in (11) we have

ΠI = max
xi,u2,Wi

∑
i

Nixi(ri− cWi)−N2u2 (12a)

subject to u2 ≥ 0 (12b)

u2 ≤ x2(r2− r1), (12c)

u2 ≥
{
x1(r2− r1) if x1 ≤ γ2,
γ2r2−x1r1 + (x1− γ2)cW1 if γ2 ≤ x1 ≤ γ1,

(12d)

Wi ≥
1

µ−Nixi
for i= 1,2, (12e)∑

i

NixiWi ≥
∑

iNixi
µ−

∑
iNixi

, (12f)

0≤ xi ≤ γi for i= 1,2. (12g)

Problem (12) is similar to (7), with one key difference. By the IC constraint (12d), the utility

of the high-marginal-value type 2, u2, is delay-independent if x1 ≤ γ2. (This case does not arise

under Aggregate Control since x1 = γ1, see (7c)). For x1 ≤ γ2 the logic of the Increasing Order case

applies: Since the type-2 demand rate exceeds the class-1 usage limit, type-2 consider class-1 with

the same usage rate as type-1, so both types incur the same aggregate delay cost in that class, and

the difference between their class-1 net value rates equals x1 (r2− r1). Therefore, if 0< xI1 ≤ γ2 at

optimality, FIFO is optimal and u2 = xI1 (r2− r1)> 0, see Part 2 of Propositions 6 and 7.

If x1 >γ2, the type-2 utility may be delay-dependent, by the same logic as in the Decreasing Order

case under Aggregate Control: Since the type-2 demand rate is lower than the class-1 usage limit,

type-2 consider class-1 with lower usage rate than type-1, and therefore incur a lower aggregate

delay cost in that class. Therefore, prioritizing type-1 customers may be optimal. In this case the



Afèche, Baron, Milner, and Roet-Green: Pricing and Prioritizing Time-Sensitive Customers
Article submitted to Operations Research; manuscript no. OPRE-2015-01-039 21

solution to (16) again depends on whether type 1 have the lower value rate (r1γ1 ≤ r2γ2) or the

higher value rate (r1γ1 > r2γ2). In particular, we can rewrite (12d) for γ2 ≤ x1 ≤ γ1 as

u2

c (x1− γ2)
≥W1− W̃ (x1) (13)

where W̃ (x1) = (r1x1− r2γ2)/(c(x1− γ2)). In the low value rate case, W̃ (x1) < 0 so that when

x1 > γ2, for (13) to hold for the smallest u2 would imply decreasing the delay of class-1, as much

as possible, i.e., giving strict priority. In the high value rate case for large enough x1, W̃ (x1)> 0

implying that priority for class-1 may not be necessary for (13) to hold.

Low value rate sub-case In the low value rate sub-case, the right hand side of (12d) is always

positive (when class-1 service is offered). For x1 > γ2 this holds because type-2 customers have

both the higher (gross) value rate (γ2r2 − x1r1 ≥ 0) and the lower delay cost (c(x1 − γ2)W1 > 0)

in class-1, so that type-2 derive more value from class-1 than type-1. This implies that the type-2

customers receive positive surplus when class 1 is served, and if x1 > γ2, giving priority to class 1

is optimal. We have the following proposition:

Proposition 6 (Individual Control, Decreasing Order, Low Value Rate) For r1 < r2 and γ1r1 ≤
γ2r2, type 1 is served at some capacity if and only if (N1 +N2) r1γ1 >N2r2γ2. In this case, there

exist thresholds KI
2 and KI

3 with KF
2 <KI

2 ≤KI
3 <∞, where KF

2 is defined in Proposition 1, such

that ΠI <ΠFI and the following holds for µ>KF
2 :

1. For µ≤KI
2 only type 2 is served, and for µ>KI

2 both types are served.

2. For KI
2 < µ≤KI

3 , FIFO is optimal, type 1 has the lower usage rate, i.e., xI1 < γ2 = xI2, and

u2 = xI1 (r2− r1)>0.

3. For µ >KI
3 , type 1 is served with absolute priority and higher usage rate, i.e., xI1 > γ2, and

u2 = γ2r2−xI1r1 + c (xI1− γ2)W1>0.

The key result, Part 3 of Proposition 6, is consistent with Proposition 3 for the Aggregate Control

Model: Giving absolute priority to type-1 customers is optimal for all capacity levels above a finite

threshold KI
3 , whenever it is optimal to serve them with higher usage rate than the demand rate of

the high-value type-2, i.e., xI1 > γ2. In terms of pricing, note that for µ >KI
3 price discrimination

requires delay differentiation. Noting that u2 = x2 (r2− cW2)−P2 = γ2 (r2− cW1)−P1, where the

second equality holds since type-2 are indifferent between the two classes, we have

P1−P2 = γ2 (r2− cW1)−x2 (r2− cW2)> 0.

The inequality holds since γ2 ≥ x2 and W1 < W2 under strict priorities. However, under ample

capacity, as µ→∞, we have Wi→ 0 and xIi → γi, so that P1−P2→ 0, that is, the provider loses

the ability to price discriminate.
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The main difference to Proposition 3 is Part 2 of Proposition 6. Under Individual Control, serving

both types FIFO may be optimal in some intermediate capacity range, i.e., for KI
2 <µ≤KI

3 . This

capacity range exists (i.e., KI
2 <K

I
3 ) if the number of type-1 customers, N1, is sufficiently large. In

this case, the firm finds it profitable to serve them with low usage rate, and the solution mirrors

the Increasing Order case of Proposition 5: FIFO is optimal, as the usage rate of the low-marginal

value type 1 customers is smaller than the demand rate of the high-value type-2, i.e., xI1 <γ2. That

is, under moderate capacity restricting the class-1 usage rate allows the firm to profit from serving

type-1 by keeping class 1 relatively unattractive for type-2, so u2 is low.

High value rate sub-case In this case, the key result is that priorities are always optimal

in some intermediate capacity range, as shown by Proposition 7. Indeed, this optimality result is

stronger than under Aggregate Control as discussed below.

Proposition 7 (Individual Control, Decreasing Order, High Value Rate) For r1 < r2 and γ1r1 >

γ2r2, there exist thresholds KI
2 , KI

3 , KI
4 and KI

5 , with KF
2 <KI

2 ≤KI
3 <KI

4 <KI
5 <∞, where KF

2

is defined in Proposition 1, such that the following holds:

1. For µ≤KI
2 only type 2 is served and for µ>KI

2 both types are served.

2. For KI
2 < µ ≤KI

3 FIFO is optimal, type 1 has the lower usage rate, i.e., xI1 < γ2 = xI2, and

u2 = xI1 (r2− r1)>0.

3. For KI
3 <µ≤KI

4 , type 1 is served with absolute priority and higher usage rate, i.e., xI1 > γ2,

and u2 = γ2r2−xI1r1 + c (xI1− γ2)W1≥0.

4. For KI
4 < µ < KI

5 , type 1 is served with some priority and higher usage rate, i.e., xI1 > γ2,

xI = xFI , and u2 = 0.

5. For µ≥KI
5 the FI solution with FIFO is optimal, xI = xFI with xI1 >γ2, and u2 = 0.

Moreover, ΠI <ΠFI for KF
2 <µ<KI

4 and ΠI = ΠFI for µ≥KI
4 .

For capacity levels below the threshold KI
4 the results and the underlying logic essentially match

those of the low-value rate sub-case. Compare Parts 1-3 of Proposition 7 with Proposition 6.

However, for capacity larger than KI
4 , the firm can achieve the optimal FI revenue by extracting

the full value from both types at the FI usage rates, i.e., xIi = xFIi , and xI1 > γ2. Notably, though

type-2 customers have the higher marginal value they also get zero utility (u2 = 0), because at large

enough capacity they derive less total value from class-1 than type-1 customers under strict priority.

That is, the right-hand side of (12d) is negative: γ2r2 − xF1 r1 + (xF1 − γ2) cW1 < 0, or equivalently

W1−W̃ (xF1 )< 0, because type-2 have the lower value rate (γ2r2−xF1 r2 < 0) and the positive delay

cost difference (xF1 − γ2) cW1 is too small to offset this difference. At moderately high capacity, i.e.,

for KI
4 < µ<KI

5 , extracting all type-2 utility still requires giving type-1 customers some priority

(Part 4 of Proposition 7), whereas for µ≥KI
5 FIFO is optimal (Part 5 of Proposition 7).
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In terms of pricing, in contrast to the low-value rate sub-case where congestion-based delay

differentiation is required for price discrimination, here congestion is detrimental to price discrim-

ination. When delays are low, the provider can eliminate the surplus of both types, by charging

type-1 the higher total fee and type-2 the higher per-use fee. However, high delays make class-1

relatively more attractive to the low-demand type-2 customers, so that u2 > 0.

Finally, we observe that the result on the optimality of priorities is stronger under Individual

Control compared to Aggregate Control (see Proposition 4). Whereas priorities are always optimal

in some capacity range under Individual Control, this is not the case under Aggregate Control.

Notably, if the number of high-marginal value type-2 customers, N2, is sufficiently large, then under

Aggregate Control FIFO is optimal and the FI solution matches the PI solution at all capacity

levels. This discrepancy follows because in the Aggregate Control Model, a given total type-1 usage

rate, λ1 = n1x1, is allocated to a minimum number of customers with maximum usage rate, i.e.,

x1 = γ1 and n1 = λ1/γ1. As a result, type-2 customers always have the lower value rate in either

class, that is γ2r2 < γ1r1, so from this perspective class-1 is maximally unattractive for type-2

customers. Therefore, the provider only needs to give type 2 positive utility if the class-1 delay is

sufficiently high to offset this value deficit. However, for sufficiently large N2 the capacity threshold

where it becomes profitable to open class 1 for service is so large that the class-1 delay is relatively

insignificant, so that class-1 is too expensive for type-2 customers. In contrast, under Individual

Control, the load λ1 is allocated by serving all type-1 customers with the smallest corresponding

usage rate, i.e., n1 =N1 and x1 = λ1/N1. Therefore, the type-1 usage rate gradually increases from

x1 >γ2 to x1 = γ1 as capacity increases.

6. Discussion and Implications

6.1. General Decreasing Marginal Value Functions

Our analysis assumes the simplest demand model that yields our key results on the optimality of

priority service in settings with heterogeneous demand rates. In this section, we show these results

and the underlying intuition extend naturally under general decreasing marginal value functions.

We assume the provider can limit each customer to purchasing a single plan, as in the Individual

Control Model. We provide sufficient conditions for priority service to be optimal by considering

the properties of the PI solution under restriction to FIFO service. To be clear, we make no attempt

to solve the PI problem; we simply assume certain PI solution properties hold under restriction to

FIFO.

Let ri (xi) denote a type-i customer’s marginal value, and Ri (xi) their total value rate, as

a function of their usage rate xi, where Ri (xi) is strictly increasing and strictly concave. For

simplicity we assume Ri (xi) is differentiable, so R′i (xi) = ri (xi) > 0, and limxi→∞ ri (xi) = 0. In
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this notation our original model with constant marginal valuations has ri (xi) = ri1{0≤ xi ≤ γi}

and Ri (xi) = rimin(xi, γi).

We note this model also captures situations where the valuations of a customer’s service oppor-

tunities are i.i.d. random variables whose realizations are observed prior to each use, e.g., tied

to the weather when a skiing opportunity arises. Let service valuations be i.i.d. draws from a

distribution with c.d.f. Fi. Let F i = 1−Fi, and write ri for the marginal (or threshold) value real-

ization this customer requires to go skiing. Then the usage rate as a function of the marginal value

equals xi (ri) = γiF (xi), where γi has the same interpretation as in our model, and conversely,

ri (xi) = F
−1

i (xi/γi) is the marginal value function.

The PI problem formulation parallels the one in Section 5. We focus again on FUT tariffs (recall

Remark 2) with flat rate Pi and usage limit xi. Setting W = 1/ (µ−x1N1−x2N2) for FIFO, the

objective is to maximize
∑

iNiPi =
∑

iNi (Ri (xi)−xicW −ui) over xi and ui. IR requires

ui = max
y≤xi

Ri (y)− ycW −Pi ≥ 0. (14)

IC requires that ui exceed the maximum utility of a type-i in class j 6= i with maximum rate xj:

ui ≥max
y≤xj

Ri (y)− ycW −Pj. (15)

Lemma 2 presents sufficient conditions for optimality of priority service. To parallel our results

where priorities are optimal, we suppose that type 1 has zero utility. Observe this is w.l.o.g. as we

make no assumptions on how the types differ.

Lemma 2 For the optimal PI solution under FIFO service, let xi be the usage rate, Pi the price,

and ui the utility for i = 1,2, and let W be the delay. Suppose both types are served: x1 > 0 and

x2 > 0. Assume w.l.o.g. that u1 = 0, so P1 =R1 (x1)−x1cW .

Let x21 = arg maxy≤x1 R2 (y)− ycW denote the optimal type-2 usage rate in class 1.

Then giving some priority to type-1 generates more revenue if the following two conditions hold:

1. For class-1 type-2 has the lower optimal usage rate than type-1, i.e., x21 <x1. This holds if

r2(x1)< cW ≤ r1(x1). (16)

In this case type-2 also has the lower usage rate in class 2, i.e., x2 <x1.

2. For class-1 type-2 receive the higher net value rate than type-1, so they have positive utility

u2 =R2 (x12)−x21cW −P1 =R2 (x12)−R1 (x1) + c (x1−x21)W > 0. (17)
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We discuss Lemma 2 and revisit our results in its context. In sum, priority service is optimal if,

at the FIFO solution, one type has the lower usage rate and aggregate delay cost in the alternate

class, i.e., (16) holds, and also the higher net value rate in that class, i.e., (17) holds. Under these

conditions the utility of this type is positive and delay-dependent. Together (16) and (17) require

for this type both lower marginal value at higher usage and higher total value from lower usage.

With respect to (16), in our model with γ1 > γ2, lower marginal value at higher usage can only

hold for type-2 and under Decreasing Order (r1 < r2). Specifically, for γ2 < x1 we have r2(x1) =

0< r1(x1) = r1. Otherwise, under Decreasing Order for x1 ≤ γ2, condition (16) is violated, so both

types have the same usage rate and delay cost in class-1, and optimal revenue is achieved by serving

customers FIFO, consistent with our results. Similarly, the Increasing Order (r1 > r2), where type-1

has positive utility, violates condition (16) with the roles of the types reversed, so FIFO is optimal.

When (16) holds, as in our model under Decreasing Order with γ2 < x1, the solution further

depends on (17). In the low value rate sub-case (r2γ2 ≥ r1γ1) strict priority service is always optimal

when there is sufficient capacity to serve both types. In this case type-2 value class-1 more than

type-1 at every delay, because they have not only lower aggregate delay costs but also the higher

value rate, so R2 (x12)−R1 (x1)> 0 in terms of (17).

The high value rate sub-case (r2γ2 < r1γ1) is an intermediate case between the low value rate

sub-case, and the Increasing Order case. Here type-2 have the higher marginal value at lower

usage, but the high frequency of use of type-1 customers implies they derive a higher value rate

at higher usage. Connecting to (17) this case corresponds to limx1→∞R1 (x1) > limx2→∞R2 (x2),

so at large capacity, type-2 customers receive lower value from class-1 service. Therefore type-2

do not necessarily receive surplus utility, nor do they necessarily receive priority service. At lower

capacity the firm may choose to serve type-1 FIFO, at intermediate capacity it will serve type-1

with strict or partial priority, and for high capacity the firm will simply use the FI solution with

FIFO service.

Note also that while our analysis assumes identical sensitivity to waiting for both types, the

preceding discussion implies that the firm can potentially benefit from prioritizing type-1 customers

even if their delay cost per use is lower than that of the type-2 customers, so long as their aggregate

delay cost exceeds that of type-2 customers.

6.2. Price Discrimination: The Interplay of Service Policy and Tariff Structure

Our analysis and results also generate some insights on how the ability to price discriminate

depends on the interplay of the service policy and the tariff structure. From this perspective, our

paper bridges two literatures on price discrimination. The literature on congestion pricing largely

focuses on delay-based service differentiation as a tool for price discrimination in settings with
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unit demand and heterogeneous delay costs. The literature on quantity-based non-linear pricing

focuses by definition on price discrimination in settings with heterogeneous demand rates, and

largely ignores quality/service differentiation as an additional discrimination tool.

In our model both the priority policy and the tariff structure play an important role for price

discrimination. Whereas the paper emphasizes the role of the priority policy, we briefly summarize

some observations concerning the tariff structure.

First, in our model with a common waiting cost, priorities cannot generate more revenue than

FIFO service under per-use pricing. If the firm offers two priority classes, then both must offer the

same full price (sum of price plus delay cost). Furthermore, when customers have the same waiting

cost, the firm cannot gain from reducing the delay of one class and increasing its price, because

this revenue gain is exactly offset by the implied delay increase and price drop of the other class.

Second, under multi-use demand it is well known from classic studies without service differen-

tiation that some form of bundling typically dominates per-use pricing. Similarly, in our analysis

offering at least one of the types a multi-use tariff outperforms a uniform per-use price, also when

FIFO is optimal. One exception is the Increasing Ordering case under Aggregate Control, where

the firm cannot limit usage by definition, so cannot prevent the high-marginal-value/high-demand

type 1 customers from meeting all their demand at the lowest offered price. However, as discussed in

Section 5 the story changes under Individual Control, where the firm can charge type-1 customers

more for high usage, by limiting their usage in class-2 targeted to low-demand customers.

Third, whereas we perform the analysis assuming FUT tariffs for analytic simplicity, there is

a range of optimal pricing schemes. The tariff menu should typically be designed such that the

low-marginal-value/high-demand type-1 customers purchase a subscription, e.g., a season pass. In

cases where type-1 are prioritized, this means bundling is necessary for the effectiveness of priority

service. Charging type-1 a per-use fee is not effective to deter high-marginal-value type-2 customers.

On the other hand, the high-marginal-value customers can also be offered a per-use fee, or a two

part-tariff including a per-use fee under Aggregate Control. Under Individual Control a contract

with usage limit may be offered for both classes.

Finally, our results also shed light on how the effectiveness of delay-based price discrimination

depends on the demand characteristics and the capacity. In the Increasing Order case, FIFO is

optimal regardless of capacity. In the Decreasing Order, low value rate sub-case, even with bundling

price discrimination requires delay-based differentiation, whereas in the high value rate sub-case

congestion is detrimental to price discrimination.

7. The Value of Priority vs. FIFO Service

In this section we numerically compare the revenue received under the Full Information and Private

Information solutions to demonstrate the relative value of information and prioritization for a few
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Figure 3: Aggregate Control, Decreasing order, Low Value Rate, with many type-1 customers N1 =
150, N2 = 50. Here r1 = 1, r2 = 5, γ1 = 11, γ2 = 4, and c= 15.

examples. We focus on the decreasing order case (r1 < r2). We present the optimal PI solution

value as a percentage of the optimal FI solution value. We also present the optimal PI solution

value when restricted to FIFO service as a percentage of the optimal PI solution value. That is,

to evaluate the benefit of prioritization, we compare the PI solution to a suboptimal policy for the

private information case where service is restricted to be FIFO. For all of the figures we present

results for µ>KF
2 (recall Remark 1), noting KF

2 , as given by Proposition 1, depends on r1, N2, γ2

and c.

Aggregate Control, Decreasing Order Low Value Rate Sub-case For this case r1 < r2

and r1γ1 < r2γ2. We let r1 = 1, r2 = 5, γ1 = 11, γ2 = 4, c= 15, N1 = 150 and N2 = 50. The relative

value of the PI solution and the FIFO service solution are presented in Figure 3. As (N1 +N2)r1γ1 >

N2r2γ2, there are sufficient type-1 customers so that offering class-1 service with absolute priority

is beneficial to the firm. That is, Proposition 3 implies nA1 > 0 when there is sufficient capacity.

We find that when capacity exceeds KA
2 ≈ 870, nA1 > 0. The type-1 customers are prioritized and

the type-2 customers receive a positive consumer surplus. With sufficient capacity the waiting

time tends to zero and, as discussed, P1 − P2 → 0. We observe the type-2 customers receive a

substantial utility of r2γ2 − r1γ1 = 20− 11 = 9 or a 45% of their valuation. This translates into a

significant difference between the FI and PI solution. On the other hand, there is little difference

(1%–2%) between the profit of the PI solution and that of the suboptimal solution that uses FIFO.

Prioritizing the type-1 customers is of little benefit in this example.

Aggregate Control, Decreasing Order High Value Rate Sub-case For this case r1 < r2

and r1γ1 > r2γ2. We let r1 = 0.5, r2 = 0.8, γ1 = 5, γ2 = 3, c = 50, N1 = N2 = 100. In this case,

the firm always prefers to serve the type-1 customers given sufficient capacity. Figure 4 illustrates

that the PI solution value has a the small loss compared with the FI solution, and a large gain

over the suboptimal policy restricting the solution to FIFO service. Following Proposition 4, we
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Figure 4: Aggregate Control, Decreasing order, High Value Rate, with N1 = 100, N2 = 100. Here
r1 = 0.5, r2 = 0.8, γ1 = 5, γ2 = 3, and c= 50.

find KF
2 = 530, KA′

2 ≈ 625. We find for KF
2 < µ <KA′

2 (corresponding to Region IB in Figure 2)

that the PI solution performs increasingly worse, as the FI solution serves both customer types

on this interval, with the PI solution value approximately 96% of the FI value at KA′
2 . Then for

KA′
2 ≤ µ<KA

3 = 1500 (Region II), an increasing number of type-1 customers are served with strict

priority. For KA
3 ≤ µ<KA

4 = 1800 (Region III), both types of customers are served fully, but class-

1 service receives some priority. For µ ≥ KA
4 service is FIFO (Region IV). We observe that the

relative value of the PI solution to the FI increases with µ (for µ>KA′
2 ). On the other hand, under

the restriction to FIFO service in the suboptimal solution, we find that fewer type-1 customers are

served, lowering the revenue significantly, relative to the PI solution.

Individual Control, Decreasing Order High Value Rate Sub-case For this case r1 < r2

and r1γ1 > r2γ2. As above we let r1 = 0.5, r2 = 0.8, γ1 = 5, γ2 = 3, c = 50, N1 = N2 = 100. Now,

however, the firm operating under Individual Control sets the values of x1 and x2. We observe

in Figure 5 that the PI solution performs significantly worse than the Aggregate Control case

for µ <∼ 1100 for this example. Here, the relatively high number of type-1 customers and their

relatively low marginal marginal value, following the logic of Proposition 7, imply that the firm

must restrict the rate x1 when they are served FIFO (for KI
2 < µ≤KI

3 ). This lowers the revenue

from the customers compared with the FI solution. We find that as capacity increases, over the

range KI
3 < µ ≤ KI

4 , that x1 is still significantly lower than in the FI solution, so that the PI

solution does not perform well. The implication is that Individual Control may not always provide

a benefit over Aggregate Control. We also observe that the restriction to FIFO in the PI solution

has a similar effect as in the Aggregate Control model, with a significant reduction of the reveneu

over the unrestricted case.

8. Conclusions

Priority queues have long been studied as a means of discriminating between customers that differ

in their cost of waiting. In this paper, we assume a common cost of waiting, and still demonstrate
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Figure 5: Individual Control, Decreasing order, High Value Rate, with N1 = 100, N2 = 100. Here
r1 = 0.5, r2 = 0.8, γ1 = 5, γ2 = 3, and c= 50.

that priority queues may be revenue maximizing. Our insight is that if customers differ in their

demand rate and marginal valuation of a service, prioritization provides a means of encouraging

high-frequency, low marginal value customers to pay a little more for the service while allowing

the firm to reduce the price for lower frequency customers. What may be thought of as a benefit

or privilege provided to loyal, frequent-use customers, is demonstrated to be a tool that allows

the firm to improve profitability. Moreover, our analysis implies that prioritizing customers with

higher demand rate and lower marginal value may also be optimal if they are more patient than

their low-frequency counterparts.

Using our ski resort example from the introduction, the season pass that is sold to the locals

may be accompanied by admission to priority queues at the lifts and early access to the mountain,

not just as a perk, but as a means of raising the price of the pass and the revenue of the firm.

The higher price discourages the aways from purchasing the season pass. We see that in the low

value rate sub-case (the locals are ‘hobbyists’), if the ski resort chooses to sell to them, they receive

priority under an optimal policy. The numerical results indicate, however, that the gain over a

suboptimal FIFO policy may be small in this sub-case. In the high value rate sub-case (the locals

are ‘enthusiasts’), depending on the capacity, the firm may need to prioritize them to optimize its

revenues. Here we show that the value of doing so is high vis-a-vis the suboptimal policy.

In either sub-case, when the locals are prioritized, the price of the daily pass sold to the aways is

discounted so that they see a consumer surplus. Effectively, the locals subsidize the price paid by

the aways, and the total revenue generated grows. Of course, this result depends on the demand

and capacity of the firm. With too few locals (in the low value rate sub-case) or too little capacity,

only the high-marginal value aways are served. For the high value rate sub-case, if there is high

capacity, all customers are served FIFO, while for intermediate capacity the enthusiasts would be

prioritized. That is, congestion in the system leads to the value derived from priorities. Interestingly,
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this would imply that if demand is not uniform over the season, one might expect to see priority

given to locals, if in fact they are enthusiasts, precisely when the demand from aways increase such

as during the Christmas break or President’s day long weekend.

A general guideline that emerges from our results is that providers facing customers who plan

for multiple demand use should also consider customers’ value functions and usage rates, not just

their impatience, in designing price-service policies.

We conclude by outlining a couple of directions for future research. First, extending our analysis

to multiple types is challenging but relevant as many service providers typically face a more hetero-

geneous customer base. Second, we assume that customers have perfect forecasts of their demand

rate, γi. However, a significant fraction of customers may face some demand rate uncertainty and

therefore be reluctant to plan ahead. In this case their menu choice decisions may involve some

sort of newsvendor logic, and the provider would want to account for the resulting variability risk,

both in designing their service plans.
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Appendix A: Proofs

Proof of Proposition 1 For the FI setting, the solution is found by taking the derivatives of the

objective function (3a) with respect to ni given as

∂Π(n1, n2)

∂ni
= γi

(
ri−

cµ

(µ−n1γ1−n2γ2)2

)
, i= 1,2. (A1)

(Below we denote Πni ≡ ∂Π/∂ni.) Define

KF
0 :=

c

ri
,

KF
1 := arg

µ
{ri =

cµ

(µ−Niγi)2
},

KF
2 := arg

µ
{rj =

cµ

(µ−Niγi)2
},

KF
3 := arg

µ
{rj =

cµ

(µ−Niγi−Njγj)2
},

We consider two cases.

Case 1: r1 ≥ r2.

Because γ1 >γ2, it follows from (A1) that

Πn1 >Πn2 .

Then we have the following after some algebra:

1. When µ ≤ µ0, for any n1, n2 ≥ 0, Πn1 is non-positive (Πn1 = 0 only at µ = µ0), and Πn2 is

strictly negative. Therefore the provider does not gain any positive revenue from serving any

customers.

2. When µ0 <µ<µ1, for any 0≤ n1 ≤N1 and n2 ≥ 0, Πn2 is strictly negative, and therefore the

provider does not serve class-2 customers. But Πn1 (0,0)> 0>Πn1 (N1,0), and since

∂2Π

∂n2
1

(n1, n2) =− cµγ1

(µ−n1γ1−n2γ2)3
< 0, (A2)

for every n2 ≥ 0, Π is concave in n1, and there exists a unique n∗1 between 0 and N1 that

maximizes the revenue.

3. When µ1 ≤ µ≤KF
2 , Πn1(N1,0)> 0 and there exists enough capacity such that the provider

exhausts all type-1 customers. Yet, for every n2 ≥ 0, Πn2 < 0, and therefore it is not profitable

to serve any type-2 customers.

4. When KF
2 <µ< µ3, Πn2(N1,0)> 0>Πn2(N1,N2). And since similar to (A2) Π is concave in

n2 for any n1 ≥ 0, there exists a unique n∗2 between 0 and N2 that maximizes the revenue.

5. When µ≥ µ3, as in the previous case, it is profitable to serve both classes, and since capacity

is high the provider serves all customers from both classes.
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Case 2: r2 > r1

We establish below that over each relevant capacity range we have Πn1 <Πn2 . Then the results

in Case 1 hold after switching the subscripts “1” and “2”.

1. If r1γ1 ≤ r2γ2, the value rate of the type-1 customer is less than the type-2 customer. In this

case, from (A1) we have:

Πn1 = r1γ1− γ1

cµ

(µ−n1γ1−n2γ2)2

< r2γ2− γ2

cµ

(µ−n1γ1−n2γ2)2
= Πn2 .

2. If r1γ1 > r2γ2, the value rate of the type-1 customer is higher than the type-2 customer. Then:

(a) If µ< µ̃= c(γ1− γ2)/(r1γ1− r2γ2), we show that Πn1 <Πn2 :

Let Λ = n1γ1 +n2γ2. For 0<Λ<µ, (µ−Λ)2

µ
<µ. Therefore

(µ−Λ)2

µ
<

c(γ1− γ2)

r1γ1− r2γ2

⇒ r1γ1− r2γ2

c(γ1− γ2)
>

µ

(µ−Λ)2

⇒ r1γ1− γ1

cµ

(µ−Λ)2
< r2γ2− γ2

cµ

(µ−Λ)2

⇒ Πn1 <Πn2 .

(b) If µ≥ µ̃, observe that

Λ>µ−
√
µµ̃

⇒ (µ−Λ)2

µ
< µ̃=

c(γ1− γ2)

r1γ1− r2γ2

⇒ r1γ1− γ1

cµ

(µ−Λ)2
< r2γ2− γ2

cµ

(µ−Λ)2

⇒ Πn1 <Πn2 .

We show that this condition is either satisfied or redundant for any capacity level. Observe

that for any µ0 <µ<µ1, Λ∗ satisfies r2 = cµ/(µ−Λ∗)2, or

Λ∗ = µ−
√
cµ

r2

= µ−√µµ0 >µ−
√
µµ̃.

Therefore Πn1 <Πn2 for µ<µ1. For µ>µ1, n∗2 =N2. To increase Λ one needs to serve type-

1 customers as well, and the provider does so only when Πn1 > 0, which is when µ>KF
2 .

For KF
2 <µ<µ3, Λ∗ satisfies r1 = cµ/(µ−Λ∗)2, or equivalently Λ∗ = µ−

√
cµ
r1
>µ−

√
µµ̃.

For µ≥ µ3, both types are fully served and therefore the condition is redundant. �
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Proof of Lemma 1 From (4b), Pi = γi(r1 − cWi)− ui. The condition for type-1 is derived from

(4c): if n2 > 0, then u1 ≥ γ1(r1− cW2) + γ1
γ2
u2− γ1(r2− cW2) ⇔ u1−u2

γ1
γ2
≥ γ1(r1− r2).

The condition for type-2 is derived from (4d): if n1 > 0, then u2 ≥ γ2(r2 − cW1) + u1 − γ1(r1 −

cW1) ⇔ u2−u1 ≥ γ2(r2− cW2)− γ1(r1− cW1).

If r1 > r2, the condition for type-1 implies that if n2 > 0, u2 = 0 and u1 = γ1(r1 − r2) > 0.

Substituting into the condition for type-1, we get (γ1−γ2)(r2− cW1)≥ 0. The first term is strictly

positive from the model assumptions. For W1 =W , the second term is the IR constraint for type-2

customers and therefore non-negative. Since u1 is independent of the delay of type-2, FIFO is

optimal in this case and therefore indeed W1 =W .

If r1 < r2, the condition for type-2 implies that if n1 > 0, u2 = γ2r2 − γ1r1 + cW1(γ1 − γ2) and

u1 = 0. Substituting into the condition for type-2, we get (γ1− γ2)(r1− cW1)≥ 0. Again, the first

term is strictly positive. The second term is the IR constraint for type-1 customers and therefore

non-negative. �

Proof of Proposition 2: Observe that the FI solution revenue is an upper bound on the revenue

achievable in the PI case. If µ≤KF
2 , the FI solution can be implemented to the PI case, by setting

n1 = nFI
1 and n2 = nFI

2 = 0. In this case, in order to maximize the revenue, the firm sets the price for

a single plan (plan-1) to P1 = (r1− cW )γ1, i.e., u1 = 0. The IR constraint for class-2 (4b) implies

that these customers do not purchase and so the FI solution is achieved.

If µ>KF
2 , under the FI setting, nFI

1 =N1 and we serve both types. Under the PI setting we need

to show that the IC constraints hold.

From the Lemma 1, when serving both types, u1 ≥ 0 and u2 = 0 . Therefore

P1 = (r1− cW1)γ1−u1

P2 = (r2− cW2)γ2

By (4c), we have

(r1− cW1)γ1−u1 + cW1γ1 ≤
γ1

γ2

(r2− cW2)γ2 + cW2γ1.

Simplifying we have

u1 ≥ (r1− r2)γ1

Recall that the PI revenue is

ΠA = ((r1− cW1)γ1−u1)n1 + (r2− cW2)γ2n2.
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Thus, when serving both types, to maximize the revenue we set u1 to the minimum so that u1 =

(r1− r2)γ1.

Note that u1 is not a function of the delay. Therefore every conserving queueing policy is optimal,

including FIFO. Hence, w.l.o.g., we set W1 = W2 = W . And therefore constraint (4e) is satisfied

and (4f) is binding.

So

P1 = (r1− cW )γ1− (r1− r2)γ1

= (r2− cW )γ1.

Because γ1 ≥ γ2, P1 >P2 and so (4d) is satisfied.

Let Π0 be the revenue from serving type-1 fully and exclusively, and let Π2 be the revenue from

serving both types. Let n∗2 be the revenue optimizer for a given capacity. Then

Π0 =

(
r1−

c

µ− γ1N1

)
γ1N1,

and Π2 =

(
r2−

c

µ− γ1N1− γ2n∗2

)
(γ1N1 + γ2n

∗
2).

Define ∆Π = Π2−Π0. Type-2 customers are served only when ∆Π> 0. Let
◦
µ solve(

r2−
c

◦
µ− γ1N1− γ2n∗2

)
(γ1N1 + γ2n

∗
2)−

(
r1−

c
◦
µ− γ1N1

)
γ1N1 = 0.

Then if µ>
◦
µ, ∆Π> 0. Therefore, n∗2 type-2 customers are served only when µ>KA

2 ≡max(KF
2 ,
◦
µ),

and since r1 > r2, the PI revenue is strictly lower than the FI revenue because u1 > 0. The PI

revenue is also lower than the FI revenue if KF
2 < µ ≤ ◦

µ, because the FI revenue from type-2

customers is lost as only the N1 type-1 customers are served.

It is left to show that the condition

r2(γ1N1 + γ2N2)> r1γ1N1 (A3)

is necessary and sufficient for the existence of the capacity threshold µA. This condition is derived

from comparing Π0 and Π2 at ample capacity:

lim
µ→∞

Π0 =r1γ1N1,

lim
µ→∞

Π2 =r2(γ1N1 + γ2N2).

Next we show that Π0 increases less in µ than Π2, by comparing their derivatives w.r.t. µ:
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dΠ0

dµ
=

cγ1N1

(µ− γ1N1)2
,

dΠ2

dµ
=
∂Π2

∂µ
+
∂Π2

∂n∗2

∂n∗2
∂µ

=
c(γ1N1 + γ2n

∗
2)

(µ− γ1N1− γ2n∗2)2
.

Note that ∂Π2
∂n∗2

= 0 because n∗2 is the maximizer of Π2.

Since for n∗2 > 0 we have
c(γ1N1+γ2n

∗
2)

(µ−γ1N1−γ2n∗2)2
> cγ1N1

(µ−γ1N1)2
, we conclude that ∆Π is monotonically

increasing in µ. If condition A3 holds, there exists a capacity level at which we serve type-2

customers, defined as µA. If condition A3 does not hold, by monotonicity type-2 customers are not

served at any capacity level.

�

Proof of Proposition 3 If µ≤KF
2 , Proposition 1 implies that n∗1 = 0. Then (7c) is not active.

The remaining problem (7) is identical to problem (2) with xi = γi. Therefore the solution to the

FI setting is feasible and since the PI setting value is bounded by the FI solution, it is optimal.

If µ > KF
2 , for the FI setting n∗1 > 0. For the PI setting, if n1 > 0, (7c) is active and since

r1γ1 ≤ r2γ2, u2 > 0. In any optimal solution (7e) will be tight, i.e.,

W1 =
1

µ−n1γ1

, (A4)

as increasing W1 only increases u2, lowering the objective function value. So

u2 = r2γ2− r1γ1 +
c(γ1− γ2)

µ−n1γ1

. (A5)

Note (7d) holds since (A5) implies r1− cW1 ≥ 0, which holds by (4b).

There is no value in increasing the delay for class-2 beyond what is required for (A4) to hold so

(7f) holds at equality, implying

W2 =
µ

(µ−n1γ1)(µ− n̄1γ1−n2γ2)
.

Suppose n2 =N2. Then the objective function value, ΠA, for n1 > 0, say Π1(n1) is

Π1(n1) =N2(γ2(r2− cW2)−u2) +n1γ1(r1− cW1). (A6)

Suppose n̄′1 maximizes (A6). Substituting in W1 and W2, and taking derivatives of Π1 implies n̄′1

solves

f(n1) = r1−
cµ

(µ−n1γ1−N2γ2)2
− N2c(γ1− γ2)

(µ−n1γ1)2
= 0.

Let

g(n1) = r1−
cµ

(µ−n1γ1−N2γ2)2
and h(n1) =

N2c(γ1− γ2)

(µ−n1γ1)2
,
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so f(n1) = g(n1)−h(n1). From Proposition 1, g(n∗1) = 0 if n∗1 <N1. Further, g′(n1) =−2γ1cµ/(µ−

n1γ1−N2γ2)3 < 0 for n1 feasible, i.e., µ− n1γ1−N2 > 0. Similarly, h′(n1) = 2γ1N2c(γ1− γ2)/(µ−

n1γ1)3 > 0 for feasible n1. So f(n̄′1) = 0 implies n̄′1 =N1 only if n∗1 = n̄′1 =N1.

For n1 = 0, ΠPI given by Π0, is Π0 =N2γ2(r2− cW ), where W = 1/(µ−N2γ2). Let

∆Π = Π1−Π0 =N2(γ2(r2− cW2)−u2) + n̄′1γ1(r1− cW1)−N2γ2(r2− cW )

= (n̄′1 +N2)r1γ1−N2r2γ2−
cµn̄′1γ1

(µ− n̄′1−N2γ2)(µ−N2γ2)
− cN2(γ1− γ2)

µ− n̄′1γ1

after substituting in for W1, W2, and W . Then

d∆Π

dµ
=
cn̄′1γ1(µ2−N2γ2(n̄′1γ1 +N2γ2))

(µ− n̄′1γ1−N2γ2)2(µ−N2γ2)2
+
cN2(γ1− γ2)

(µ− n̄′1γ1)2

+ γ1

(
r1−

cµ

(µ− n̄′1γ1−N2γ2)2
− cN2(γ1− γ2)

(µ− n̄′1γ1)2

)
∂n̄′1
∂µ

(A7)

Noting that the third term in (A7) equals 0 because f1(n̄′1) = 0, as above, we have

d∆Π

dµ
=
cn̄′1γ1(µ2−N2γ2(n̄′1γ1 +N2γ2))

(µ− n̄′1γ1−N2γ2)2(µ−N2γ2)2
+
cN2(γ1− γ2)

(µ− n̄′1γ1)2

Observe,

µ2−N2γ2(n̄′1γ1 +N2γ2)>µ2− (n̄′1γ1 +N2γ2)2

= (µ− n̄′1γ1−N2γ2)(µ+ n̄′1γ1 +N2γ2)> 0.

Since n̄′1 ≤ n∗1, we know µ> n̄′1γ1 +N2γ2. So d∆Π/dµ> 0.

Further, we claim lim
µ→KF+

2
∆Π< 0 and limµ→∞∆Π> 0. To see these results, observe that the

FI solution implies that when µ→KF+
2 , n∗1→ 0+ so that n̄′1→ 0+. Then W2→W and we observe

lim
µ→KF+

2

∆Π = lim
µ→KF+

2

−N2u2

= lim
µ→KF+

2

−N2

(
c(γ1− γ2)

µ− n̄′1γ1

− (r1γ1− r2γ2)

)
=−N2

(
c(γ1− γ2)

µ
− (r1γ1− r2γ2)

)
< 0.

Also, as µ→∞, W,W1, and W2→ 0. Therefore,

lim
µ→∞

∆Π = (n̄′1 +N2)r1γ1−N2r2γ2.

So, if (N1 +N2)(r1γ1)>N2r2γ2 then lim
µ→∞

∆Π> 0. Otherwise lim
µ→∞

∆Π≤ 0.

Together, the results imply by the intermediate value theorem that if (N1 +N2)(r1γ1)>N2r2γ2,

there exists µ̄′ >KF
2 such that for µ > µ̄′, ∆Π> 0 and for µ < µ̄′, ∆Π< 0. Note that the results

were derived for n2 =N2. Now consider Π, the unrestricted objective function value of (7a), i.e.,
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Form Description n1 Class-1 Priority Surplus Utility

(1A) Class-2 only served
n1 = n∗1 = 0 NA No

ΠA = ΠFI

(1B) Class-2 only served n1 = 0
NA No

ΠA < ΠFI n∗1 > 0

(2) Class-1 priority,
Class-2 surplus 0 <n1 <n∗1 Yes Yes

ΠA < ΠFI

(3) Class-1 priority
Class-2 no surplus 0 <n1 <n∗1 Yes No

ΠA < ΠFI

(4) Class-1 priority
Class-2 no surplus n1 = n∗1 > 0 Yes

No
ΠA = ΠFI

(5) PI equal to FI solution
n1 = n∗1 > 0 No No

ΠA = ΠFI

Table 1: Solution forms for high value rate sub-case.

with n2 ≥ 0 as a function of µ. Observe Π≥Π1(n1) for a given µ with Π = Π1(n1) at µ=KF
2 , since

n2 =N2 at KF
2 by Proposition 1. Also, there exists a µ′ such that Π = Π1(n1) for all µ≥ µ′ since

limµ→∞ n
∗
2 =N2. We observe that Π is concave in µ as the feasible set for ni, Wi, u2 given by (7)

is convex in µ and (7a) is concave in ni, Wi, and u2. Therefore by the intermediate value theorem

there exists µ̄≤ µ̄′ such that Π0 >Π for µ< µ̄ and Π0 ≤Π for µ≥ µ̄. �

Restatement of Proposition 4 The solution in the high-value sub-case for the fixed usage

rate model can be classified as being in one of five forms. Each solution is defined by three elements:

n1, the number of type-1 customers served, whether the type-1 customers are served with priority,

and whether the type-1 customers receive a consumer surplus. The five forms are summarized

in Table 1. We divide Form 1 into 1A and 1B as in Figure 2 to represent regions where n1 =

n∗1 = 0 (1A), and where n1 = 0 for the PI setting but n∗1 > 0 in the FI setting (1B). Also, let

Ñ2 = (µ̃
√
r1−
√
µ̃c)/(γ2

√
r1); Ñ2 is the value of N2 where algebraically KF

2 = µ̃. Let KF
2 be defined

as in Proposition 1. Also let K1 = r1(µ̃−N2γ2)2/c and K2 = r1µ̃
2/c. Proposition 4 summarizes all

of the possibilities.

Proposition 4 Suppose r1 < r2 and r1γ1 > r2γ2.

1A. If µ≤KF
2 , solution 1A holds: n1 = 0, n2 =N2, u2 = 0, and ΠA = ΠFI.

1B. If KF
2 <µ≤min(µ̄, µ̃), solution 1B holds: n1 = 0, n2 =N2, u2 = 0, and ΠA <ΠFI.

2. For N2 < Ñ2, if µ̄ < µ̃ , there exists µ̂ such that for µ̄ < µ≤ µ̂ solution 2 holds: n1 <n
∗
1, n2 ≤ n∗2,

class 1 is served with priority, u2 = r1γ1− r2γ2− c(γ1− γ2)/(µ−n1γ1)> 0 and ΠA <ΠFI

3. For N2 < Ñ and max(µ̂, µ̃)<µ≤K1, solution 3 holds: n1 <n
∗
1, n2 =N2, class 1 is served with

priority, u2 = 0 and ΠA <ΠFI.
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4. If max(KF
2 ,K1) < µ ≤ K2 then solution 4 holds: n1 = n∗1, n2 = N2, class 1 is served with

priority, u2 = 0 and ΠA = ΠFI.

5. If µ >K2, then solution 5 holds: n1 = n∗1, n2 =N2, both classes are served FIFO, u2 = 0 and

ΠA = ΠFI.

Proof of Proposition 4 We proceed to show each of the regions holds, in order.

1A. For µ≤ µ, the proof is the same as in Proposition 3.

1B. As in Proposition 3, let Π0 =N2γ2(r2− cW ) where W = 1/(µ−N2γ2), i.e., the solution with

n1 = 0, and let Π be the (unrestricted) optimal solution to (7) (i.e., n1 ≥ 0, n2 ≥ 0, and

KF
2 ≥ 0). Then for KF

2 <µ≤ µ̃, following the logic in the proof of Proposition 3, there exists

KA
2 such that Π0 >Π and Π0 ≤Π for µ≥KA

2 . For µ≤KA
2 only class 2 is served.

2. Let Π̂ be the optimal solution with n1 > 0, n2 > 0, and u2 = 0, and let n̂1 designate the solution

for n1 in this case. We establish n̂1 in four steps.

A. Determine n̂1. Forcing u2 = 0 implies n2 =N2 since (7f) holds at equality and r2 > r1. So

Π̂ =N2γ2(r2− cW2)+ n̂1γ1(r1− cW1) with W1 = 1/(µ− n̂1γ1) and W2 = µ/((µ− n̂1γ1)(µ−

n̂1γ1−N2γ2)). From (7f), holding at equality we have

Π̂1 =N2γ2r2 + n̂1γ1r2−
c(n̂1γ1 +N2γ2)

µ− n̂1γ1−N2γ2

.

Taking the derivative with respect to n̂1,

∂Π̂1

∂n̂1

= γ1

(
r1−

c

(µ− n̂1γ1−N2γ2)2

)
.

Noting from Proposition 1 for µ>KF
2 ,

r1 =
c

(µ−n∗1γ1−N2γ2)2
, (A8)

so that ∂Π̂1/∂n̂1 > 0 if n∗1 > n̂1. This holds for µ < K1 since µ < K1 = r1(µ̃−N2γ2)2/c

implies

µ̃ >N2γ2 +

√
cµ

r1

= µ−n∗1γ1 (A9)

where the equality follows from (A8). But W1 = 1/(µ− n̂1γ1)≤ 1/µ̃ implies µ− n̂1γ1 ≥ µ̃

implying n∗1 > ñ1, ∂Π̂1/∂n̂1 > 0, and

n̂1 =
µ− µ̃
γ1

. (A10)
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B. Show ∂n̂1/∂µ > ∂n̄1/∂µ > 0. From (A10), ∂n̂1/∂µ = 1/γ1 > 0. From (A6), let n̄′1 < N1

solve

r1−
cµ

(µ− n̄′1γ1−N2γ2)2
− N2c(γ1− γ2)

(µ− n̄′1)2
= 0.

By implicit differentiation

∂n̄′1
∂µ

=
1

γ1

(
1− (µ− n̄′γ1−N2γ2)(µ− n̄′γ1)3

2µ(µ− n̄′1γ1)3 + 2N2(γ1− γ2)(µ− n̄′γ1−N2γ2)3

)
Since

0<
(µ− n̄′γ1−N2γ2)(µ− n̄′γ1)3

2µ(µ− n̄′1γ1)3 + 2N2(γ1− γ2)(µ− n̄′γ1−N2γ2)3
<

1

2

it follows that

∂n̂1

∂µ
>
n̄′

∂µ
> 0

Noting n̄1 solving

r1−
cµ

(µ− n̄1γ1−n2γ2)2
− n2c(γ1− γ2)

(µ− n̄1)2
= 0.

for n2 ≤N2, implies n̄≥ n̄′. Also, limµ→µ̃ n̄1 = n̄′1, since at µ̃, n2 =N2, ∂n̄/∂µ< ∂n̂/∂µ.

C. Next we show n̄1 ≤ n̂1 in any feasible solution. Observe for n1 = n̂1 = (µ− µ̃)/γ1,

u2 = r2γ2− r1γ1−
c(γ1− γ2)

µ− n̂1γ1

= 0 (as assumed)

while if n1 = n̄1 > n̂1,

u2 = r2γ2− r1γ1−
c(γ1− γ2)

µ− n̄1γ1

< 0

which is not feasible.

D. Suppose n̄1 > 0 for µ= µ̃. Then Π1(µ̃)>Π0(µ̃). Noting Π̂1(µ̃) =N2γ2(r2−cW (µ̃)) = Π0(µ̃),

this implies Π1(µ̃) > Π̂1(µ̃) so that it is optimal to serve n̄1 at µ̃. By point B above,

there exists µ̂ > µ̃ such that n̄1(µ̂) = n̂1(µ̂). So if KA
2 < µ̃ then for KA

2 < µ < µ̂, n̄1 is

optimal. Note at µ= µ̂, n̄1 = n̂1 and Π(µ̂) = Π̂(µ̂). Further, noting that Π̂(µ) is concave

at each (n1,N2), then Π̂(µ) is concave in µn as is Π(µ). Then by point B, µ̂ is the unique

intersection of Π(µ) and Π̂(µ).

3. Consider the case where n̄1µ̃ = 0. As Π1(µ̃) = Π0(µ̃), therefore Π1(µ̃) = Π̂1(µ̃). By point 2,

∂n̂1/∂µ > ∂n̄1/∂µ > 0 and by point 3, it is not feasible to serve n̄1. So for µ̃ < µ <K1 where

n̄1(µ̃) = 0, it is optimal to serve µ̂1 and let n2 =N2 and u2 = 0, with priority given to class 1.

As noted from (A8) and (A9), n̂1 < n∗1 for µ̃≤ µ <K1. And as n∗1 is the optimal solution to

the FI problem, ΠFI > Π̂.
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4. For K1 < µ ≤K2, and µ ≥KF
2 , solving K1 = KF

2 implies µ ≥ µ̃ as in Figure 2. And µ ≥K1

implies µ̃≤N2γ2 +
√
cµ/r1. Noting n∗1 solves r1 = cµ/(µ−n∗1γ1−N2γ2)2 or

n∗1γ1 = µ−N2γ2−
√
cµ

r1

. (A11)

Then

W1 =
1

µ−n∗1γ1

=
1

N2γ2 +
√
cµ/r1

≤ 1

µ̃
= W̃ .

So (7c) holds with n1 = n∗1, when priority is given to class 1. Since FIFO waiting implies

from (A11),

W =
1

µ−n∗1γ1−N2γ2

=
1√
cµ/r1

,

then for µ<K2 = r1µ̃
2/c or µ̃ >

√
cµ/r1, W > W̃ ≥W1 implying prioritizing class 1 is neces-

sary. Note that

ΠA = n∗1γ1(r1− cW1) +N2γ2(r2− cW2)

= n∗1γ1r1 +N2γ2r2− c(n∗1γ1W1 +N2γ2W2)

= n∗1γ1r1 +N2γ2r2− cW

= ΠFI.

5. For µ≥K2,
√
cµ/r1 ≥ µ̃, so W ≤ W̃ , implying W satisfies (7c) and no priority is needed.

Note that KA
3 is the minimum capacity for which u2 = 0. If N1 is relatively small, there exist

capacity level for which u2(N1)> 0. At this capacity, n1 = n∗1 =N1. As we increase capacity, u2(N1)

decreases. At the minimum capacity for which u2 = 0, W1 = W̃ and the FI revenue is achieved.

This implies that case 3 of Proposition 4 vanishes, because there is no capacity for which u2 = 0

and n1 < n∗1. From W1 = W̃ we derive the capacity threshold µ = µ̃+N1γ1. Therefore we define

the threshold KA
3 as the minimum of K1 = r1(µ̃−N2γ2)2/c and µ̃+N1γ1. Observe K1 = µ̃+N1γ1

if N1 = Ñ1 = (r1(µ̃−N2γ2)2/c− µ̃)/γ1. Therefore case 3 of Proposition 4 exists only if N1 > Ñ1.

In the same way, KA
4 is the minimum capacity for which both types are served and FIFO is

optimal. In this case, W1 =W and u2 = 0. If N1 is relatively small, W = W̃ for µ= µ̃+N1γ1 +N2γ2.

Otherwise, W = W̃ for µ = K2. Therefore we define the threshold KA
4 as the minimum of K2 =

r1µ̃
2/c and µ̃ + N1γ1 + N2γ2. Observe K2 > µ̃ + N1γ1 + N2γ2 if N1 >

1
γ1

(
r1µ̃

2

c
− µ̃−N2γ2

)
, and

K2 ≤ µ̃+N1γ1 +N2γ2 otherwise.

Also note that Ñ2 is the value of N2 that solves KF
2 = KA

3 . If N2 ≥ Ñ2, then cases 2 and 3 of

Proposition 4 vanish. In the same way, Ñ is the value of N2 that solves KF
2 =KA

4 . If N2 ≥ Ñ , then

cases 2,3 and 4 of Proposition 4 vanish. �
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Proofs for Section 5

The proofs reference the FI problem (3) which we recall for convenience. Substitute λi =Nixi in

(3a) and let

ΠFI (x;µ) :=
2∑
i=1

Nixi

(
ri− c

1

µ−N1x1−N2x2

)
(A12)

denote the FI revenue function, where x = (x1, x2) denotes the usage-rate vector. ΠFI (x;µ) is

strictly concave in x (see proof of Proposition 1). Throughout the proofs we write the first partial

derivatives of this function as ΠFI
xi

(x;µ) for ∂ΠFI (x;µ)/∂xi, and as ΠFI
µ (x;µ) for ∂ΠFI (x;µ)/∂µ.

Let ΠFI (µ) denote the optimal FI revenue as a function of capacity. (We use the same conventions

for the PI revenue functions defined below.) The FI problem is

ΠFI (µ) = max
x

ΠFI (x;µ) (A13a)

subject to

0≤ xi ≤ γi, for i= 1,2, (A13b)

N1x1 +N2x2 <µ. (A13c)

Write xFI (µ) for the unique solution of (A13a)-(A13c). In arguments where the capacity is fixed,

we suppress the dependence of xFI (µ) and ΠFI (µ) on µ.

Proof of Proposition 5. This proof follows the same line of argument as the proof of Lemma

3 and is therefore relegated to Appendix B.

Proofs of Propositions 6 and 7. For convenience we restate the PI problem (12):

ΠI = max
x,W,u2

2∑
i=1

Nixi (ri− cWi)−N2u2 (A14a)

subject to u2 ≥ 0, (A14b)

u2 ≥
{
x1 (r2− r1) , x1 ≤ γ2,
γ2r2−x1r1 + c(x1− γ2)W1, γ2 ≤ x1 ≤ γ1,

(A14c)

u2 ≤ x2 (r2− r1) , (A14d)

Wi ≥
1

µ−Nixi
, for i= 1,2, (A14e)

2∑
i=1

NixiWi ≥
N1x1 +N2x2

µ−N1x1−N2x2

, (A14f)

0≤ xi ≤ γi, for i= 1,2, (A14g)

N1x1 +N2x2 <µ. (A14h)

Due to the IC constraint (A14c) this optimization problem need not be convex. However, we

show that each of its two subproblems, for x1 ∈ [0, γ2] and for x1 ∈ [γ2, γ1], has a unique solution.
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The proof proceeds in five steps. (We relegate the proofs of the technical Lemmas 3-8 to Appendix

B.)

1. Lemma 3 characterizes the solution of (A14a)-(A14h) for x1 ∈ [0, γ2]. For this subproblem

FIFO is optimal and yields lower revenue than the FI solution whenever both types are served (as

in Part 2 of Propositions 6 and 7).

2. Lemmas 4-7 characterize the solution of (A14a)-(A14h) for x1 ∈ [γ2, γ1]. This subproblem yields

one of two solution types. One requires absolute priority to type 1 and yields less revenue than the

FI solution (as in Part 3 of Propositions 6 and 7). The other attains the optimal FI revenue, with

either some priority to type 1 or FIFO (as in Parts 4 and 5, respectively, of Proposition 7).

3. Lemma 8 compares the FIFO solution for x1 ≤ γ2 with the strict priority solution for x1 >γ2.

4. We prove the claims of Proposition 6 using Lemmas 3-8.

5. We prove the claims of Proposition 7 using Lemmas 3-8.

STEP 1: Solution of (A14a)-(A14h) for x1 ∈ [0, γ2]

We simplify this subproblem based on the following observations:

(i) The constraint (A14b) is redundant as it is implied by (A14c) since r2 > r1 by hypothesis.

(ii) At optimality (A14c) must be binding, that is, u2 = x1 (r2− r1), because by (A14a) the

revenue decreases in u2 and the constraint (A14d) imposes an upper bound on u2.

(iii) The optimal scheduling policy must be work-conserving, i.e., the constraint (A14f)

must bind, because by (A14a) and since u2 = x1 (r2− r1) the revenue function is decreasing in∑2

i=1NixiWi. Therefore, defining ΠI (x;µ) to be the optimal PI revenue function for x1 ∈ [0, γ2],

we have

ΠI (x;µ) := ΠFI (x;µ)−N2x1 (r2− r1) . (A15)

(iv) FIFO is optimal, that is W1 = W2 = 1/(µ−N1x1 −N2x2), because by (A15) the revenue

function ΠI (x;µ) is invariant under any work-conserving policy.

Observations (i)−(iv) yield the following PI subproblem of (A14a)-(A14h) for x1 ∈ [0, γ2]. Letting

ΠI (µ) denote the optimal PI revenue over x1 ∈ [0, γ2] as a function of µ, we have

ΠI (µ) = max
x

ΠI (x;µ) (A16a)

subject to x1 ≤ x2, (A16b)

x2 ≤ γ2, (A16c)

0≤ x1 ≤ γ2, (A16d)

N1x1 +N2x2 <µ, (A16e)

where the constraint x1 ≤ x2 is equivalent to (A14d) since u2 = x1 (r2− r1) for x1 ∈ [0, γ2].
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Write xI (µ) for the solution of (A16a)-(A16e). In arguments where the capacity is fixed, we

suppress the dependence of xI (µ) and ΠI (µ) on µ. Lemma 3 characterizes the solution of (A16a)-

(A16e).

Lemma 3 Fix r2 > r1. The PI subproblem of (A14a)-(A14h) for x1 ∈ [0, γ2] specializes to (A16a)-

(A16e) and its solution has the following properties:

1. For fixed µ> 0 there exists a unique maximizer xI (µ) and FIFO is optimal.

2. ΠI (KF
2 ) = ΠFI (KF

2 ) and ΠI (µ)<ΠFI (µ) for µ>KF
2 .

3. ΠI (µ) and xI (µ) are continuous in µ≥KF
2 .

4. If N1
N2
≤ r2

r1
− 1 then xI1 = 0, xI2 = γ2, ΠI

x1
(xI ;µ) < 0 and ΠI

x2
(xI ;µ) > 0 for µ ≥KF

2 . If N1
N2
>

r2
r1
− 1 then the solution structure is determined by the capacity thresholds

µ′2 : = arg

{
µ>N2γ2 : r1−

N2

N1

(r2− r1)− c µ

(µ−N2γ2)
2

}
, (A17)

µ′3 : = arg

{
µ>N1γ2 +N2γ2 : r1−

N2

N1

(r2− r1)− c µ

(µ−N1γ2−N2γ2)
2

}
, (A18)

and KF
2 (as defined in Proposition 1), where KF

2 <µ′2 <µ
′
3 <∞.

(a) For µ ∈ [KF
2 , µ

′
2] we have xI1 = 0, xI2 = γ2, ΠI

x1
(xI ;µ) ≤ 0 with equality iff µ = µ′2, and

ΠI
x2

(xI ;µ)> 0.

(b) For µ∈ (µ′2, µ
′
3) we have xI1 ∈ (0, γ2), xI2 = γ2, and ΠI

x1
(xI ;µ) = 0<ΠI

x2
(xI ;µ).

(c) For µ≥ µ′3 we have xI1 = xI2 = γ2, ΠI
x1

(xI ;µ)≥ 0 with equality iff µ= µ′3, and ΠI
x2

(xI ;µ)>

0.

5. For µ≥KF
2 the right derivative of the optimal revenue with respect to capacity equals

d+ΠI (µ)

dµ
= c

N1x
I
1 (µ) +N2x

I
2 (µ)

(µ−N1xI1 (µ)−N2xI2 (µ))
2 . (A19)

STEP 2: Solution of (A14a)-(A14h) for x1 ∈ [γ2, γ1]

For x1 ∈ [γ2, γ1] the PI problem (A14a)-(A14h) simplifies by noting that the constraint (A14f)

must bind (the optimal scheduling policy must be work-conserving), because by (A14a), (A14b),

and (A14c) the revenue function is decreasing in
∑2

i=1NixiWi, and non-increasing in W1.

Let Π
I
(µ) denote the optimal profit of the PI subproblem of (A14a)-(A14h) for x1 ∈ [γ2, γ1].

Using the definition (A12) for the FI profit function ΠFI (x;µ), we have:

Π
I
(µ) = max

x,u2,W1

ΠFI (x;µ)−N2u2 (A20a)

subject to u2 ≥ 0, (A20b)

u2 ≥ γ2r2−x1r1 + c(x1− γ2)W1, (A20c)
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u2 ≤ x2 (r2− r1) , (A20d)

W1 ≥
1

µ−N1x1

, (A20e)

0≤ x2 ≤ γ2, (A20f)

γ2 ≤ x1 ≤ γ1, (A20g)

N1x1 +N2x2 <µ. (A20h)

Let xI (µ) be the solution of (A20a)-(A20h). In arguments where the capacity is fixed, we suppress

the dependence of xI (µ) and Π
I
(µ) on µ. Lemma 4 and Lemma 5 establish that xI (µ) is unique.

Lemma 4 classifies this solution into one of three “categories”, based on three mutually exclusive

and exhaustive conditions on the capacity µ and the corresponding FI solution xFI .

Lemma 4 Fix r2 > r1 and µ≥KF
2 . The PI subproblem of (A14a)-(A14h) for x1 ∈ [γ2, γ1] special-

izes to problem (A20a)-(A20h). For x satisfying (A20f)-(A20h) define the function

uP2 (x1;µ) := γ2r2−x1r1 + c (x1− γ2)
1

µ−N1x1

. (A21)

Then if (A20a)-(A20h) is feasible, its solution depends as follows on three mutually exclusive and

exhaustive conditions on the capacity µ and the corresponding unique FI solution xFI .

1. ∂uP2 (γ2;µ)/∂x1 > 0: Then xI1 = xI2 = γ2 is the only feasible solution and FIFO is optimal.

2. ∂uP2 (γ2;µ)/∂x1 ≤ 0 and the FI solution satisfies one of two conditions, either (a) xFI1 <γ2, or

(b) xFI1 ≥ γ2 and uP2 (xFI1 ;µ)> 0. Then the optimal solution satisfies: (1) if xI1 > γ2 then type

1 customers receive absolute priority; (2) the constraints (A20c) and (A20e) are binding, so

u2 = uP2
(
xI1;µ

)
≥ 0, and (3) ∂uP2

(
xI1;µ

)
/∂x1 ≤ 0.

3. uP2 (xFI1 ;µ)≤ 0. This holds if and only if xFI = xI and Π
I

= ΠFI . In this case xFI1 > γ2 and

∂uP2 (γ2;µ)/∂x1 < 0.

We build on Lemma 4 as follows to specify the solution of the PI subproblem (A20a)-(A20h) for

x1 ∈ [γ2, γ1]. We ignore Part 1, because in this case the solution is also feasible in the subproblem

for x1 ∈ [0, γ2]. We use Part 2 to simplify (A20a)-(A20h) and characterize the solution of this

simplified problem in Lemma 5. We use Part 3 to identify in Lemma 6 capacity levels µ for which

Π
I
(µ) = ΠFI (µ), and in Lemma 7 the optimal scheduling policies corresponding to these capacity

levels.

Under the conditions of Lemma 4.2, problem (A20a)-(A20h) has the same solution as

its constrained version with (A20c) and (A20e) binding and with the additional constraint

∂uP2 (x1;µ)/∂x1 ≤ 0. In this case, letting

Π
I
(x;µ) := ΠFI (x;µ)−N2u

P
2 (x1;µ) (A22)
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and recalling the definition of uP2 (x1;µ) in (A21), the PI subproblem for x1 ∈ [γ2, γ1] specializes to

Π
I
(µ) = max

x
Π
I
(x;µ) (A23a)

subject to uP2 (x1;µ)≥ 0, (A23b)

∂uP2 (x1;µ)/∂x1 ≤ 0, (A23c)

uP2 (x1;µ)≤ x2 (r2− r1) , (A23d)

0≤ x2 ≤ γ2, (A23e)

γ2 ≤ x1 ≤ γ1, (A23f)

N1x1 +N2x2 <µ. (A23g)

Lemma 5 formalizes this implication and characterizes the solution properties of (A23a)-(A23g).

Lemma 5 Fix r2 > r1. Under the conditions of Lemma 4.2, i.e., µ ≥ KF
2 , ∂uP2 (γ2;µ)/∂x1 ≤ 0,

and the FI solution satisfies (a) xFI1 < γ2, or (b) xFI1 ≥ γ2 and uP2 (xFI1 ;µ)> 0, the PI subproblem

of (A14a)-(A14h) for x1 ∈ [γ2, γ1] specializes to (A23a)-(A23g), and its solution has the following

properties.

1. Π
I
(µ)<ΠFI (µ) where Π

I
(µ) :=−∞ if the problem is infeasible at µ.

2. There exists a threshold µ ∈ [KF
2 ,∞) such that (A23a)-(A23g) is infeasible for µ ∈ [KF

2 , µ)

and feasible for µ>µ.

3. For fixed µ> µ there exists a unique maximizer xI . If xI1 > γ2 then the unique optimal policy

is to give absolute priority to type 1.

4. Π
I
(µ) and xI (µ) are continuous in µ>µ.

5. For µ∈ [KF
2 , µ] we have Π

I
(µ)<ΠI (µ).

6. For µ>µ the solution satisfies xI2 = γ2 or Π
I

x2

(
xI ;µ

)
≤ 0.

7. For µ>µ the right derivative of the optimal revenue with respect to capacity satisfies

d+Π
I
(µ)

dµ
≥ c N1x

I
1 (µ) +N2x

I
2 (µ)(

µ−N1x
I
1 (µ)−N2x

I
2 (µ)

)2 . (A24)

Lemma 6 Fix r2 > r1 and γ1r1 >γ2r2. Consider for µ≥KF
2 the PI subproblem of (A14a)-(A14h)

for x1 ∈ [γ2, γ1] given by (A20a)-(A20h). There exists µFI−prio ∈ (KF
2 ,∞) such that Π

I
(µ) = ΠFI (µ)

if and only if µ≥ µFI−prio.
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Lemma 7 Fix r2 > r1 and γ1r1 >γ2r2. Consider for µ≥KF
2 the PI subproblem of (A14a)-(A14h)

for x1 ∈ [γ2, γ1] given by (A20a)-(A20h). There exists µFI−fifo ∈ (µFI−prio,∞) such that (i) For

µ∈ (µFI−prio, µFI−fifo) optimality requires some priority for type-1, and (ii) for µ≥ µFI−fifo FIFO

is optimal.

STEP 3: FIFO solution for x1 ≤ γ2 versus strict priority solution for x1 >γ2

Lemma 8 For µ≥KF
2 let xI (µ) denote the optimal solution and ΠI (µ) the optimal revenue of

the PI problem (A14a)-(A14h). Recall ΠI (µ) is the optimal PI revenue for x1 ∈ [0, γ1], given by the

solution of (A16a)-(A16e), and Π
I
(µ) is the optimal PI revenue for x1 ∈ [γ2, γ1].

Suppose there is µL >K
F
2 such that the conditions of Lemma 4.2 hold for µ≤ µL, so that by Lemma

5, the problem of (A14a)-(A14h) for x1 ∈ [γ2, γ1] specializes to (A23a)-(A23g).

If ΠI (µL)<Π
I
(µL) then there exists a threshold µM ∈ (KF

2 , µL) such that the following holds:

1. For µ = µM , ΠI (µM) = Π
I
(µM) = ΠI (µM) and the PI Problem (A14a)-(A14h) has exactly

two solutions, one with xI1 (µM) < γ2 and FIFO is optimal, the other with xI1 (µM) > γ2 and

the unique optimal policy is to give absolute priority to type 1.

2. For µ ∈ [KF
2 , µM), ΠI (µM) = ΠI (µ) > Π

I
(µ), the PI-optimal usage rates are unique with

xI1 (µ)<γ2 and FIFO is optimal.

3. For µ ∈ (µM , µL], ΠI (µ) < Π
I
(µ) = ΠI (µM), the PI-optimal usage rates are unique with

xI1 (µ)>γ2 and the unique optimal policy is to give absolute priority to type 1.

STEP 4: Proof of Proposition 6

First note that any PI subproblem solution with xI1 > γ2 must satisfy the conditions of Lemma

4.2. This holds because the three parts of Lemma 4 are mutually exclusive and exhaustive, Lemma

4.1 implies xI1 = γ2, and the conditions in Lemma 4.3 cannot hold because γ1r1 ≤ γ2r2 implies

uP2 (x1, µ)> 0 for all x1 and µ by the definition of uP2 in (A21). Therefore the properties of the PI

subproblem for x1 ∈ [γ2, γ1] that are given in Lemma 5 apply for all µ≥KF
2 .

Therefore we can apply Lemma 8 with µL =∞. Parts 1-3 of Lemma 8 apply if, and only if,

limµ→∞Π
I
(µ)> limµ→∞ΠI (µ). We show N1γ1r1 >N2 (γ2r2− γ1r1) is necessary and sufficient, both

for limµ→∞Π
I
(µ)> limµ→∞ΠI (µ) to hold, and for the optimal PI solution to serve type 1 at some

capacity. Consider the solutions of the subproblems for x1 ≤ γ2 and x1 ≥ γ2, as µ→∞:

For x1 ≤ γ2 by Lemma 3 and (A12) the revenue function satisfies

lim
µ→∞

ΠI (x;µ) = lim
µ→∞

ΠFI (x;µ)−N2x1 (r2− r1) = ((N1 +N2) r1−N2r2)x1 +N2r2x2.
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Therefore, the solution as µ → ∞ satisfies xI2 = γ2, whereas we have two cases for xI1: if

(N1 +N2) r1 ≤N2r2 then xI1 = 0 so that limµ→∞ΠI (µ) =N2r2γ2; however, if (N1 +N2) r1 >N2r2

then xI1 = γ2 and limµ→∞ΠI (µ) = (N1 +N2) r1γ2.

For x1 ≥ γ2 by Lemma 5 and (A22) the revenue function satisfies

lim
µ→∞

Π
I
(x;µ) = lim

µ→∞
ΠFI (x;µ)−N2 lim

µ→∞
uP2 (x1;µ) = (N1 +N2)r1x1 +N2r2(x2− γ2),

which is maximized for xI1 = γ1 and xI2 = γ2, with optimal revenue limµ→∞Π
I
(µ) = (N1 +N2)r1γ1.

Now compare the optimal revenues for these subproblems:

If (N1 +N2) r1 ≤N2r2, so that xI1 = 0, we have

lim
µ→∞

Π
I
(µ)> lim

µ→∞
ΠI (µ)⇔ (N1 +N2)r1γ1 >N2r2γ2. (A25)

If (N1 +N2) r1 >N2r2, so that xI1 = γ2 then noting that γ1 >γ2 we have

lim
µ→∞

Π
I
(µ) = (N1 +N2)r1γ1 > lim

µ→∞
ΠI (µ) = (N1 +N2) r1γ2. (A26)

Noting that (N1 +N2) r1 >N2r2⇒ (N1 +N2)r1γ1 >N2r2γ2, the following holds:

If (N1 + N2)r1γ1 ≤ N2r2γ2, then (N1 +N2) r1 ≤ N2r2, so (A25) implies limµ→∞Π
I
(µ) ≤

limµ→∞ΠI (µ). Therefore, Π
I
(µ) ≤ ΠI (µ) for all µ ≥ KF

2 by Lemma 8. By Lemma 3.4 serving

type-1 with x1 ≤ γ2 is not optimal for all µ, so type-1 are not served at all.

If (N1 +N2)r1γ1 >N2r2γ2, then (A25) and (A26) imply limµ→∞Π
I
(µ)> limµ→∞ΠI (µ). In this

case Parts 1-3 of Lemma 8 apply with µL =∞ for a threshold µM ∈ (KF
2 ,∞). The capacity thresh-

olds KI
2 and KI

3 and Parts 1-3 of Proposition 6 are obtained as follows.

Part 3 of Proposition 6 follows from Part 3 of Lemma 8 with KI
3 = µM .

Parts 1 and 2 follow from Lemma 3 and from Parts 1 and 2 of Lemma 8: If N1r1 ≤N2 (r2− r1)

then by Lemma 3.4 it is not optimal to serve type-1 with x1 ≤ γ2 at any capacity, so KI
2 = µM .

If N1r1 >N2 (r2− r1) then by Lemma 3.4 it is optimal to serve type-1 with x1 ≤ γ2 if, and only if

µ>µ′2, where µ′2 >K
F
2 is defined in (A17). In this case KI

2 = min(µ′2, µM).

STEP 5: Proof of Proposition 7

Since γ1r1 >γ2r2, Part 4 is immediate from Lemma 6 with KI
4 = µFI−prio and Part 5 is immediate

from Lemma 7 with KI
5 = µFI−fifo.

Part 3 follows by using Lemma 8 with µL =KI
4 : Lemma 4 and Lemma 6 imply that the conditions

of Lemma 4.2 hold for µ≤KI
4 . Furthermore, by Lemma 6 the FI solution is optimal for µ=KI

4 ,

so that Π
I
(µ) > ΠI (µ) for µ = KI

4 . Therefore, Lemma 8 applies with µL = KI
4 , and Part 3 of

Proposition 7 follows from Part 3 of Lemma 8 with KI
3 = µM <KI

4 .

Parts 1 and 2 follow by the same arguments as in the proof of Proposition 6. �
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Appendix B: Proofs of Proposition 5 and Lemmas 2-8

Proof of Proposition 5. For convenience we restate the PI problem (11):

ΠI = max
x,W,u2

2∑
i=1

Nixi (ri− cWi)−N1u1 (A27a)

subject to u1 ≥ 0, (A27b)

u1 ≥ x2 (r2− r1) , (A27c)

u1 ≤
{
x1 (r1− r2) , x1 ≤ γ2,
x1r1− γ2r2− c(x1− γ2)W1, γ2 ≤ x1 ≤ γ1,

(A27d)

Wi ≥
1

µ−Nixi
, for i= 1,2, (A27e)

2∑
i=1

NixiWi ≥
N1x1 +N2x2

µ−N1x1−N2x2

, (A27f)

0≤ xi ≤ γi, for i= 1,2, (A27g)

N1x1 +N2x2 <µ. (A27h)

Write xI for the solution of (A27a)-(A27h). The proof proceeds in three steps, problem simpli-

fication, properties of simplified problem, and proof of claims.

STEP 1: Problem Simplification

To characterize xI we first simplify the problem as follows. We drop (A27d) and show below in

property (vi) that xI satisfies (A27d). Next we use three observations:

(i) Constraint (A27b) is implied by (A27c) since r1 > r2, so at optimality, u1 = x2 (r2− r1).

(ii)The optimal scheduling policy must be work-conserving, i.e., the constraint (A27f) must bind,

because by (A27a) and since u1 = x2 (r1− r2) the revenue function is decreasing in
∑2

i=1NixiWi.

Therefore, defining ΠI (x;µ) to be the optimal PI revenue function, we have

ΠI (x;µ) := ΠFI (x;µ)−N1x2 (r1− r2) . (A28)

(iii) FIFO is optimal, that is W1 = W2 = 1/(µ−N1x1 −N2x2), because by (A28) the revenue

function ΠI (x;µ) is invariant under any work-conserving policy.

Observations (i)− (iii) simplify the PI problem (A27a)-(A27h) as follows.

ΠI (µ) = max
x

ΠI (x;µ) (A29)

subject to 0 ≤ xi ≤ γi, for i= 1,2, (A30)

N1x1 +N2x2 < µ. (A31)

STEP 2: Properties of Simplified Problem

(iv) The problem (A29)-(A31) has an unique solution: From (A28) the revenue function ΠI (x;µ)

is strictly concave in x because ΠFI (x;µ) is strictly concave in x. The feasible region is evidently
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convex, and nonempty for µ > 0. Noting that ΠI (x;µ) is upper-bounded on the closure of the

feasible region, it follows that (A29)-(A31) has a unique maximizer for µ > 0, and the first-order

necessary optimality conditions are sufficient. By (A28) the partial derivatives of ΠI (x;µ) are

ΠI
x1

(x;µ)=ΠFI
x1

(x;µ) =N1

(
r1− c

µ

(µ−N1x1−N2x2)
2

)
, (A32)

ΠI
x2

(x;µ)=ΠFI
x2

(x;µ)−N1 (r1− r2) =N2

(
r2−

N1

N2

(r1− r2)− c µ

(µ−N1x1−N2x2)
2

)
. (A33)

(v) If it is optimal to serve type 2, then it is optimal to fully serve type 1, that is, xI2 > 0 implies

xI1 = γ1. First, by inspection of the feasible region we have that xI2 > 0 requires ΠI
x2

(xI ;µ)≥ 0, and

that ΠI
x1

(xI ;µ)> 0 implies xI1 = γ1. Second, since r1 > r2 it follows from (A32) and (A33) that

ΠI
x2

(x;µ)≥ 0⇒ΠI
x1

(x;µ)> 0. (A34)

(vi) We show that the solution of (A29)-(A31) satisfies the omitted constraint (A27d). Sub-

stituting u1 = x2 (r1− r2) and setting W1 = W = 1/ (µ−N1x1−N2x2) for FIFO service, (A27d)

reads

x2 (r1− r2)≤
{
x1 (r1− r2) , x1 ≤ γ2,
x1 (r1− cW )− γ2(r2− cW ), γ2 ≤ x1 ≤ γ1.

(A35)

First observe that xI1 > 0 implies r1− cW > 0: since xI1 > 0 implies ΠI
x1

(xI ;µ)≥ 0, so by (A32)

r1 ≥ c
µ

(µ−N1xI1−N2xI2)
2 > cW,

where the second inequality holds since W1 = 1/(µ−N1x
I
1−N2x

I
2) for FIFO.

Now consider two cases. If the solution has xI1 ≤ γ2, then by property (v) we have xI2 = 0 so (A35)

holds. If xI1 >γ2 then r1− cW > 0 implies that x1 (r1− cW )−γ2(r2− cW )>γ2 (r1− cW )−γ2(r2−

cW ) = γ2 (r1− r2), so (A35) also holds since x2 ≤ γ2.

STEP 3: Proof of Claims

For N2r2 ≤N1(r1− r2) serving type-2 customers is not optimal for all µ, because in this case it

follows from (A33) that ΠI
x2

(x;µ)< 0 for all x and µ.

Next suppose N2r2 >N1(r1−r2). We first establish the finite threshold KI
2 >K

F
2 . By Proposition

1 and (A32)-(A33), we have for the capacity threshold KF
2 that

ΠFI
x1

(
x;KF

2

)∣∣
x1=γ1,x2=0

> 0 = ΠFI
x2

(
x;KF

2

)∣∣
x1=γ1,x2=0

.

Since ΠI
x1

(x;µ) = ΠFI
x1

(x;µ) by (A32) and ΠI
x2

(x;µ)<ΠFI
x2

(x;µ)by (A33), it follows that

ΠI
x1

(
x;KF

2

)∣∣
x1=γ1,x2=0

> 0> ΠI
x2

(
x;KF

2

)∣∣
x1=γ1,x2=0

.

Property (v) and the fact that ΠI
x1

(x;µ) increases in µ by (A32) imply that xI1 = γ1 for µ≥KF
2 .
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Existence of the finite threshold KI
2 with the claimed properties follows by noting that

lim
µ→∞

ΠI
x2

(x;µ) =N2

(
r2−

N1

N2

(r1− r2)

)
> 0,

where the inequality holds since N2r2 >N1(r1−r2). Since ΠI
x2

(x;KF
2 )
∣∣
x1=γ1,x2=0

< 0 and ΠI
x2

(x;µ)

is continuous and increasing in µ by (A33), it follows that there is a unique threshold KI
2 such that

ΠI
x2

(
x;KF

2

)∣∣
x1=γ1,x2=0

= 0,

and serving type 2 is optimal if, and only if, µ>KI
2 .

To see that ΠI (µ)<ΠFI (µ) for µ>KI
2 , note from (A28) that ΠI (x;µ)<ΠFI (x;µ) if, and only

if, x2 > 0. Since the FI solution satisfies xFI2 > 0 for µ > KF
2 by Proposition 1, and KI

2 >KF
2 as

shown, it follows that ΠI (µ)<ΠFI (µ) for µ>KI
2 . �

Proof of Lemma 2.

The proof proceeds in three steps. First, we establish basic properties of the optimal type-i rate

in class-i under an optimal FUT tariff. Second, we show Part 1, i.e., (16) implies x21 < x1 and

x2 <x1. Third, we show that if Parts 1 and 2 hold, then the firm can strictly improve revenues at

the FIFO-optimal usage rates by giving some priority to type-1.

STEP 1 : By (14) the optimal type-i usage rate in class-i, for fixed W , Pi and limit xi > 0, solves

max
y≤xi

Ri (y)− ycW. (A36)

Let y∗ denote the maximizer of this problem. We show

y∗ = xi and ri (xi)≥ cW , for i= 1,2. (A37)

Since R′i (y) = ri (y) is strictly decreasing and limx→∞ ri (y) = 0, we have three cases for the solution

of (A36). Case 1: If ri (0) ≤ cW then y∗ = 0. This case is ruled out because by hypothesis both

types are served. Case 2: If cW > ri (xi) then y∗ < xi and ri (y
∗) = cW . This case is ruled out for

an optimal FUT tariff: reducing the limit xi to xi = y∗ does not reduce type-i utility but restricts

class-i usage for type j 6= i. Case 3: The remaining possibility is (A37).

STEP 2 : We show Part 1, specifically, (16) implies x21 <x1 and x2 <x1.

By (15) the optimal type-2 usage rate in class-1, for fixed W , P1 and limit x1 > 0, solves

x21 = arg max
y≤x1

R2 (y)− ycW,

which matches type-2’s problem for class-2, except for the usage limit x1. As in Case 2 of STEP 1,

cW > r2(x1)⇒ x21 <x1 and r2 (x21) = cW. (A38)
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Combining cW > r2(x1) from (A38) with r1(x1) ≥ cW from (A37), we have that (16) implies

x21 < x1. Combining r2 (x21) = cW from (A38) with r2(x2)≥ cW from (A37) implies x2 ≤ x21 so

that x2 <x1.

STEP 3 : Suppose Parts 1 and 2 hold. For clarity we write xo1, xo2, xo12, u
o
2 and W o for the optimal

values of the these variables under FIFO. Then the optimal FIFO revenue is

2∑
i=1

Ni(Ri (x
o
i )−xoi cW )−N2u

o
2

=
2∑
i=1

NiRi (x
o
i )− c

N1x
o
1 +N2x

o
2

µ−N1xo1−N2xo2
−N2 (R2 (xo12)−R1 (xo1) + c (xo1−xo21)W o) , (A39)

where the equality follows because W o = 1/ (µ−xo1N1−xo2N2) for FIFO and by (17). Fixing usage

limits and usage rates at xoi we show (i) revenue can be increased by setting W1 <W o <W2, and

(ii) type-i’s optimal usage rate in its own class remains at the limit xoi , i.e., ri (x
o
i )≥ cWi by (A37).

(i) By (A39), for fixed xo1 and xo2 the revenue depends on W only through u2, and decreases in

u2. Thus we only need to show u2 is increasing in W1. Since type-2 optimizes its class-1 rate, x21,

in response to delay (see STEP 2), write x21 (W1) = arg maxy≤xo1 R2 (y)− ycW1 for type-2’s optimal

class-1 rate as a function of W1, for fixed limit xo1. Then using (17) define

u2 (x21 (W1) ,W1) :=R2 (x21 (W1))−R1 (x1) + c (x1−x21 (W1))W1. (A40)

Since r2 (x21 (W1)) = cW1 from (A38) we have ∂u2 (x21 (W1) ,W1)/∂x21 = 0, so by (A40),

du2 (x21 (W1) ,W1)

dW1

∣∣∣∣
W1=Wo

=
∂u2 (x21 (W1) ,W1)

∂W1

∣∣∣∣
W1=Wo

= c (xo1−xo21)> 0,

where xo1−xo21 > 0 hypothesis. Therefore, reducing W1 reduces u2 and increases the revenue.

(ii) That r1 (xo1) ≥ cW1 is clear since r1 (xo1) ≥ cW o at the FIFO solution and W1 < W o. For

type-2 we show feasibility of r2 (xo2)≥ cW2 for some W2 >W o by showing r2 (xo2)> cW o holds at

the FIFO solution. Write x21 (x2) = arg maxy≤x1 R2 (y)−yc/ (µ−N1x1−N2x2) for type-2’s optimal

class-1 rate as a function of x2, under FIFO and fixed limit x1. Then using (17), define

u2 (x21 (x2) , x2) :=R2 (x21 (x2))−R1 (x1) + c
x1−x21 (x2)

µ−N1x1−N2x2

. (A41)

Then by the same reasoning as in (i) we have from (A38) that ∂u2 (x21 (x2) , x2)/∂x21 = 0, so by

(A41),

du2 (x21 (x2) , x2)

dx2

∣∣∣∣
xi=x

o
i

=
∂u2 (x21 (x2) , x2)

∂x2

∣∣∣∣
xi=x

o
i

= cN2

x1−x21 (xo2)

(µ−N1xo1−N2xo2)
2 > 0.
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Finally, note the partial derivatives of the FIFO revenue function (A39) must equal zero at opti-

mality. Substituting the FIFO delay function for W in (A39), relaxing the variable values and

setting the partial derivative with respect to x2 to zero, we have

N2

(
r2 (xo2)− c

µ−N1xo1−N2xo2

)
= cN2

N1x
o
1 +N2x

o
2

(µ−N1xo1−N2xo2)
2 +N2

du2 (x21 (x2) , x2)

dx2

∣∣∣∣
xi=x

o
i

.

Since the RHS is positive, this establishes r2 (xo2)> cW o. �

Proof of Lemma 3. By (A15) the partial derivatives of ΠI (x;µ) satisfy

ΠI
x1

(x;µ)=ΠFI
x1

(x;µ)−N2 (r2− r1) =N1

(
r1−

N2

N1

(r2− r1)− c µ

(µ−N1x1−N2x2)
2

)
, (A42)

ΠI
x2

(x;µ)=ΠFI
x2

(x;µ) =N2

(
r2− c

µ

(µ−N1x1−N2x2)
2

)
, (A43)

ΠI
µ (x;µ)=ΠFI

µ (x;µ) = c
N1x1 +N2x2

(µ−N1x1−N2x2)
2 . (A44)

Part 1. Optimality of FIFO follows because by observation (iv)FIFO is optimal at every feasible

x with x1 ∈ [0, γ2]. Existence of a unique solution holds because of the following properties. The

revenue function ΠI (x;µ) is strictly concave in x because ΠI (x;µ) = ΠFI (x;µ)−N2x1 (r2− r1) by

(A15) and ΠFI (x;µ) is strictly concave in x (proof of Proposition 1). The feasible region (A16b)-

(A16e) is evidently convex, and nonempty for µ > 0. Noting that ΠI (x;µ) is upper-bounded on

the closure of (A16b)-(A16e), it follows that (A16a)-(A16e) has a unique maximizer for µ> 0, and

the first-order necessary optimality conditions are sufficient.

Part 2. By (A16a) we have ΠI (x;µ) < ΠFI (x;µ) if, and only if, x1 > 0. That ΠI (KF
2 ) =

ΠFI (KF
2 ) follows because by Proposition 1 and Part 4 of this lemma we have xFI1 = xI1 = 0, and

xFI2 = xI2 = γ2 for µ=KF
2 . That ΠI (µ)<ΠFI (µ) follows because by Proposition 1 the FI solution

satisfies xFI1 > 0 for µ>KF
2 .

Part 3. This follows by the maximum theorem because ΠI (x;µ) is strictly concave in x and

continuous in xand µ satisfying (A16b)-(A16e), and the feasible region (A16b)-(A16e) is convex

in x for fixed µ and nonempty and continuous in µ≥KF
2 .

Part 4. If N1/N2 ≤ r2/r1− 1 the result follows by noting from (A42) that ΠI
x1

(x;µ)< 0 for all

feasible x and µ. Since N1/N2 > r2/r1 − 1⇒ r1 −N1/N2 (r2− r1) > 0, it follows by inspection of

(A17) and (A18) that the inequalities µ′2 < µ′3 <∞ hold. The inequality KF
2 < µ′2 and the claims

(a)− (c) hold due to the following properties.

(i)At any fixed capacity, if it is optimal to serve type 1, then it is optimal to fully serve type 2,

that is, xI1 > 0 implies xI2 = γ2. This follows from two facts. First, by inspection of the feasible region



Afèche, Baron, Milner, and Roet-Green: Pricing and Prioritizing Time-Sensitive Customers
6 Article submitted to Operations Research; manuscript no. OPRE-2015-01-039

of (A16a)-(A16e) we have that xI1 > 0 requires ΠI
x1

(xI ;µ) ≥ 0, and that ΠI
x2

(xI ;µ) > 0 implies

xI2 = γ2. Second, since r2 > r1 it follows from (A42) and (A43) that

ΠI
x1

(x;µ)≥ 0⇒ΠI
x2

(x;µ)> 0. (A45)

(ii)At the capacity threshold KF
2 the solution is xI1 = 0, xI2 = γ2, because

ΠI
x1

(
x;KF

2

)∣∣
x1=0,x2=γ2

< 0< ΠI
x2

(
x;KF

2

)∣∣
x1=0,x2=γ2

. (A46)

The first inequality holds because ΠFI
x1

(x;KF
2 )
∣∣
x1=0,x2=γ2

= 0 by Proposition 1, and since

ΠI
x1

(x;µ)<ΠFI
x1

(x;µ)by (A42). The second inequality holds by Proposition 1.

(iii)At the capacity threshold µ′2 the solution is xI1 = 0, xI2 = γ2, because

ΠI
x1

(x;µ′2)
∣∣
x1=0,x2=γ2

= 0< ΠI
x2

(x;µ′2)
∣∣
x1=0,x2=γ2

, (A47)

where the equality holds by (A17) and (A42), and the inequality holds by (A45).

(iv)The inequality KF
2 < µ′2 and the solutions in (a) hold since ΠI

x1
(x;KF

2 )
∣∣
x1=0,x2=γ2

< 0 =

ΠI
x1

(x;µ′2)
∣∣
x1=0,x2=γ2

by (A46) and (A47), and since ΠI
x1

(x;µ) increases in µ by (A42).

(v) At the capacity threshold µ′3 the solution is xI1 = xI2 = γ2, because

ΠI
x1

(x;µ′3)
∣∣
x1=x2=γ2

= 0< ΠI
x2

(x;µ′3)
∣∣
x1=x2=γ2

, (A48)

where the equality holds by (A18) and (A42), and the inequality holds by (A45).

(vi) The solutions in (b) and (c) follow from the equalities in (A47) and (A48), and because

ΠI
x1

(x;µ) decreases in x1 and increases in µ by (A42).

Part 5. Since ΠI (µ) = ΠI (xI (µ) ;µ) and ΠI (x;µ) is differentiable in x and µ, the right derivative

of ΠI (µ) equals the right total derivative

d+ΠI (xI (µ) ;µ)

dµ
:=

2∑
i=1

ΠI
xi

(
xI (µ) ;µ

)
· d

+xIi (µ)

dµ
+ ΠI

µ

(
xI (µ) ;µ

)
= ΠI

µ

(
xI (µ) ;µ

)
,

where the second equality holds because the terms in the summation vanish for µ≥KF
2 by Parts

4 and 5: The type-2 usage rate satisfies xI2 (µ) = γ2 so d+xI2 (µ)/dµ = 0. For the type-1 usage

rate we have for µ < µ′2 that xI1 (µ) = 0 and d+xI1 (µ)/dµ = 0, for µ ≥ µ′3 that xI1 (µ) = γ2 and

d+xI1 (µ)/dµ= 0, and for µ ∈ [µ′2, µ
′
3) we have ΠI

x1
(xI (µ) ;µ) = 0 and xI1 (µ) is right differentiable

by the implicit function theorem since ΠI (x;µ) is strictly concave in x with continuous second

order partial derivatives with respect to x and µ.

Then (A19) follows by using (A44) for ΠI
µ (xI (µ) ;µ). �

Proof of Lemma 4.
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We start with Part 3 as its proof explains the key role of uP2 (x1;µ).

Part 3. Since the FI solution xFI is unique by Proposition 1, the revenue functions (A13a) and

(A20a) imply that Π
I

= ΠFI if, and only if, xFI = xI and u2 = 0 is feasible at these usage rates. For

fixed x we have that u2 = 0 is feasible (and optimal) if, and only if, there is W1 that satisfies (A20e),

i.e., W1 ≥ 1/ (µ−N1x1), and such that the RHS of the IC constraint (A20c) is non-positive, i.e.,

γ2r2 − x1r1 + c (x1− γ2)W1 ≤ 0. For x1 = γ2 the RHS of (A20c) is independent of W1 and equals

γ2 (r2− r1)> 0, whereas for x1 >γ2 it increases in W1 and is minimized when (A20e) is binding, so

W1 = 1/ (µ−N1x1) and type 1 get absolute priority.

Since uP2 (x1;µ) equals the RHS of (A20c) when (A20e) is binding, it follows that u2 = 0 is feasible

if and only if uP2 (x1;µ)≤ 0, in which case x1 >γ2 and ∂uP2 (γ2;µ)/∂x1 < 0 also hold. Furthermore,

for x with uP2 (x1;µ)> 0 the constraint (A20c) must bind at optimality, so u2 = uP2 (x1;µ)> 0; in

this case FIFO is optimal if x1 = γ2, and absolute priority for type 1 is optimal if x1 >γ2.

Part 1. The result follows by inspection of the constraints (A20c)-(A20f), and because by (A21)

the function uP2 (x1;µ) is continuous and strictly convex in x1, with uP2 (x1;µ) = γ2 (r2− r1)> 0 for

x1 = γ2. Specifically, if ∂uP2 (γ2;µ)/∂x1 > 0 then uP2 (x1;µ) > γ2 (r2− r1) for x1 > γ2, and noting

from (A20e) that u2 ≥ uP2 (x1;µ) for all feasible W1, it follows that (A20d) cannot hold for x1 >γ2.

Furthermore, FIFO is optimal for xI1 = γ2 as shown in the proof of Part 3.

Part 2. Suppose ∂uP2 (γ2;µ)/∂x1 ≤ 0, the problem (A20a)-(A20h) is feasible, and xFI satisfies

(a) or (b). We need to establish the solution satisfies properties (1)− (3). Note property (1) follows

by the proof of Part 3 and by property (2), so we only need to establish properties (2) and (3).

If ∂uP2 (γ2;µ)/∂x1 = 0 then properties (2) and (3) hold trivially, because in this case only xI1 =

xI2 = γ2 can be feasible, by the same argument as in Part 1.

Next suppose ∂uP2 (γ2;µ)/∂x1 < 0. We show by contradiction that (2) and (3) must hold. Suppose

there is a feasible usage rate vector xo = (xo1, x
o
2) that violates either (2) or (3), that is, either

uP2 (xo1;µ) < 0 or ∂uP2 (xo1;µ)/∂x1 > 0 (or both). We prove that there exist more profitable usage

rates x̂= (x̂1, x̂2) with uP2 (x̂1;µ)≥ 0 and ∂uP2 (x̂1;µ)/∂x1 ≤ 0.

First note max(γ2, x
FI
1 )<xo1:

(i) We have γ2 <x
o
1: Since uP2 (γ2;µ) = γ2 (r2− r1)> 0 by (A21), ∂uP2 (γ2;µ)/∂x1 < 0 by hypoth-

esis and uP2 (x1;µ) is convex, either uP2 (xo1;µ)< 0 or ∂uP2 (xo1;µ)/∂x1 > 0 imply γ2 <x
o
1.

(ii) We have xFI1 <xo1: If xFI1 satisfies (a), that is, xFI1 <γ2, then this is immediate since xo1 >γ2

by (i). If xFI1 satisfies (b), that is, xFI1 ≥ γ2 and uP2 (xFI1 ;µ)> 0, then ∂uP2 (xFI1 ;µ)/∂x1 < 0 as we

show below. Then, since uP2 (x1;µ) is strictly convex in x1, it follows from either uP2 (xo1;µ)< 0 or

∂uP2 (xo1;µ)/∂x1 > 0 that xFI1 <xo1. The inequality ∂uP2 (xFI1 ;µ)/∂x1 < 0 is implied by ΠFI
x1

(xFI ;µ)≥
0 (which must hold at the FI solution since xFI1 > 0): By (A12) we have

ΠFI
x1

(
xFI ;µ

)
=N1

(
r1− c

µ

(µ−N1xFI1 −N2xFI2 )
2

)
≥ 0. (A49)
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Therefore

r1 ≥ c
µ

(µ−N1xFI1 −N2xFI2 )
2 > c

µ−N1γ2

(µ−N1xFI1 )
2 , (A50)

and using (A21) it follows that

∂uP2 (xFI1 ;µ)

∂x1

=−

(
r1− c

µ−N1γ2

(µ−N1xFI1 )
2

)
< 0. (A51)

Next, we use the facts γ2 <x
o
1 and xFI1 <xo1 to construct a feasible x̂ as the convex combination

of xFI and xo. We consider the two cases, uP2 (xo1;µ)< 0 and ∂uP2 (xo1;µ)/∂x1 > 0, in turn:

CASE 1: If uP2 (xo1;µ) < 0 then choose x̂ as the convex combination of xFI and xo such that

xFI1 < x̂1 <x
o
1 and uP2 (x̂1;µ) = 0. Note x̂1 is the smaller root of uP2 so ∂uP2 (x̂1;µ)/∂x1 < 0.

Such x̂ exists and is unique: x̂1 is the unique root of uP2 in the interval (γ2, x
o
1) by convexity and

continuity of uP2 (x1;µ) in x1, and since γ2 <x
o
1 and uP2 (γ2;µ)> 0 by (i). Furthermore, if xFI1 < γ2

then xFI1 < x̂1 holds trivially; if xFI1 ≥ γ2 and uP2 (xFI1 ;µ)> 0 then xFI1 < x̂1 holds by convexity, since

∂uP2 (xFI1 ;µ)/∂x1 < 0 by (ii).

Note that x̂ is feasible for the FI problem (A13a)-(A13c) since its feasible region is convex

and contains xFI and x̂. For the PI subproblem (A20a)-(A20h) feasibility holds because x̂ also

satisfies the constraints (A20b)-(A20e) and (A20g): by construction (A20c) and (A20e) bind, so

u2 = uP2 (x̂1;µ) = 0.

CASE 2: If ∂uP2 (xo1;µ)/∂x1 > 0 then choose x̂ as in CASE 1 if minγ2≤x1≤xo1 u
P
2 (x1;µ)< 0 (as the

smaller root of uP2 ) and otherwise choose x̂ as the convex combination of xFI and xo such that

xFI1 < x̂1 <x
o
1 and uP2 (x̂1;µ) = minγ2≤x1≤xo1 u

P
2 (x1;µ)≥ 0, so ∂uP2 (x̂1;µ)/∂x1 = 0.

Such x̂ exists and is unique by convexity and continuity of uP2 (x1;µ) in x1, and since γ2 < xo1

and ∂uP2 (γ2;µ)/∂x1 < 0 by hypothesis. The argument for xFI1 < x̂1 is similar as in CASE 1.

That x̂ is feasible for the FI problem follows from the same argument as in CASE 1. Next

note that x̂ also satisfies the PI subproblem constraints (A20b)-(A20e) and (A20g): By construc-

tion we have u2 = uP2 (x̂1;µ)≥ 0. Furthermore, x̂2 (r2− r1)≥ uP2 (x̂1;µ) holds because xo2 (r2− r1)≥

uP2 (xo1;µ) since xo is feasible: we have x̂2 ≥ xo2 since xFI2 = γ2 by the property of the FI solution for

µ≥KF
2 (Proposition 1) and because x̂2 ∈ [xo2, x

FI
2 ] by construction, and the inequality uP2 (xo1;µ)>

uP2 (x̂1;µ)holds by construction.

Finally, we show x̂ is more profitable than xo, that is, Π
I
(x̂;µ)>Π

I
(xo;µ). Since the FI revenue

ΠFI (x;µ) is strictly concave in x with maximizer xFI , and since x̂ is a convex combination of xFI

and xo, we have

ΠFI
(
xFI ;µ

)
>ΠFI (x̂;µ)>ΠFI (xo;µ) . (A52)

In CASE 1, Π
I
(x̂;µ)>Π

I
(xo;µ) holds because (A20a), uP2 (x̂1;µ) = 0 and (A52) imply
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Π
I
(x̂;µ) = ΠFI (x̂;µ)>ΠFI (xo;µ)≥Π

I
(xo;µ) .

In CASE 2, Π
I
(x̂;µ)>Π

I
(xo;µ) holds because (A20a), (A52) and uP2 (x̂1;µ)<uP2 (xo1;µ) imply

Π
I
(x̂;µ) = ΠFI (x̂;µ)−N2u

P
2 (x̂1;µ)>ΠFI (xo;µ)−N2u

P
2 (xo1;µ) = Π

I
(xo;µ) .

�

Proof of Lemma 5.

Part 1. This is immediate from Parts 2 and 3 of Lemma 4.

Part 2. Let µ be the infimum of the set of all µ≥KF
2 with a non-empty feasible region (A23b)-

(A23g). It remains to prove that if the feasible region is non-empty at some capacity µs then the

same holds for µ>µs. Only the constraints (A23b)-(A23d) and (A23g) depend on µ. By (A21) the

function uP2 (x1;µ) is constant in µ for x1 = γ2 and strictly decreases in µ for x1 >γ2, and by (A51)

the function ∂uP2 (x1;µ)/∂x1 strictly decreases in µ for x1 ≥ γ2. Therefore increasing µ tightens

only (A23b) but relaxes the other three constraints. However, since ∂uP2 (x1;µ)/∂x1 ≤ 0 on the

feasible region, it follows that at any µs with a non-empty feasible region there exists a feasible

x with x2 > 0 such that (A23d) binding, that is uP2 (x1;µs) = x2 (r2− r1)> 0. Since uP2 (x1;µs) is

continuous and decreasing in µ, this x is still feasible for µ= µs + ε for sufficiently small ε > 0.

Part 3. The revenue function Π
I
(x;µ) is strictly concave in x because ΠFI (x;µ) is strictly

concave in x (Proposition 1) and u2 (x1;µ) is strictly convex in x1 (proof of Lemma 4). Convexity

of u2 (x1;µ) in x1 also implies that the feasible region is convex. Noting that Π
I
(x;µ) is upper-

bounded on the closure of (A23b)-(A23g), it follows that (A23a)-(A23g) has a unique maximizer

for µ > µ, and the first-order necessary optimality conditions are sufficient. Finally, by Part 2 of

Lemma 2 the unique optimal policy is to give absolute priority to type 1 if xI1 >γ2.

Part 4. This follows by the maximum theorem because Π
I
(x;µ) is strictly concave in x and

continuous in x and µ satisfying (A23b)-(A23g), and the feasible region (A23b)-(A23g) is convex

in x for fixed µ and nonempty and continuous in µ>µ.

Part 5. If µ=KF
2 the claim holds because by Part 1 we have ΠFI (KF

2 )>Π
I
(KF

2 ) and by Part

2 of Lemma 3 we have ΠI (KF
2 ) = ΠFI (KF

2 ).

If µ >KF
2 the claim follows by observing from the feasible region (A23b)-(A23g) that at least

one of two conditions hold for µ= µ:

(i) The line N1x1 +N2x2 = µ (the binding version of (A23g)) touches the convex set of x that

satisfy the other constraints at a single point where uP2 (x1;µ) = x2 (r2− r1). In this case the problem

is infeasible at µ so Π
I
(µ) =−∞ for µ≤ µ whereas ΠI(µ)> 0 for µ≥KF

2 by Lemma 3.
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(ii) ∂uP2 (γ2;µ)/∂x1 = 0. In this case if the problem is feasible then xI1 = xI2 = γ2 is the only

solution (see proof of Lemma 4), this solution is also feasible in the PI subproblem (A16a)-(A16e)

for x1 ∈ [0, γ2], and yields the same revenue Π
I (

xI ;µ
)

= ΠI
(
xI ;µ

)
in both problems, because

xI1 = γ2 implies uP2
(
xI1;µ

)
= γ2 (r2− r1).

We show that ΠI
x1

(
xI ;µ

)
< 0 which implies ΠI(µ)>Π

I
(µ). The inequality ΠI

x1

(
xI ;µ

)
< 0 follows

because from (A42) we have ΠI
x1

(
xI ;µ

)
<ΠFI

x1

(
xI ;µ

)
, from (A22) and ∂uP2 (γ2;µ)/∂x1 = 0 we have

that Π
I

x1

(
xI ;µ

)
= ΠFI

x1

(
xI ;µ

)
−N2∂u

P
2 (γ2;µ)/∂x1 = ΠFI

x1

(
xI ;µ

)
, and from (A49)-(A51) it follows

that ∂uP2 (γ2;µ)/∂x1 = 0 implies ΠFI
x1

(
xI ;µ

)
< 0.

Part 6. This follows by inspection of the feasible region (A23b)-(A23g): In particular, if xFI2 <γ2

then the direction (0,1) is feasible at xI , so optimality requires Π
I

x2

(
xI ;µ

)
≤ 0.

Part 7. Fix µs and the corresponding solution xI (µs). Consider the effect of an infinitesimal

increase in capacity on the optimal PI revenue at xI (µs), without re-optimizing the usage rates.

We have two cases with respect to feasibility of xI (µs) under an infinitesimal increase in µ:

(i) If (A23b) is slack at xI (µs) then by the proof of Part 1 this solution stays feasible and

Π
I

µ

(
xI (µs) ;µs

)
= ΠFI

µ

(
xI (µs) ;µs

)
−N2

∂uP2 (xI1 (µs) ;µs)

∂µ

> ΠFI
µ

(
xI (µs) ;µs

)
= c

N1x
I
1 (µs) +N2x

I
2 (µs)(

µs−N1x
I
1 (µs)−N2x

I
2 (µs)

)2 . (A53)

where the first equality holds by (A22), the inequality holds since uP2 decreases in µ by (A21), and

the second equality holds by (A44).

(ii) If (A23b) is tight, that is, uP2
(
xI1 (µs) ;µs

)
= 0, then since uP2 (x1;µ) decreases in µ by (A21)

it follows that xI (µs) violates (A23b) for µ > µs, so the type-2 utility u2 = 0> uP2
(
xI1 (µs) ;µ

)
for

µ>µs. Therefore Π
I (

xI (µs) ;µ
)

= ΠFI
(
xI (µs) ;µ

)
for µ>µs and by (A53)

Π
I

µ

(
xI (µs) ;µs

)
= ΠFI

µ

(
xI (µs) ;µs

)
= c

N1x
I
1 (µs) +N2x

I
2 (µs)(

µs−N1x
I
1 (µs)−N2x

I
2 (µs)

)2 .

It remains to show d+ΠI (µs)/dµ ≥ Π
I

µ

(
xI (µs) ;µs

)
. Note that d+ΠI (µs)/dµ is well defined:

Since Π
I
(µ) = Π

I (
xI (µ) ;µ

)
the right derivative d+ΠI (µ)/dµ equals the right total derivative

d+Π
I (

xI (µ) ;µ
)
/dµ. It is well defined since Π

I
(x;µ) is differentiable in x and µ, and the right

derivatives d+xIi (µ)/dµ exist since Π
I
(x;µ) is strictly convex in x and the constraint functions

uP2 (x1;µ) and ∂uP2 (x1;µ)/∂x1 are differentiable in x1 and µ and strictly convex in x1.

That d+ΠI (µs)/dµ≥Π
I

µ

(
xI (µs) ;µs

)
is clear in case (i) because xI (µs) is feasible for µ= µs+ε

with sufficiently small ε > 0. In case (ii) where xI (µs) violates (A23b) for µ > µs, the inequality

d+ΠI (µs)/dµ≥Π
I

µ

(
xI (µs) ;µs

)
follows from Lemma 4.2: In particular, if the conditions of Lemma

4.2 hold for µ= µs then they also hold for µl = µs + ε for sufficiently small ε > 0: Specifically, the
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conditions of this part are ∂uP2 (γ2;µ)/∂x1 ≤ 0, and the FI solution satisfies either (a) xFI1 (µ)<γ2

or (b) xFI1 (µ) ≥ γ2 and uP2 (xFI1 (µ) ;µ) > 0, and if they hold for µ = µs then they also hold for

µ = µs + ε for sufficiently small ε > 0, because ∂uP2 (γ2;µ)/∂x1 decreases in µ and both xFI (µ)

and uP2 (xFI1 (µ) ;µ) are continuous in µ. It follows by Part 2 of Lemma 4 that for µl = µs + ε the

optimal solution of (A20a)-(A20h) must satisfy u2 = uP2
(
xI1 (µl) ;µl

)
≥ 0. Since uP2

(
xI1 (µs) ;µl

)
< 0

it follows that d+ΠI (µs)/dµ≥Π
I

µ

(
xI (µs) ;µs

)
�

Proof of Lemma 6. Recall that xFI1 (µ) is the FI-optimal type-1 usage rate as a function of µ.

From Part 3 of Lemma 4 the claim is equivalent to

∃ µFI−prio ∈ (KF
2 ,∞) such that uP2

(
xFI1 (µ) ;µ

)> 0, if µ<µFI−prio ∧xFI1 (µ)≥ γ2,
= 0, if µ= µFI−prio,
< 0 if µ>µFI−prio.

(A54)

To establish (A54) we first characterize xFI1 (µ). From Proposition 1 we have for µ≥KF
2 that the

FI solution satisfies xFI1 ≥ 0, xFI2 = γ2 and

ΠFI
x1

(
xFI ;µ

)
=N1

(
r1− c

µ

(µ−N1xFI1 −N2γ2)
2

)
≥ 0, (A55)

with equality if xFI1 <γ1. It follows that the FI-optimal type-1 usage rate satisfies

µ≥KF
2 ⇒ xFI1 (µ) = min

(
γ1,

1

N1

(
µ−N2γ2−

√
cµ

r1

))
≥ 0 and µ−N1x

FI
1 (µ)−N2γ2 > 0. (A56)

Write W P
1 (µ) for the class-1 delay as a function of capacity, under the policy that strictly prioritizes

class 1 and given the FI-optimal type-1 usage rate xFI1 (µ). From (A56) we have

W P
1 (µ) :=

1

µ−N1xFI1 (µ)
= min

 1

µ−N1γ1

,
1

N2γ2 +
√

cµ
r1

> 0 for µ≥KF
2 , (A57)

and it follows from (A21) and (A57) that

uP2
(
xFI1 (µ) ;µ

)
= γ2r2−xFI1 (µ) r1 + c

(
xFI1 (µ)− γ2

)
W P

1 (µ) . (A58)

Below we use these properties of xFI1 (µ) in characterizing uP2 (xFI1 (µ) ;µ).

1. xFI1 (KF
2 ) = 0 by (A56) and the definition of KF

2 in Proposition 1.

2. xFI1 (µ) is continuous and strictly increases in µ≥KF
2 for xFI1 (µ)<γ1:

d

dµ
xFI1 (µ) =

1

N1

(
1− 1

2

√
c

r1µ

)
> 0 if xFI1 (µ)<γ1 and µ≥KF

2 , (A59)

where the equality follows from (A56) and the inequality holds because (A55) implies r1/c >

1/µ.
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3. There is a capacity threshold µγ1 <∞ such that xFI1 (µ) = γ1 if and only if µ ≥ µγ1 . This

follows by (A56) and since xFI1 (µ) is convex increasing for xFI1 (µ)<γ1 by (A59).

4. There exists an unique capacity threshold µγ2 ∈ (KF
2 , µγ1) such that xFI1 (µγ2) = γ2, because

xFI1 (µ) strictly increases in µ∈ [KF
2 , µγ1 ] from 0 to γ1, and since γ2 <γ1 by hypothesis.

The following properties of uP2 (xFI1 (µ) ;µ) establish (A54):

1. For µ= µγ2 , we have uP2 (xFI1 (µγ2);µγ2) = γ2 (r2− r1)> 0: The equality follows from (A58) and

xFI1 (µγ2) = γ2, and the inequality holds since r2− r1 > 0 by hypothesis.

2. We have limµ→∞ u
P
2 (xFI1 (µ) ;µ) = γ2r2 − γ1r1 < 0: The equality holds by (A58) since

limµ→∞ x
FI
1 (µ) = γ1 as shown above and limµ→∞W

P
1 (µ) = 0 by (A57), and the inequality

holds by hypothesis.

3. uP2 (xFI1 (µ) ;µ) is continuous, which follows from (A58) since xFI1 (µ) is continuous as noted

above, and W P
1 (µ) is continuous by (A57).

4. uP2 (xFI1 (µ) ;µ) strictly decreases in µ≥ µγ2 : Since uP2 (xFI1 (µ) ;µ) is continuous, it suffices to

prove the claim for µ<µγ1 (so xFI1 (µ)<γ1) and µ>µγ1 (so xFI1 (µ) = γ1). From (A56)-(A58),

we have

d

dµ
uP2
(
xFI1 (µ) ;µ

)
=− d

dµ
xFI1 (µ)

(
r1− cW P

1 (µ)
)

+ c
(
xFI1 (µ)− γ2

) d
dµ
W P

1 (µ)> 0, (A60)

where the following facts establish the inequality:

For µ< µγ1 we have xFI1 (µ)< γ1. In this case the first product on the right-hand side (RHS)

of (A60) is negative, because dxFI1 (µ)/dµ> 0 by (A59) and

r1− cW P
1 (µ) = r1− c

1

µ−N1xFI1 (µ)
> r1− c

µ

(µ−N1xFI1 (µ)−N2γ2)
2 ≥ 0,

where the equality holds by (A57) and the last inequality holds by (A55). The second product

on the RHS of (A60) is non-positive because xFI1 (µ)− γ2 ≥ 0 for µ≥ µγ2 as shown above, and

dW P
1 (µ)/dµ< 0 by (A57).

For µ > µγ1 we have xFI1 (µ) = γ1, so the first product on the RHS of (A60) is zero, and the

second product is negative because γ1− γ2 > 0 by hypothesis and dW P
1 (µ)/dµ< 0 by (A57).

�

Proof of Lemma 7. By Part 3 of Lemma 4 and by Lemma 6 and its proof, we have for

µ ≥ µFI−prio that Π
I
(µ) = ΠFI (µ), xI (µ) = xFI (µ) and uP2 (xFI1 (µ) ;µ) ≤ 0, so giving absolute

priority to type-1 is optimal. However, the optimal scheduling policy is not unique for µ>µFI−prio.

In this case uP2 (xFI1 (µ) ;µ)< 0 by (A54), so for u2 = 0 the constraint (A20c) is slack with W1 =

1/(µ−N1x
FI
1 ) and it is still satisfied if W1 increases (so (A20e) is slack) by a sufficiently small
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amount. In particular, FIFO is optimal at xI (µ) = xFI (µ) if, and only if, (A20c) holds with u2 = 0

and W1 = 1/(µ−N1x
FI
1 (µ)−N2x

FI
2 (µ)).

To prove the result it therefore suffices to show that for µ ∈ [µFI−prio,∞), FIFO scheduling is

also optimal at the FI-optimal usage rates xFI (µ) if, and only if, µ≥ µFI−fifo, where µFI−fifo >

µFI−prio. For x satisfying (A20f)-(A20h) define the function

uF2 (x;µ) := γ2r2−x1r1 + c (x1− γ2)

(
r1− c

1

µ−N1x1−N2x2

)
. (A61)

It follows that FIFO is optimal (i.e. (A20c) holds with u2 = 0) if, and only if, uF2 (xFI (µ) ;µ)≤ 0.

Therefore, establishing the following proves the result:

∃ µFI−fifo ∈ (µFI−prio,∞) such that uF2
(
xFI (µ) ;µ

)> 0, µ∈ [µFI−prio, µFI−fifo)
= 0 µ= µFI−fifo,
< 0 µ>µFI−fifo.

. (A62)

To prove (A62), we show that (i) for µ= µFI−prio we have uF2 (xFI (µ) ;µ)> 0, and (ii) the function

uF2 (xFI (µ) ;µ) is continuous and strictly decreasing in µ with limµ→∞ u
F
2 (xFI (µ) ;µ) = γ2r2 −

γ1r1 < 0. To this end, write W F
1 (µ) for the class-1 delay as a function of capacity, under FIFO and

given the FI-optimal usage rates:

W F
1 (µ) :=

1

µ−N1xFI1 (µ)−N2xFI2 (µ)
= min

 1

µ−N1γ1−N2γ2

,
1√
cµ
r1

> 0 for µ≥KF
2 , (A63)

where xFI1 (µ) is given by (A56) and xFI2 (µ) = γ2. Then from (A61) and (A63) we have

uF2
(
xFI (µ) ;µ

)
= γ2r2−xFI1 (µ) r1 + c

(
xFI1 (µ)− γ2

)
W F

1 (µ) . (A64)

To show (i) and (ii) note that W F
1 (µ) = W P

1 (µ−N2γ2) >W P
1 (µ), where the equality holds by

(A57) and (A63), and the inequality holds because dW P
1 (µ)/dµ< 0 by (A57).

Property (i) holds because by (A54) we have for µ = µFI−prio that uP2 (xFI1 (µ) ;µ) = 0 and

xFI1 (µ)>γ2, therefore (A58) and (A64) and W F
1 (µ)>WP

1 (µ) imply

uF2
(
xFI (µ) ;µ

)
= uF2

(
xFI (µ) ;µ

)
−uP2

(
xFI1 (µ) ;µ

)
= c

(
xFI1 (µ)− γ2

) (
W F

1 (µ)−W P
1 (µ)

)
> 0 for µ= µFI−prio.

The properties in (ii) are easy to verify because they hold for uP2 (xFI1 (µ) ;µ) (proof of Lemma 6),

and uF2 (xFI (µ) ;µ) is obtained from uP2 (xFI1 (µ) ;µ) by replacing W P
1 (µ) with W P

1 (µ−N2γ2). �

Proof of Lemma 8.

Part 1. That there exists µM ∈ (KF
2 , µL) such that ΠI (µM) = Π

I
(µM) follows from ΠI (µL)<

Π
I
(µL) for µL >KF

2 and three facts: First, Π
I
(µ) < ΠI (µ) for µ ∈ [KF

2 , µ] by Part 5 of Lemma
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5. Second, ΠI (µ) is continuous in µ≥KF
2 by Part 3 of Lemma 3. Third, Π

I
(µ) is continuous in

µ∈ (µ,µL] by Part 4 of Lemma 5.

We prove xI1 (µM) 6= γ2 by showing that, for any capacity µ, if the solution of the PI subproblem

for x1 ∈ [0, γ1] satisfies xI1 = γ2, then the solution of the PI subproblem for x1 ∈ [γ2, γ1] satisfies xI1 >

γ2. The following holds for x = xI with xI1 = γ2. By Part 4(c) of Lemma 3, we have ΠI
x1

(x;µ)≥ 0.

This implies ΠFI
x1

(x;µ)> 0 by (A42). However, by (A49)-(A51) we have that ΠFI
x1

(x;µ)> 0 implies

∂uP2 (γ2;µ)/∂x1 < 0, so that from (A42) we have Π
I

x1
(x;µ) = ΠFI

x1
(x;µ)−N2∂u

P
2 (γ2;µ)/∂x1 > 0.

Therefore, x1 = γ2 cannot be optimal in the subproblem with x1 ∈ [γ2, γ1] so that Π
I
(µ)>ΠI (µ).

Therefore Π
I
(µM) = ΠI (µM) implies xI1 (µM) 6= γ2.

Parts 2 and 3. The results hold because of the following property: if Π
I
(µs)≥ΠI (µs) for some

capacity µs, then Π
I
(µ)> ΠI (µ) for µ > µs, because an increase in capacity increases Π

I
(µ) by

more than ΠI (µ). This property follows from two facts.

(i) We have N1x
I
1 (µ) +N2x

I
2 (µ)<N1x

I
1 (µ) +N2x

I
2 (µ). First note that Π

I
(µs)≥ΠI (µs) implies

xI1 (µ)>γ2. The proof of Part 1 shows this if Π
I
(µs) = ΠI (µs), and if Π

I
(µs)>ΠI (µs) this follows

since x1 = γ2 is feasible for both PI subproblems. Therefore, if xI2 (µ) = γ2 it is immediate that

N1x
I
1 (µ) +N2x

I
2 (µ)<N1x

I
1 (µ) +N2x

I
2 (µ).

Consider the case xI2 (µ) < γ2. In this case we have Π
I

x2

(
xI (µ) ;µ

)
≤ 0 by Part 6 of Lemma 5,

where ΠFI
2 (x;µ) = Π

I

x2
(x;µ) by (A22), so by (A43)

r2

c
≤ c µ(

µ−N1x
I
1 (µ)−N2x

I
2 (µ)

)2 .

However, Part 4 of Lemma 3 implies ΠI
x2

(xI (µ) ;µ)> 0 for µ≥KF
2 so by (A43)

r2

c
> c

µ

(µ−N1xI1 (µ)−N2xI2 (µ))
2 ,

which implies that N1x
I
1 (µ) +N2x

I
2 (µ)<N1x

I
1 (µ) +N2x

I
2 (µ).

(ii) Combining (i) with Part 5 of Lemma 3 and Part 7 of Lemma 5 we have

d+Π
I
(µ)

dµ
≥ c

N1x
I
1 (µ) +N2x

I
2 (µ)(

µ−N1x
I
1 (µ)−N2x

I
2 (µ)

)2

> c
N1x

I
1 (µ) +N2x

I
2 (µ)

(µ−N1xI1 (µ)−N2xI2 (µ))
2 =

dI+Π(µ)

dµ
,

where the strict inequality holds by (i). �


